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The interaction of high energy neutrons with heavy nuclei is studied under the assumption 
that the nucleus may be described by the statistical model. A detailed study is made of the 
energy transferred to the nucleus, the angular distribution of emerging particles, and the 
effective cross section for neutrons passing through nuclear matter. A summary of the results 


is given in the final section of the paper. 





I. INTRODUCTION 


HE 100-Mev neutrons produced by the 
Berkeley cyclotron! provide a powerful ex- 
perimental tool for the study of the properties 
of heavy nuclei. Considerable work has already 
been done on the investigation of fission thresh- 
olds and nuclear reactions in heavy elements.’ 
It is the purpose of this paper to investigate in 
detail the transfer of energy to the nucleus by 
high energy neutrons and to study the scattering 
of neutrons by heavy nuclei. 

The general principles of high energy nuclear 
reactions have been described by Serber,? and the 
point of view presented by him will be adopted, 
for the most part, in this work. The main ideas 
enunciated by Serber are that one must con- 
sider individual nucleon-nucleon collisions in 
which a relatively small amount of energy is 
transferred on a single collision and that one 
must take into account the degeneracy of nuclear 
matter, i.e., effects due to the presence of nu- 
cleons other than the particular collision partner 

“ + tee McMillan, and Sewell, Phys. Rev. 72, 1003 
‘ = Cook, McMillan, Peterson, and Sewell, Phys. Rev. 


72, 1264 (1947). 
3 R. Serber, Phys. Rev. 72, 1114 (1947). 


in question. This will be taken into account 
using the statistical model of the nucleus.‘ The 
experimentally measured neutron-proton cross 
section® will be used wheneyer possible, to char- 
acterize the individual collisions taking place 
inside the nucleus. 

In Section II, the problem of the effective 
mean free path in nuclear matter is duscussed in 
conjunction with a preliminary calculation of the 
scattering of nucleons by heavy nuclei. In Sec- 
tion III the energy transferred to the nucleus is 
studied in detail and the number and energy 
distribution of particles emitted “immediately” 
after a collision is discussed. (It should be noted 
that the problems discussed will not be those 
concerning what happens to the energy trans- 
ferred to the nucleus, the results of which are 
usually described by the evaporation model.* ¢ 
The events of interest here are those which take 
place in the order 10-* sec.) In Section IV the 
results are summarized and a discussion of the 
possibilities of experimental verification is given. 


4H. Bethe and R. Bacher, Rev. Mod. Phys. 8, 83 (1936). 

5 Hadley, Kelly, Leith, Segré, Wiegand, and York, 
Phys. Rev. 73, 1114 (1948). 

6 P. Wolff and W. Heckrotte, Phys. Rev. 73, 264 (1948). 
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Il. THE EFFECTIVE MEAN FREE PATH IN NU- 
CLEAR MATTER AND THE SCATTERING OF 
NEUTRONS BY HEAVY NUCLEI 


A. The Mean Free Path 


The first problem to be investigated is the 
mean free path of a nucleon when it is inside 
the nucleus. According to our model, we picture 
the nucleus as a mixture of two non-interacting, 
Fermi gases of neutrons and protons bound in a 
uniform potential of depth about 26 Mev, the 
highest filled state being at an energy of about 
—8 Mev. The maximum Fermi energies of the 
neutrons and protons are E, and Ep, respectively, 
and are given by the well-known formula 


Er = (h?/2M)(3a°N/V)}, (1) 


where JN is the number of neutrons or protons, 
V is the nuclear volume, and M is the mass of a 
nucleon. For simplicity, we shall assume that 
there is only one kind of particle inside the 
nucleus and use for the effective number of 
particles one-fourth the number of neutrons plus 
the number of protons. The reason for using 
only one-fourth the number of neutrons is that 
on the basis of an interaction consisting of one- 
half exchange and one-half ordinary forces which 
seems to be necessary to fit the observed neutron- 
proton scattering data’ the total neutron-neutron 
cross section is about one-fourth the neutron- 
proton cross section. The exclusion principle will, 
however, be taken into account for the incident 
particle by demanding that the projectile as 
well as the target particle be outside the occupied 
sphere in momentum space after the collision. 
The radius of the sphere is given by 


P=h(3m2N/V)}. (2) 


It is easy to show that the most probable mo- 
mentum transfer in a high energy nucleon- 
nucleon collision is of the order of 4/ro, where ro 
is the range of nuclear forces. Since h/roP is of 
the order of 4, a sizeable fraction of collisions are 
forbidden by the Pauli principle and thus the 
effective cross section is decreased. It is just this 
effect which will be computed. 

Consider a neutron with energy Ey’ incident 
upon a nucleus. Inside the nucleus it has an 
energy Eo=Eo’+ Vo where Vo is the well depth. 


7 R. Serber, private communication. 
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It will be convenient to measure all momenta in 
units of P and all energies in units of P?/2.M, and 
this will be done throughout the paper. Let the 
momentum of the incident neutron (inside the 
nucleus) be Pp and that, of one of the target 
nucleons be P;. It will be assumed that the cross 
section for a collision between Po and P, namely, 
odQp;, is known. Here dQp; is an element of solid 
angle about the final projectile momentum p, 
in the center of mass frame of the two collision 
partners. Obviously p;=o9=|Po—P,|/2 where 
Po is the initial momentum in the center of mass 
frame. In general o is a function of o and the 
angle between pp and p;. No assumption of the 
precise dependence will be made at this point. 
For convenience of expressing results in the 
laboratory frame, it is expedient to replace the 
element of solid angle by a three-dimensional 
volume element in momentum space. Let the 
momentum transfer in a collision be g where 
£=Ps—Po=P;—P>p and P; is the final projectile 
momentum in the laboratory frame. The volume 
element transformation is as follows: 


1 1 
odQp; = c—5(p; — po)dps = o—8(p;— po)dg, (3) 
pf pe? 


0 


where the last writing follows from the definition 
of g if P; is regardéd as fixed. py and po are now 
assumed to be expressed as functions of g and Pi. 
The effective total cross section ¢ is then found 
by integrating the product of the relative ve- 
locity |Po—P,|/M and the cross section over 
the allowed regions of P; and dividing by the 
incident velocity Po/M: 


1 
s-— [ag f arn, |Po—P,| 
Po 


1 
Xo(Po,Po- Ps) —a(bo —py;), (4) 


Po 


where NV(P;) is the density of target nucleons in 
momentum space. The allowed regions of inte- 
gration are confined to those values of P, g such 
that the condition of having both the final mo- 
mentum vectors of the collision partners lie 
outside the occupied sphere in momentum space 
is satisfied. 

Before the evaluation of ¢ can be undertaken, 
an appropriate cross section must be chosen. 
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Since the problem of the mean free path is not 
the primary one in this paper and since it will 
be computed in another fashion in Section III 
the cross section will be taken here to be isotropic 
in the center of mass frame, i.e., ¢=o7/4m, where 
or is a total constant cross section. In the other 
calculation referred to, this crude assumption 
will be dropped. 

A coordinate system appropriate for the cal- 
culation of ¢ is shown in Fig. 1. This computa- 
tion of ¢ will be given in detail since most of the 
results may be directly applied to the angular 
distribution calculation (see Part B of this sec- 
tion). The construction for finding the allowed 
values of P,; such that for a given momentum 
transfer, g, the target particle lies outside the 
occupied sphere after the collision is made as 
follows: Move a distance g from the filled mo- 
mentum sphere parallel to g and draw a sphere 
of radius P with this point as center. The region 
above the auxiliary sphere and inside the original 
one defines the allowed values of P; (see Fig. 1). 
The integrations over P; are most easily carried 
out using a cylindrical coordinate system with 
center at g/2 as shown. The limits on the g 
integration are forced by the 6-function appear- 
ing in the expression for ¢ together with the 
demand that P;>1, i.e., that the projectile lie 
outside the filled region after the collision. They 
will be given explicitly below. 

To proceed with the evaluation, all quantities 


| 








Fic. 1. Coordimate system used in computing the 
effective mean free path and the angular distribution of 
scattered par 





1271 


must be expressed ‘in terms of g and P;. The 
argument of the 6-function may be written in 
terms of the new variables p, z, g by the use of 
the theorem 


8(f(z) —0) = (Of/02)—"z=205(2—20), (5) 


where 2 is the root of the equation f(z) =0. 
Using the relations py=po+g and po=|Po 
—P,| /2, one finds easily , oe 


; 0 


Zo = —g/2+Po cosn, 
(0f/dz)z =Z29 => g/2Po, (6) 


where is the complement of the angle between 
g and Py (see Fig. 1). The fact that the con-’) 
tributing values of P, lie on the plane z=2 is | _ 
simply a statement of the physically obvious 
fact that the same specified momentum transfer 
parallel to g must be supplied by all target par- 
ticles effective in scattering into dg. 

When every thing is written in terms of the 
above defined cylindrical coordinates, the z in- 


tegration carried out, the expression for ¢ re- 
duces to 
Nor 
s-— fdgre), (7) 
4r 
with 
(8) 


3 24 p2 
Fe@=—f dof vip 
fre 0 pl 


where the constant density in momentum space 
has been inserted. The limits p:, p2 depend on 
the values g and cosy. Three cases must be 
considered : 


(1) g&2, 0<20<1-—g/2, 
(2) g&2, 1-—g/2<20<$1+g/2, (9) 
(3) g22, g/2—-1€20<g/2+1. 
The corresponding values of 1, p2 are 
(1) p= (1—Py? cos*n)}, 
p2=(1—(g—Po cosn)?)!, 
(2) and (3) pi=0 (10) 


p2=(1—(g—Po cosn)*)4. 


The inequalities given in Eq. (9) completely 
define the region of integration in g, cosy space 
with the exception of the condition imposed by 
demanding that P;>1. This yields the addi- 
tional restriction 


Po—1<£g<& Po+1, cosy & (Po? +g?—1)/2Pog. (11) 











F(g) may be evaluated trivially ; the result is 


Case (1) 
F(g) =(3/Po)(2Po cosn—g), (12) 


Cases (2) and (3) 
F(g) =(3/Pog){1—(g—Pocosn)?}. (13) 


It is easy to see that F(g) vanishes on the bound- 
ary lines g=2P cosy, g=Pocosn+1. The line 
cosy =1/P») marks the transition from Case (1) 
to Cases (2) and (3) and is an explicit manifesta- 
tion of the exclusion principle. 

The remaining integration over g is trivial, 
although rather tedious. The result for P)2 v2 
is quite simple and is given by 


&= Nor(1—7/5P%’). (14) 


The result for P»<+v2 is more complicated and 
will not be given. If the radius of the momentum 
sphere corresponds to 18 Mev, the potential well 
to 26 Mev, and the energy of the incident par- 
ticle to 90 Mev outside the nucleus ¢/ Nor =0.78. 
Assuming that the effective number of particles 
is 113 and the radius of the nucleus is 9X10-" 
cm (corresponding to lead). and that the cross 
section or is 0.064b (extrapolating the value of 
0.083b at 90 Mev by a 1/E law) the mean free 
path is found to be 5.52X10-—" cm, whereas it 
would have been 4.3 10-" cm with the neglect 
of the Pauli principle. It turns out that the iso- 
tropicity assumption underestimates the effect 
of the exclusion principle effect; the value of 





CROSS SECTION PER UNIT SOLID ANGLE PER UNIT ENERGY 
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Fic. 2. Energy distribution of particles scattered from 
a heavy nucleus at fixed laboratory scattering angles. The 
energy of the incident neutron is 90 Mev. The discontinu- 
ous derivatives at the maxima result from the exclusion 
principle. The ordinate scale is in arbitrary units. 
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the effective cross section found in Section III, 
using a more realistic cross section, leads to a 
value of 6.20 10-" cm. 


B. The Angular Distribution of 
Scattered Neutrons 


The statistical model predicts that the angular 
distribution of neutrons scattered from a heavy 
nucleus will differ markedly from that expected 
qualitatively for high energy phenomena, namely, 
of strong forward scattering. Forward scattering 
implies small momentum transfers which, as was 
pointed out above, are very much reduced by the 
exclusion principle. Thus the angular distribu- 
tion of scattered neutrons should show a pro- 
nounced dip in the forward direction. (Since the 
exclusion principle acts for the projectile, large 
momentum transfers are also discouraged, and 
there would be a corresponding dip in the back- 
ward direction.) It will be seen later that this is 
indeed the case. Another characteristic of the 
model is that for a fixed scattering angle there 
will be a distribution of energies among the scat- 
tered particles due to the motion of the target 
nucleons inside the nucleus. 

The same assumption made in Part A of this 
section about having to deal with only one kind 
of particle will be* made here. Two additional 
assumptions will be made: (a) The incident 
neutron makes only one collision inside the nu- 
cleus before escaping. This is not too good an 
assumption, as will be seen in Section III; how- 
ever, the angular distribution is not greatly 
modified by the multiple collisions, as will be 
seen later. (b) The cross section for individual 
nucleon-nucleon collisions depends only on the 
momentum transfer involved in the collision. 
This point requires some discussion. 

If orle assumes that the Born approximation is 
valid, the cross section will be proportional to 
the square of a matrix element of the form 


(py | V| po) =af1(po—py) +Bf2(pot+py), 


where py, po are the final and initial momenta, 
respectively, in the center of mass frame, and 
a, B are constants which depend on the particular 
sort of exchange and ordinary potential mixtures 
assumed. The general characteristic of the ang- 
ular distributions associated with f, and fe are 


Go] 
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easily seen, since 


filDo—Py) ~ f drei/MPs-Pr) U(r), 


falDo—P)) ~ f drei/MPs4P)) tU,(1), 


Evidently if the U’s are reasonably weil behaved 

f; will be large only when py~po whereas f2 will 
be large only when py~ —po. Thus the angular 
distribution associated with f; is peaked in the 
forward direction, that of fz in the backward 
direction. As was pointed out at the beginning of 
this section, one would expect the effects of the 
exclusion principle to be prominent only in the 
case of very small or of very large momentum 
transfers. To see the effects, therefore, it will be 
sufficient to consider the case of small momentum 
transfer, in which case the most important con- 
tribution to be considered is that of the forward 
scattering, i.e., of fi(po—py). What shall be done 
in practice is to fit the experimentally measured 
neutron-proton angular distribution with a func- 
tion f:(po—py) in the angular range of 0 to 7/2 
in the center of mass frame. It is, therefore, to be 
expected that the angular distribution in the 
heavy nucleus case will be correct only for 
angles somewhat less than 2/2 in the laboratory 
frame since the transformation from the center 
of mass frame tends to concentrate the whole 
cross section in the forward direction. In Section 
III, the experimentally observed neutron proton 
cross section will be used. - 

The calculation proceeds exactly as that of ¢ 
in Part A, except that the integration over g is 
not carried out, since the differential effects are 
desired. Using the definition of g it is clear that 
dg=dP; where P; is the final laboratory mo- 
mentum of the scattered neutron. The cross sec- 
tion for scattering into dP;, namely, ozdP;, may 
be written as 


Case (1) 


3 
o,dP;= % (Po— Py) 


0 





P?-P/ 
dP;, 


x d (15) 
(PP? +P?—2PoP; cos#)} 


d 
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Fic. 3. Angular distribution of particles scattered by a 
heavy nucleus in the laboratory system assuming only a 
single collision inside the nucleus. The energy a the in- 
cident neutron is 90 Mev. Because of the symmetry of 
the neutron-proton scattering, these curves give also the 
distribution of recoil protons (see Section III). The or- 
dinate scale is in arbitrary units and is not the same for 
the two curves. 


Cases (2) and (3) 


3 
og i atlas 


0 
P?—2P;P>o cosd+P°P/ sin*d 
i rere: 
{P?+P?—2PoP; cosd}! 
where g and cosy in Eqs. (12) and (13) have 


been written in terms of (see Fig. 1) P; and # 
using 





Pf=P+g?—2Pog cosn, 
g?=Pe+P?—2PoP; cosd. (17) 


The regions of integration in P;, cos? space 
follow in a straightforward fashion from Eq. 
(9), but the results are very complicated and will 
not be given. There is one modification of the 
region. The value of P; must be greater than 
(Vo) in order that the neutron be able to 
escape from the nucleus after suffering its 
collision. aig 

The cross section chosen to fit the angular 
distribution in the region 0 to 7/2 in the center 
of mass frame of neutron proton scattering at 
90 Mev is 


o(Po —Ps) =(constant)/{1.0714+(po—p,)?}. (18) 


This cross section has no theoretical foundation 
and was taken only for simplicity of computa- 
tion. The expressions for ozdP; were evaluated 
for fixed values of the scattering angle 3, and 
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the energy spectra of scattered neutrons was 
found. Then the angular distribution was calcu- 
lated. As a numerical example, neutrons with an 
energy of 90 Mev outside the nucleus were 
chosen. The results are given in Figs. 2 and 3. 
In Fig. 2 the energy spectra are shown, and in 
Fig. 3 the angular distributions are given, the 
isotropic cross-section results being given for 
comparison. For lower energies the maximum 
in the angular distribution would occur at a 
larger angle because the particles would have to 
be deflected through larger angles in order to 
transfer the requisite amount of momentum in 
a given collision. A further discussion of these 
results will be given in Section IV. 

In addition to the inelastically scattered neu- 
trons treated above, there will also be some neu- 
trons scattered with no change in energy. This is 
scattering by the nucleus as a whole and corre- 
sponds to the well-known diffraction scattering. 
The importance of this effect is that the elastic 
scattering is confined primarily to small angles 
and would thus tend to erase the dip predicted 
by the statistical model (Fig. 3). It will be seen 
later that this complication does not provide an 
insurmountable barrier to the experimental meas- 
urement of the decreased forward scattering of 
the inelastically scattered neutrons. Neverthe- 
less, it seems worth while to estimate the effect 
semiquantitatively. 

To the approximation in which the nucleus is 
regarded as a completely black sphere of radius a 
(sticking probability unity), the differential cross 
section may be easily calculated to be 


oof ee faa (19) 


odQ= 
where J; is the Bessel function, k is the wave 
number of the incident neutron, and #? is the 
scattering angle. This result is valid for }<1. 
If a is taken to be 9X10—" cm and & correspond- 
ing to 90 Mev, the first minimum occurs at 
about 11°, The approximation of sticking proba- 
bility unity is a good one, as may be seen from 
the results of Section III. 


III. MORE DETAILED CALCULATIONS 


The problem to be considered in this section is 
that of calculating in some detail quantities such 


* H. Bethe and G. Placzek, Phys. Rev. 57, 1075 (1940). 


as the energy delivered to the nucleus in bom- 
bardment by high energy neutrons, the number 
of collisions suffered by the projectile, the angu- 
lar distribution of scattered particles taking into 
account multiple collisions and, finally, the mean 
free path of a nucleon passing through nuclear 
matter. The statistical model will again be used 
to describe the nucleus; however, more attention 
will be paid to the fact that both neutrons and 
protons are present. The experimentally observed 


neutron-proton scattering cross section will be 


used whenever possible. 

The approach to these problems will be pri- 
marily a classical one in the sense that the con- 
cept of a definite trajectory for the particles will 
be used and also that of a definite radius for the 
nucleus. This is a well justified approximation 
since the wave-length divided by 27 of a nucleon 
with an energy of 90 Mev is about } X10-" cm, 
or eighteen times smaller than the nuclear 
radius. The method to be used has been de- 
veloped by S. Ulam and J. von Neumann.® The 
fundamental idea of the method is the following: 
One follows in detail, collision by collision, the 


‘passage of a large number of particles through the 


nucleus until the particles either escape or lose 
sufficient energy to be captured. Evidently, if a 
sufficiently large number were chosen, an exact 
solution to the problem would be obtained. 
Whenever it is necessary to make a choice of a 
number of equally probable events, this choice 
will be made by a random process. The method 
can be most easily explained by actually de- 
scribing the successive steps involved in follow- 
ing a particle. 

The first problem to be faced is that of how far 
the nucleon travels into the nucleus before mak- 
ing a collision. One imagines that’ the nucleon 
has penetrated the nucleus; as far as this nucleon 
is concerned it is immersed in an infinite medium 
of nuclear matter. The geometry of the sphere 
will be taken into account later. Then the total 
interval from zero to infinity is divided into 
regions of equal probability. Evidently the 
division is made according to the law 


pue™, (20) 


°S. Ulam and J. von Neumann, Bull. Am. Math. Soc. 
53, 1120 (1947). 





> -~ a kf 863m 


_—_ — =e of 








where p is the probability of penetrating a dis- 
tance x from the surface without suffering a 
collision, and \ is the mean free path not taking 
account the Pauli principle (the particle does 
not know if the collision is to be forbidden until 
it tries to collide). The path lengths are found 
to be Xx» =A1n1/p,, where p, designates. which 
one of the equally likely intervals in which the 
collision has taken place and is given by n/N 
where JN is the total number of divisions of the 
total interval from zero to one (0£< N). The 
value of p, is chosen at random and a path 
length is obtained. 

The next decision to be made is that of the 
momentum of the struck target particle. The 
whole allowed region of momentum space is 
divided into regions of equal probability, i.e., 
equal volume. The number of these divisions 
should be sufficient to cover the region in a 
reasonable representative way. Since the proba- 
bility of making a collision with a particle in the 
ith region is proportionai to p,i0(p,:) where ?,; 
is the relative momentum and o(p,;) is the total 
cross section for a collision with relative mo- 
mentum ?,;, it is clear that the appropriate 
division into equal probability intervals is ob- 
tained by computing the partial sums 


n N1 
Sn= x prio (Pri) i prio (Pri), 
where JN, is the total number of divisions of the 
momentum space. Then a random number, m, 
between zero and one is chosen and if s,Q m 
<Sn4i the collision is taken to be with a particle 
in region 7. 

_ Having decided on a collision partner, one 
must then find out the scattering angle. It is 
most convenient to work in the center of gravity 
system for this purpose. It is supposed that the 
differential cross section o(p,:,#)d2 is known. 
The appropriate values of 3; are computed from 


(21) 





vj 
se f o(bri,8)d2=j/Ne, 
O\Pri)“%0 


where 1<£j< Nz and N; is the total number of 
intervals chosen for division. The final vector 
momenta of the collision partners are deter- 
mined from the conservation laws. Then one 
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Fic. 4. Distribution of excitation energies of the re- 


sidual nucleus immediately following the bombardment of 
a heavy nucleus by 86.6-Mev neutrons. 


must see if the collision is permitted by the 
Pauli principle. If it is permitted, the whole 
procedure is repeated for the two final particles 
until they have escaped from the physical sphere 
or been captured. If the collision is forbidden, 
the particle is given a new path length along its 
original trajectory. 

In the computations carried out in this paper, 
one hundred incident particles were followed. A 
greater number should, of course, be used, but if 
a greater number is chosen, the problem should 
be handled by a machine. The results obtained 
show some scattering but nevertheless indicate 
quite definite trends. The number of divisions 
used to obtain the path lengths was one thou- 
sand. The momentum sphere was divided into 
twenty regions and the scattering angles were 
divided into five regions from zero to 7/2. The 
reason for going only to 2/2 will be discussed 
immediately. 

The choice of the differential cross section 
made here is based on the experimental fact 
that the neutron-proton scattering cross section 
is very nearly symmetric about 2/2 in the center 
of mass system. This implies that the angular 
distribution of recoil protons is the same as that 
of the scattered neutrons. The convention was 
therefore made that only scattering angles less 
than 2/2 in the center of mass frame would be 
considered; since targets and projectiles are 
treated on an equal footing, all possibilities are 
included. There is one important simplification 
resulting from this choice: Only one curve need 
be constructed for the determination of the 
scattering angles since the cross section may be 
chosen as a universal function of the momentum 
transfer, g, irrespective of the relative momentum 
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TABLE I. Results for 100 incident particles, of which 15 
pass through the nucleus without collision. Energetics of 
the particles produced by the 85 which make successful 
collisions. All energies are in Mev. 








Average energy distribution 





No. No. Average excitation of emerging particles 
particles of energy of residual decreasing energy 
emerging cases nucleus 1 2 3 

0 4 94.5 

1 58 41.6 45.0 ¢ 

2 21 Sa. 24.2 16.0 

3 2 40 14.5 9.5 6.5 








(g=v2p, sind /2). It turns out that, on the basis 
of an interaction consisting of one-half ordinary 
forces and one-half exchange forces, which. fits 
the experimental data,’ the neutron-neutron 
scattering angular distribution has the same form 
as the neutron-proton ; consequently the neglect 
of the difference between these types of collisions 
is justified. The exact form chosen is that given 
in Section II, Eq. (18). Further account of the 
presence of both neutrons and protons was taken 
by setting the minimum energy for escape from 
the nucleus at 14.5 Mev above the Fermi energy, 
an average between the neutron and proton 
barriers. 

The energy dependence of the total cross sec- 
tion is taken to be inversely proportional to the 
relative energy, and the magnitude was fitted to 
the experimental result of 0.083b at 90 Mev. 
This has the consequence that p,o(p,) averaged 
over the momentum distribution is just Poo(Po), 






















n af rn 
Ee) 20 wn 


Fic. 5. Energy distribution of particles emerging at all 
angles immediately after the bombardment of a heavy 
nucleus by 86.6-Mev neutrons. 
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where Py is the projectile momentum, and pro. 
vides a check on the method used to select the 
collision partners. 

The actual calculations were carried out pri- 
marily by graphical means; analytical calcula- 
tions would have required an  exhorbitant 
amount of time if done with ordinary desk com- 
puting machines. The calculation described here 
required about two weeks full-time work by two 
people. The energy of the incident particles was 
taken to be 86.6 Mev, the depth of the potential 
hole to be 26 Mev, the maximum Fermi energy 
to be 18 Mev, and the nuclear radius to be 
9.0X10—* cm. 

The mean excitation energy of the residual 
nucleus was found to be 42.5 Mev. The distribu- 
tion of excitation energies is shown in Fig. 4; 
this curve represents 85 particles. The average 
number of collisions suffered by a particle escap- 
ing with more than 15 Mev is two, although 
about half the particles have only one collision. 
Note that these emerging particles may be target 
particles. The total energy distribution of all 
particles emerging at all angles is shown in 
Fig. 5; this curve represents 105 particles. The 
angular distribution of all emerging particles 
with energies greater than 15 Mev is shown in 
Fig. 6; this curve includes particles which have 
suffered up to five collisions before emerging 
and represents 76 particles. A further breakdown 
of the data is given in Table I. The effective cross 
section was found for particles with energies of 
113 and 66 Mev inside the nucleus. The fractions 
of the total cross section at these energies are 
0.69 and 0.32, respectively. It was found that 15 
particles pass through the nucleus without a 
collision ; an exact calculation based on a mean 
free path of 6.20X10-" cm predicts 17 such 
events. It is interesting to note that the total 
cross‘ section for lead found experimentally,’ 
namely, 4.53b, agrees quite well with the value 
0.85 X2ra?_ which yields, with a=9.0X10-*, 
4.32b. Of particles emerging with an energy 
greater than 15 Mev, 36 had suffered one colli- 
sion, 29 had two collisions, eight had three colli- 
sions, five had four collisions, and one had five 
collisions. The intervals on the block diagrams 
were chosen so as to give a reasonably smooth 
curve and should not be regarded as giving a 
measure -of the statistical accuracy involved. 
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Since each curve represents about 100 particles, 
the intervals on the diagrams represent from 10 
to 15 particles. 


IV. SUMMARY AND DISCUSSION OF RESULTS 


(a) The theoretical angular distributions shown 
in Figs. 3 and 6 show that the expected dip in 
intensity in the forward direction for scattering 
high energy neutrons from heavy nuclei occurs 
over a relatively small angular interval; the in- 
terval is so small, about 25°, that experimental 
measurements will be difficult, although probably 
not impossible. It is interesting to note that the 
inclusion of multiple scattering does not radically 
change the angular distribution; this is due to 
the high number of single scatterings and to the 
fact that the double scatterings are strongly 
correlated to the single scatterings. The compli- 
cation of the background of elastically scattered 
neutrons does not provide serious difficulty be- 
cause of the fact that the distribution of recoil 
protons should be essentially the same as that 
of the scattered neutrons; one need, therefore, 
measure only the protons. In Fig. 2, the energy 
distribution of particles emerging at various 
angles is shown. 

(b) The mean free path in nuclear matter for 
a neutron with energy 90 Mev outside the nu- 
cleus computed on the assumption of isotropic 
scattering in the center of mass system is 
5.52 KX 10- cm, whereas that computed using the 
observed angular dependence is 6.2010-* cm. 

(c) The distribution of excitation energies of 
nuclei bombarded with 86.6-Mev neutrons is 
calculated (Fig. 4). The average excitation en- 
ergy is 42.5 Mev. This energy will be distributed 
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Fic. 6. Angular distribution of particles emerging from 
the nucleus taking into account multiple scattering (com- 

re Fig. 3). The cosine of the laboratory scattering angle 
— in the lower scale and the actual angle in the upper 
scale. 


among the nucleons, and the subsequent behavior 
could be described by the evaporation model. 
The total energy distribution of emerging par- 
ticles is shown in Fig. 5. The peak at the high 
energy end is believed to be real; it represents 
the large number of particles which suffer only 
one collision before escaping from the nucleus. 


ACKNOWLEDGMENTS 


The author wishes to express his gratitude to 
Dr. E. Fermi, who suggested this problem, for 
his frequent advice and encouragement. Thanks 
are also due G. F. Chew who shared the work in 
the tedious calculations and contributed essen- 
tially to all parts of this paper. 








PHYSICAL REVIEW VOLUME 74, 





NOVEMBER 15, 1948 


NUMBER 10 


Effect of Nuclear Motion on the Fine Structure of Hydrogen 


G. Breit AND G, E. Brown 
Yale University,* New Haven, Connecticut 


(Received July 26, 1948) 


The problem is re-examined from the point of view of the Hamiltonian applicable to two 
charged particles and accounting for effects of order v*/c?, where v is the velocity. The work 
differs from that of Bechert and Meixner in that the energy of the Dirac’s electron in a central 
field is taken as the reference point. The solution is carried out in terms of an eight-component 
rather than a four-component approximation to the 16-component wave function. The result 
is the same for practical purposes as that of Darwin for the prequantum-mechanical problem 
and of Bechert and Meixner for the four-component approximation. The energy formula is 
affected only by the original Bohr reduced mass correction to the term value and also by a term _ 
which is independent of the particular fine structure component and depends only on the prin- 
cipal quantum number. Bethe’s electrodynamic shift is, therefore, not obscured to within terms 
of relative order a?(m/M) by effect of nuclear motion. 





I. INTRODUCTION 


HE effect of nuclear mass motion on the 

fine structure of hydrogen has been cal- 
culated by Bechert and Meixner.! Related con- 
siderations have been made by Lowen.? The 
increased importance of the fine structure as a 
test of views on quantum electrodynamics’ has 
made it desirable to re-examine the question. 
The work of Bechert and Meixner leaves one 
with a partial feeling of dissatisfaction because it 
employs the four-component approximation to 
the 16-component two-particle wave equation. 


It is not clear without further proof that this 


approximation is adequate for the present 
problem. While it is true that for a single particle 
the reduction from 4 to 2 components yields 
results for the energy which are correct to 
relative order a’, it does’ not follow without 
further proof that the perturbing effect of the 
mass correction can be treated by an extension 
‘of the same method. One might be especially 
doubtful about the meaning of such a calculation 
if one recalls that the Dirac and Schroedinger 


* Assisted by the Office of Naval Research, project NR 
024-055 


a 935) Bechert and J. Meixner, Ann. d. Physik 22, 525 

21. S. Lowen, Phys. Rev. 51, 190 (1937). Lowen’s results 
are closely related to those of the present paper. This is 
-especially true of his Eq. (14a). Lowen did not carry the 
calculation far enough to make it possible to make com- 
parisons with experiment except for the 1s term. 

7H. A. Bethe, Phys. Rev. 72, 339 (1947); Julian 
Schwinger, Phys. Rev. 73, 415 (1948); Willis E. Lamb, Jr. 
and Robert C. Retherford, Phys. Rev. 72, 241 (1947); J. 
E. Mack and N. Austern, Phys. Rev. 73, 1233 (A) (1948). 


wave functions are represented by different 
powers of the distance r at the origin. 

The calculation of Bechert and Meixner 
amounts to the carrying out of the following two 


steps: (a) such a rearrangement of terms in the- 


four-component wave equation that the explicit 
introduction of the reduced mass becomes pos- 
sible and the non-relativistic Schroedinger equa- 
tion with reduced mass can be used as the 
zeroth-order approximation to the problem; (b) 
the evaluation of-the expectation value of the 
difference between the two-particle Hamiltonian 
and the zeroth approximation. The relative order 
of the difference is (m/M)a?, and the first-order 
perturbation theory suffices. The general scheme 
is doubtless beyond criticism. It is clear, however, 
that the application of first-order perturbation 
theory can have only a formal significance if the 
wave function is strongly affected by the dif- 
ference between the actual and the approximate 
Hamiltonian. Since the Schroedinger function is 
a poor approximation to the Dirac function at 
short distances the question arises as to whether 
the application of first-order theory in the ar- 
rangement of terms chosen by Bechert’ and 
Meixner has more than a formal meaning, 
whether the perturbation method converges, and 
if it converges whether the convergence is rapid 
enough to make the result significant. A certain 
degree of optimism is, of course, necessary 
regarding absence of mathematical difficulties, 
and the questions raised above would probably 
be out of order if it were not for the fact that it is 
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known that for small r the probability of finding 
an electron per unit volume behaves very dif- 
ferently with distance according to the Dirac 
and the Schroedinger equations and if the 
assumption of being able to expand the Dirac 
functions in terms of their non-relativistic 
approximations were not a part of the usual 
development: of first-order perturbation theory. 
It is not clear that the large values of the ratio 
of Dirac electron density to the Schroedinger 
density can be accounted for by a series with a 
reasonably small number of terms or that the 
difference between the actual and the zero-order 
wave functions has a negligible effect on the 
final estimate of the mass correction. Some of 
these questions are still unclear, but it is believed 
that the matter is somewhat more soundly 
understood as a result of the present work. 

An additional reason for undertaking it is the 
desirability of being able to see the answer in 
such a form that the exact solution of Dirac’s 
equation for a fixed nucleus is approached as a 
limit for M= «0. This is not the case for Bechert 
and Meixner’s calculations, although it is the 
aim of Lowen’s reductions. The latter are not 
carried, however, to the point of estimating the 
effects on the energy. It is obviously better to 
be able to carry out the development in such a 
way as to have the energy appear as the Dirac 
energy for M= because by doing so one is in 
a better position to obtain a theoretical under- 
standing of the problem for cases of high atomic 
number Z. It may be mentioned that for small 
values of r the usual reduction of the 16-com- 
ponent equation to the four-component form 
requires modification and that for this reason 
the 4-component approach appears to be ques- 
tionable. It derives an energy value by changing 
the wave equation close to r=0 and in a sense 
also the boundary condition at r=0. 

In addition, it appears pertinent that the 
extra terms brought into the Hamiltonian by the 
nuclear motion have to be taken into account to 
the second order of perturbation theory. It is 
true that with Bechert and Meixner’s arrange- 
ment of the calculation only first-order per- 
turbation theory is used. This is the result of 
employing the non-relativistic Hamiltonian for 
reduced mass as the zeroth approximation and 
removing terms from the Hamiltonian which can 
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give rise to effects of relative order m/M. The 
Bechert-Meixner work thus amounts to the cal- 
culation of the expectation value of the Hamil- 
tonian employing the wave function of the non- 
relativistic reduced mass problem. A justification 
for employing this rather than another wave 
function is easy to give for the four-component 
treatment because for it effects of relative order 
m/M are removed from the perturbing Hamil- 
tonian. The fact that the whole argument depends 
on this property of the four-component approxi- 
mation and that the 16- or 8-component equa- 
tions appear to require the consideration of 
second-order effects when one takes infinite 
nuclear mass as a starting point also suggested a 
re-examination of the problem. 


NOTATION 


m =electronic mass 
M=mass of proton 
e=electronic charge 
Z=atomic number 
h=Planck’s h/2x 
c=velocity of light 
a=e/he 
E=energy of system in rest mass system — Mc? 
%e= (Xe, Ve, Ze) =Coordinates of electron 
Ru = (xm, Ym, 2m) =coordinates of proton 
r=r.—Ry 
pe=(h/i)(8/dxe, 8/AyYe, 0/d%e) 

bau =(h/t)(d/dxmu, 0/dymu, 0/dBu) 

a, 8=the four matrices, a, a2, a3, a4, of Dirac. 
These matrices operate on the spin coor- 
dinates of the electron; B= ps3 

n=principal quantum number 
dy = h?/me? = Bohr radius 
T =non-relativistic kinetic energy 
Ry =absolute value of energy of ground state of 
hydrogen for M= 0; Ry=e?/2ay 
¥ =four-component wave function for Dirac’s 
equation 
W=energy of single electron according to 
Dirac’s equation 
LZ =azimuthal quantum number 
(A) =expectation value of operator A. 


Il. THE 8-COMPONENT EQUATION 


The 16-component equation is equivalent to a 
set of two simultaneous equations on two four- 
component functions. In addition one has to add 
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to the energy the expectation value of an 
operator Y which represents the combined effect 
of the magnetic interaction and a correction for 
the effect of retardation on the electrostatic 
energy. The representation can be chosen in such 
a way that the equations have the form‘ 


(£+2Mc)+ (oupu)¥ =0, ’ (1) 
L£YV+ (oupu)® =0, 
where 
L£=potap.+ me, (1.1) 
with 


po=(E+e/r)/c. (1.2) 


In order to simplify the formulas the nuclear 
charge is taken to be e. In order to change results 
to a nuclear charge Ze, the quantities e?, a should 
be replaced, respectively, by Ze?, Za. The sub- 
script M refers to the nucleus. The vector matrix 
oy has components having the form of Pauli’s 
three spin matrices. The functions ¥, ® have 
two indices, the first of which is the Dirac four- 
valued spin index for the electron and the second 
of which is the two-valued spin index of the 
proton. The matrices a, 8 operate on the first 
index; oy operates on the second. The operator 
Y is 


Y=(¢/2r)[(aeu)+(er)(eur)/r?] (1.3) 


in the original 16-component representation. In 
the notation used in the present paper ay 
converts ® into VY, VW into %, and after this 
operates like oy. The calculation will be carried 
out with an attempt at not making the assump- 
tion that the velocity of the electron is small 
until the final stage of the calculation. The 
operator a@ will be left, therefore, in Y and will 
be considered accurately. It is realized that Y is 
only accurate to order v?/c? and that at this 
point the gain in accuracy is questionable. The 
contribution of Y is of the last highest order of 
quantities considered here and its effect vanishes 
for M=o. For hydrogen it does not matter 
whether the effect of Y is evaluated accurately 


‘The arrangement of the calculation is similar to that 


in G. Breit and R, E. Meyerott, Phys. Rev. 72, 1023 


(1947) and G. Breit, Phys. Rev. 39, 616 (1932). Equation 
(1) of the present paper does not include magnetic inter- 
action and retardation effects. The expectation value of an 
— called Y is used later in order to take into account 
these interaction effects, in accordance with the view that 
this is the proper way of employing the 16-component 
equation. A justification of this view is given in the (1932) 
paper quoted in this footnote. 
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or not. Since it turned out to be just as easy to 
calculate the expectation value accurately as 
approximately, the accurate evaluation will be 
used almost up to the end of this paper. The 
replacement of Y by something better requires 
a more thorough investigation. One of the objects 
here is to provide accurate forms of the answer 
for the approximate theory so as to make it 
easier to see in what way the physical effects 
that are approximately represented by Y can be 
treated more satisfactorily. 
From the first of the two Eqs. (1) one finds 


&= —[1—(£/2Mc)+---](oupu)¥/(2Mc). (1.4) 
The condition 
(pPe+Pu)¥ = (p.+pu)P=0 


will be imposed on the wave function so as to 
have the total momentum equal to zero. The 
partial differential equations thus obtained show 
that each of the 16 components depends only on 
the relative coordinates r. The operator p, is the 
same for this wave function as the operator 


p= (h/1)(0/dx, 0/dy, 0/02). 


Substitution of Eq. (1.4) into the second of the 
two Eqs. (1) gives the following equation on 
linearizing in ey and omitting terms in oy which 
contribute only to the hyperfine structure, 


(1.5) 


(1.6) 


[&£—p?/2Mc+ £,]¥=0, (1.7) 
where 
£:=pLp/4M?c?. (1.8) 
One has 
L1V =p? LV/4MP22+ LV (1.81) 
where 
L2 = he? (pr) /(44M°c*73). (1.82) 


The first two terms of Eq. (1.7) give an approxi- 
mate wave equation which corrects the energy 
for the kinetic energy of the nucleus and includes, 
therefore, effects on the energy of the system to 
the first order of m/M. If the equation were exact 
then the first part of £; in Eq. (1.81) would be 
equivalent to an addition to the energy operator 
of 


— (cp*/8M*c3) (1.83) 
which for small Z is of relative order 
17m \3 a? 
-(— en (1.84) 








and is negligible. The first-order effect of £2 on 
the energy is obtained by taking the expectation 
value of —c£z. For light nuclei this is 


(—c£2)=(h?e?/4M?c?) f : Ws(dVs/dr)4xdr 


1.85 
— heh s(0+)/2M%c? — 


= — Ry(m/M)*a2/n’. 


Here the subscript S on W indicates the non- 
relativistic Schroedinger approximation, the 
lower limit of integration is designated by r, and 
the notation 0+ indicates that Vg is evaluated 
for the small value r. The reason for putting the 
matter in terms of this notation should now be 
explained. The operator £2 arose in the step 
between Eq. (1.8) and Eq. (1.81) as the result 
of interchanging the positions of £ and p. The 
whole term £& came in as a consequence of the 
presence of — £/2Mc in the brackets of Eq. (1.4). 
At distances of the order e?/Mc? it is no longer 
satisfactory to stop with the second term in the 
brackets of Eq. (1.4) because then the potential 
energy and Mc? are of the same order. Carrying 
out the integration from 7=0 to © would not 
have much meaning, therefore. A second reason 
for employing the notation 0+ is the convenience 
of not having to bring in the difference repre- 
sented essentially by the factor exp[ — (a?/2) logr ] 
between the larger of the two Dirac functions 
and the Schroedinger function Ws. The small 
value of a does not make the integral diverge 
and the factor exp[ —(a?/2) logr] changes by 
~0.3 percent when r changes by a factor e. It 
changes, therefore, by roughly 2 percent between 
e?/mc? and e?/Mc and is thus practically con 

stant between the point at which the two terms 
of Eq. (1.4) are sufficient and the point at which 
the approximation of the larger Dirac radial 
function by the corresponding Schroedinger 
function becomes good up to values of r con- 
siderably greater than the Bohr radius. The 
right side of Eq. (1.85), while larger than the 
expression in Eq. (1.84), is, nevertheless, neg- 
ligible. 

It remains to consider the effect of the term 
in p? which enters Eq. (1.7). To the first order it 
brings in a correction of the order (m/M) of the 
term value. It gives besides effects of order 
(m/M)?, (m/M)c? and higher order terms. Effects 
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of order (m/M)?o? and those of higher order will 
be neglected. Corrections of order (m/M)? cannot 
differ from the (m/M)? effects for the Schroe- 
dinger equation and are therefore taken care of 
by the second term in the Taylor expansion 
of the factor [1+(m/M)}" in the original Bohr 
reduced mass correction. It is further seen that 
there are no correction terms of order (m/M)?a. 
In fact the process of expansion of the eigenvalue 
of Eq. (1.7) into a Taylor series in (m/M) is 
equivalent to the employment of the Rayleigh- 
Schroedinger perturbation method with p?/2M 
as the perturbing term in the Hamiltonian. The 
power (m/M)? is obtained in the second-order 
perturbation energy which is given by the 
standard expression 


E,=2,| Hig’ |?/(E:— Ey), 


where 1, f refer to initial and final states, respee- 
tively. The difference in EZ, caused by changing 
from the Schroedinger to the Dirac equation 
consists in three effects: (a) The presence of the 
negative energy part of the spectrum for Ey in 
the Dirac case; (b) Differences in E;— Ey for 
E;>0; (c) Differences in the numerator of the 
formula for E;>0. It is well known that the 
relativity effect on Ey can be represented by a 
Taylor series in even powers of a. The effect 
(b) is, therefore, only that of causing the ap- 
pearance of a? rather than a. An examination of 
the formulas of Darwin and Gordon’ for the 
wave functions shows that here too all effects are 
free of the first power of a and that the effect 
(c) is, therefore, also harmless. The only place 
where the first power of a has the appearance of 
entering explicitly in Gordon’s formulas is in 
the ratio Co /C,)®. It enters, however, through 


(aE/me?)/[1 —(E/mce*)?]! =n’ + (k®—a?)!, (1.91) 


where n’ and |&| are both integers. The quantity 
ky in these formulas may be thought at first 
sight to contain the first power of a. This quantity 
occurs, however, only in the combination kor and, 
since 


kor = (r/au) {a?+[n’+ (k?—a?)* P}-4, 


the effect of relativity through ko is describable 
as a change of linear scale which is free of the 


(1.9) 


(1.92) 


5C. G. Darwin, Proc. Roy. Soc. A118, 654 (1928); 


W. Gordon, Zeits. f. Physik 48, 11 (1928). 
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first power of a. For E; in the continuous positive 
energy spectrum one can make £; the same for 
the Dirac and Schroedinger cases. The first-order 
radial equations, 


(po+mce) f—h[g’+(1+k)g/r]=0, 
(po—mc)g+h[f'+(1—k)f/r]=0, 


give the Schroedinger equation identically if one 
replaces the coefficient po+mece of f by 2mc. For 
values of |E;—£;| of the order of the ionization 
potential and for r>dxy the effect of relativity is 
thus describable as a change in f/g of the order 
(E—mc)/mc which is of the order a?/n?. For 
distances of the order e?/mc? the fractional effect 
on f/g is of the order of 50 percent. The volume 
within which this is the case is of the order 
(e2/aymc?)* =a, however, and this effect is negli- 
gible. For E;~mc? the relativistic f/g is again 
appreciably (of the order of 50 percent) different 
from the non-relativistic value. Here, however, 
the final state fis practically that of a free electron 
for which ~? is diagonal in the non-relativistic 
approximation. One expects, accordingly, the 
whole effect to be small. In fact the number of 
states f in the energy interval mc? for a one- 
dimensional problem in the interval 0 to R is 
~(R/xch)mc*. The effect of the short wave-length 
of the final state is to bring in a factor of the order 
(h/mc)/aq_ =a into each matrix element. Besides 
the normalization factor for the continuum is of 
the order (dn/R)* of what it is for the ground 
state. The whole contribution is therefore of the 
order 


mc?(R/ach)(2m/2M)(T?/mc?)o?(an/R) 
~(m/M)o*Ry, 


(1.93) 


(1.94) 


where the dependence on % is not considered 
since the whole is negligible. The relativistic 
value is of the same order as that just con- 
sidered and effect (c) is negligible. The con- 
sideration of effect (a) is essentially similar to 
that just made for the continuum, with the 
additional simplification of larger energy de- 
nominators and the fact that for | Ey+mc?| ~Ry 
the large initial g; pairs off with a small final 
gy. This brings in an extra factor a in each 
matrix element which takes the place of the fac- 
tor (4/mc)/ax, which was discussed in connection 
with Eg. (1.93). Effect (a) is, therefore, also neg- 
ligible. No terms of order (m/M)*a are seen to 
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be present in the second-order perturbation 
energy, and it suffices to use the non-relativistic 
value —(m/M)Ry/n? for this correction. It 
remains, therefore, to evaluate the expectation 
values of p?/2M and of the part of Y which does 
not depend on nuclear spin orientation. 


Ill. EVALUATION OF EXPECTATION VALUES 


‘Neglecting the second term in the expansion 
of @/¥, one obtains an equivalent operator Y’ 
which contains oy quadratically. Linearizing in 
the ey and throwing away the spin dependent 
part, one is left with :; 


‘= (€?/4Mc)[ (pe)r +r“ (ap) 
+(pr)(er)r-*+r-*(ar)(rp)]. (2) 


The expectation value of this quantity and of 
p?/2M will be calculated. Following Dirac it is 
convenient to introduce the operators 


e=(ar)/r, k=6[(Le)+1], (2.1) 


and to recall that the meaning of Dirac’s angle- 
dependent canonical transformation is that the 
application of e, k, 8, to the Dirac four-com- 
ponent wave function amounts® to the operation 
on the column matrix 


(? 
(ts) (6 9) 
oft, 2)... 


where is used interchangeably for the operator 
and its eigenvalue. It follows directly from the 
above form for ¢ that 


((pr) (er)r*+7r~*(ar) (rp)) 
=2h J (ef’—fe’)rdr. (2.4) 


(2.2) 


(2.3) 


The normalization is here such that 


J (2+ f)ridr=1. 


Also it follows from the wave equation that 


((pa)r—+r—(ap)) = —2(pot+Pmc), (2.5) 


6 P, A. M. Dirac, Proc. Roy. Soc. A117, 611 (1928); The 
quantum number j of Dirac’s article is called k here. His 
k is called L 














and hence again, by means of Eq. (2.3) as well 
as Eq. (2.4), 


(Y") = —(e2/2Mc) f (bot me) 


+ (po— mc) g?+h( fe’ — gf’) |rdr. 


Multiplying the two Eggs. (1.93) by f and g, re- 
spectively, there results a relation which enables 
one to eliminate the derivatives and one obtains 


(2.6) 


(r= —(@/mo| f “(bot me)? 


+ (po —me)eirdr—h1| ; 
with 


l=k J : fedr. (2.8) 
0 


Again one has for the one-electron function y 


Py = (ap)*y = — (ep) (po+Bmc)y 
= — (pbo—Bmc) (ap) = (po? — m*c*)y, 


and hence 


(3) 


(p?/2M) = (1/2M) f (po? — mc?) (f+ g2)rdr. 


(3.1) 
One has the helpful relations’ 


W=mc? f “(g? —f?)r*dr, (4) 
0 


me= f polgt— fra, (4.1) 


where the value of E for M=o is denoted by 
W and cho= W+e?/r. It follows from these two 
relations that 


f “(W-het/r)(g2—frtdr = me, (4.2) 
and hence 


f (e2/r)(g2— f2)r2dr = (m2ct—W)/me?. (4.3) 


7 The derivation of these equations is given in Appendix 
I. The object in introducing these relations is to express 
(p?/2.M) in terms of W and also only quantities which have 
to be evaluated only approximately. Equation (4) is 
analogous to the virial theorem. Equations (4) make it 
possible to express (e?/r) in terms of W. 
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The factor e? and the combination mc(f?—g?) 
under the integral sign of Eq. (2.7) are expressible 
by means of Eq. (4.3). Performing this sub- 
stitution one has 


(Y") = (m'ct— W*)/Me?+[— Wee?/r) 


—(e4/r?)+e%chI]/Mc?. (4.4) 
Again Eq. (3.1) gives 
(p?/2M) = (W?—mic*)/2Me 
+[W(e/r)+ (e*/2r*)]/(Mc?). (4.5) 
Adding the last two equations one has 
Ei = ((p?/2M)+ ¥") = {—(W?—m'ct)/2 
+[—(e4/2r?)+echI]}/Mc?. (4.6) 


The quantity W(e?/r) which occurs in Eqs. (4.5), 
(4.6) disappeared on addition. This was arranged 
on purpose so as not to have to evaluate cor- 
rections of order a? to (e?/r). The deviation of the 
relativistic wave functions from their non- 
relativistic approximations is taken into account 
implicitly in the value of W and appears besides 
in the terms (e?/2r?) and chI. The latter two 
terms will be seen to contribute only amounts of 
relative order (m/M)a?, and it will suffice to 
evaluate them without correcting for higher 
powers of a. 

For a Coulomb field it will be seen that the 
terms in square brackets cancel in the non- 
relativistic limit of small nuclear charge. In fact 
the well-known hydrogenic value of (r~*) gives 


(1/ Mc?) (e*/2r?) = (m/M)o?Ry/[n*(L+3)]. (5) 


The integral J occurs® in the theory of hyperfine 
structure and has the value 


I= (h/2mc) { —kg?(0+)/2+(k(1+k)/r*)} 


in the approximation of small nuclear charge. 
The notation 0+ means that g is evaluated at 
r~e?/mc?. The first term in braces is 


—4rk¥5°(0), 


(5.1) 


(5.2) 


and it vanishes except for s terms. One has, 
besides, 


k(k+1)=L(L+1), (5.3) 

and for a Coulomb field 
(r*) =1/[aw*L(L+3)(L+1)n*], (5.4) 
Vs"(0) =1/[4n*ay*]. (5.5) 
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Hence 


I=(a/2){r~), (5.6) 


so that the square bracket in Eq. (4.6) vanishes. 
The cancellation is a consequence of the equality 
of (r-?) and agL(L+1)(r-*) for a Coulomb field. 
The result is simply 


E,= —(W?— mic) /(2Me), 
which can also be written as 


E, = —(m/M)(W—me*) 
—(m/4M)(0c?/n?)|W—me?|, (6.1) 


which is identical in form with the results of 
Darwin as well as Bechert and Meixner. 

As has been discussed in the introduction, the 
meaning of the result is somewhat different from 
those previously obtained because it is ex- 
pressed as a correction to Dirac’s W rather than 
an approximation to it. This is only partially 
satisfying because Y” is good only to order v?/c? 
and one cannot be sure of the applicability of 
the second term in Eq. (6.1) for heavier nuclei. 

The reasons explained in the introduction 
make one more certain, however, of the applica- 
bility of the answer. To within terms of order 
(m/M)*o? the latter may be written as 


E—mé=(W—me)/[1+(m/M)] . 
—(m/4M)(o2/n*)| W—me!|. (7) 


One may conclude that it is probably appropriate 
to apply Bethe’s electrodynamic shift correction 
to the above formula for comparison with experi- 
mental values of the Lamb effect. It may be 
noted especially that there are no terms of order 
(m/M)aRy/n? which would be a serious effect, 
since (m/M)aRy=1.3 X104mc/s. 

The considerations carried out above apply 
directly only to an idealized proton having a 
magnetic moment eh/2Mc. The magnetic mo- 
ment of the proton may be described phenomena- 
logically, however, by adding to the Hamiltonian 
terms involving the electromagnetic six vector 
in the manner proposed by Pauli as a mathe- 


(6) 
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matical possibility for uncharged particles. At- 
tributing to the extra Pauli-like terms a physical 
significance only through their expectation 
values, one finds that nothing essential is 
changed in the reasoning which gave Eq. (6). It 
is still possible to start with Eq. (1). The terms 
independent of relative spin orientations of 
proton and electron are still represented by Eq. 
(2), and the remaining steps leading to Eq. (6) 
remain unchanged. 


APPENDIX I 


Some useful relations for the Dirac functions 


Equations (4), (4.1) of the text do not seem to have been 
recorded in the literature. Equation (4) is a generalization 
of the virial theorem for the Schroedinger equation. To 
derive it one can start with the radial equations (1.93) and 
perform the similarity transformation 


r=(1+9)’, 


where @ is an arbitrary real number which will be made to 
have small positive values. The equations which result 
from the substitution are brought back to their original 
form on multiplication with 1+6. Only now fr’ occurs 
everywhere in place of r and, (1+6)E, (1+-6)mc? replace E, 
mc*, Making @ small and recalling that the eigenvalue of 
an equation cannot depend on whether the independent 
variable is called r or r’, one sees that the perturbation 
energy me(>' 2a in the sense of Eq. (2.2), has 


caused a change in the eigenvalue of magnitude @E. 


‘Application of first-order perturbation theory yields Eq. 


(4). 
One also has on multiplying the two radial equations by 
—f, g, respectively, and adding 


(po— mc)g*—(po+mc)f?+hd( fg)/dr+2hfg/r =0. 


Multiplying by r? and integrating, one obtains Eq, (4.1). 
Another useful relation which follows from the second- 
order equations is 


SF ot meay(pr+gtyrdr 
=i [ [(dg/dr)'+(df/dr)-+k(k+1)g4/7 
+h(k—1)f?/r?]r2dr. 


This equation is not used in the paper, but since it was 
helpful in some preliminary considerations it is reproduced 
here for possible use of other workers. 
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A theoretical analysis is given of the depolarization to be expected when a plane, mono- 
chromatic, polarized beam of thermal neutrons is incident normally on a slab of finite thickness 
in which the neutrons are scattered isotropically and without capture. The problem reduces 
to the solution of an integro-differential equation of the Wiener-Hopf type. The equation is 
solved approximately by a method of G. C. Wick. Experimental possibilities for measuring 
the scattering amplitudes by this method even in the case where neutron-nuclear forces are 
not very spin-dependent, are excellent. The case where the capture cross section is different 


from zero is also included. 





I. INTRODUCTION 


PIN dependence of the interaction between a 

neutron and a nucleus manifests itself in the 
difference of the scattering amplitude when the 
neutron and nuclear spins are parallel and the 
amplitude when they are anti-parallel. Inasmuch 
as a consistent theory of the nucleus should be 
able to predict this spin dependence, experi- 
mental determination of this difference gives us 
a valuable datum for testing such theories. 

Such an investigation has been carried out in 
the case of the neutron-proton interaction by 
observing! the differences of the scattering cross 
sections for slow neutrons in the ortho and para 
modifications of the hydrogen molecule, and by 
making a theoretical analysis of these differ- 
ences.*5 In this case, the large spin dependence 
of the neutron-proton force results in a substan- 
tial difference between the ortho and para cross 
sections. Decisive information could therefore be 
deduced without requiring experimental results 
of extreme accuracy. A similar theoretical anal- 
ysis® for ortho and para deuterium indicates that 
accuracy of but a few percent in the measure- 
ment of the ortho and para cross sections would 
be necessary, under the best circumstances to get 


* Present address: Physics Dept., Harvard University, 
Cambridge, Massachusetts. 

** Present address: Argonne National Laboratory, Chi- 
cago, Illinois. 

1L, Alvarez, K. S. Pitzer, Phys. Rev. 58, 1003 (1940). 

2 F, G, Brickwedde, et al., Phys. Rev. 54, 266 (1936). 

3 R. B. Sutton, e¢ al., Phys. Rev. 72, 1147 (1947). 

4J. S. Schwinger and E. Teller, Phys. Rev. 52, 286 
(1937); J. Schwinger, Phys. Rev. 58, 1004 (1940). 
a ) Hamermesh and J. Schwinger, Phys. Rev. 71, 678 

4 ,’ 
a sy Hamermesh and J. Schwinger, Phys. Rev. 69, 145 

46). 


comparable information about . the neutron- 
deuteron force. There is also the possibility if 
this force is not very spin-dependent, that the 
best experiment of this type would still be inde- 
cisive. For nuclei heavier than deuterium, experi- 
ments of this sort would be extremely difficult to 
perform. 

More recently,’ a determination of parallel and 
anti-parallel scattering amplitudes has been at- 
tempted by comparing the magnitude of the 
diffuse scattering with the interference peaks ob- 
tained when slow neutrons are scattered from 
crystals such as sodium hydride and sodium 
deuteride. In this case too, if the scattering 
amplitudes do not differ by much, the experi- 
mental accuracy required is beyond the limits of 
available techniques. 

Another possibility for the experimental deter- 
mination of the spin dependence of the inter- 
action is to study the depolarizing effect of 
scattering processes on a beam of polarized neu- 
trons. Experimentally, techniques for obtaining 
polarized neutron beams and for the analysis of 
their polarizations are well known.** Theoretic- 
ally, the probability that a slow neutron will 
change its spin orientation in a single collision, 
has been calculated and is given by: 


Q=3(2¢+1)[ (a1 —a0)*#(¢-+1) ]/ 


[(é+1)ar+iac?], (1.1) 


7E. O, Wollan and C. G. Shull, Phys. Rev. 73, 830 
(1948); C. G. Shull, e¢ al., Page. Rev. 73, 842 (1948). 


8 L. Alvarez and F. Bloch, Phys. Rev. 57, 111 (1940). 
®F. Bloch, M. Hamermesh, and H. Staub, Phys. Rev. 
64, 47 (1943). 
( 10 > Halpern and M. H. Johnson, Phys. Rev. 55, 898 
1939). 
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Fic. 1. Depolarizing factor Q as a function of the ratio 
of the scattering amplitudes when i=1. 


where +=the spin of the interacting nucleus, 
a,=the scattering amplitude for parallel spin, 
and a) =the scattering amplitude for anti-parallel 
spin. @1=d, implying no spin-dependence, has 
as a consequence Q=0 or no depolarization. This 
is clear since interactions which are not spin- 
dependent will produce no changes in spin 
orientation. 

When several isotopes are present the depolar- 
izing factor’ is: 


Q=3 DX |b,|*(2t, +1) 


(41? — 0”) 4 p(t +1) 





xX ’ 
(tp+1) (a1)? +4p(ao”)? 


where |},|? is determined by the relative abun- 
dance of the pth isotope (py |b,|?=1). The total 
scattering cross section!® is: 


on=4e(26+1)-[(¢+1)a2+ta0?], (1.3) 


when only one isotope is present, and is given!® 


by: 
on=4n >) [b,(2(2¢,+1)7 
Pp 


X[(tp+1)(ai?)?+4p(ao?)?], (1.4) 


when there is more than one isotope. A combina- 
tion of two measurements, namely total scatter- 
ing and Q is sufficient to determine the scattering 
amplitudes when only one isotope is present. This 
is no longer true when there are several isotopes. 

The statement that the scattering amplitudes 
are determined by two measurements when only 
one isotope is present must be qualified. In Fig. 1, 
we have a plot of Q vs. ai1/a) when i=1. Except 
when @;/d» is equal to 1 or —34, a determination 
of Q does not determine a;/ay uniquely. In addi- 
tion, the absolute sign of either amplitude cannot 


be found from these two measurements. In fact, 
no experiment in which the spin of the scattering 
nucleus is arbitrarily oriented in space will yield 
more information.® 

If @;—d» is small, the resultant depolarization 
for a single collision may not be measurable. It 
has been suggested,® therefore, that the cumula- 
tive effect of several depolarizing collisions be 
observed in order to determine the value of Q. 
This paper is concerned with the theoretical 
analysis of such an experiment. This technique 
will be most valuable when Q is in the neighbor- 
hood of zero, i.e., when @;/do is approximately 1. 
It is only in this region that our method is of 
interest. For a:/ao considerably different from 
one, the depolarization in a single scattering 
process will be sufficiently large to enable deter- 
mination of Q. In Fig. 2 we show the behavior 
of Q in this region for +=1. 


II. FORMULATION OF THE PROBLEM 


Specifically, we shall consider the following 
situation: a plane monochromatic beam of com- 
pletely polarized (spins all pointing in some direc- 
tion, ») slow neutrons, traveling in the positive 
z direction, is incident at z=0 on an infinite slab 
of amorphous scattering material perpendicular 
to the z axis and of,thickness h. The neutrons are 
assumed to be scattered isotropically, in the 
laboratory system of coordinates. They are suffi- 
ciently slow so that no inelastic collisions are 
possible. We assume further, that no energy 
changes occur on collision, and for the moment 
we shall neglect capture. Physically this corre- 
sponds to a situation in which we are dealing with 
the interaction between a thermal neutron beam 
and a heavy nucleus, or with the interaction with 
a light nucleus such as deuterium which is com- 
bined in a heavy molecule whose other elements 
do not contribute to the scattering. 

As the neutrons diffuse through the scatterer, 
the beam will become partially depolarized. In 
the material there will be two competing proc- 
esses in the depolarization: Those neutrons whose 
spins point in the negative p direction will have 
a probability Q for spin reversal on collision, 
with a resultant increase in the polarization. 
Those neutrons whose spins are oppositely di- 
rected, will undergo depolarizing collisions with 
the same probability. At the outset, it should be 
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made clear that if the scatterer were infinitely 
thick, the emergent beam would be completely 
depolarized no matter what the value of Q since 
the depolarization process tends to equalize the 
populations of the two spin states. Thus, it is es- 
sential to consider a scatterer of finite thickness. 
Let: 


N+(z, 4) =the number of neutrons per unit vol- 
ume whose spins point in the positive 
p direction and are traveling in a direc- 
tion given by »=cos8, in the angular 
range dy (0 is the angle made with the 
positive 2 axis). 
N-(z, 4) =the number of neutrons per unit vol- 
ume whose spins point in the negative 
p direction and are traveling in the 
direction given by yu, in the angular 
range dy. 
V =the neutron speed. 
1/=the scattering mean free path. 


If the time of collision is small compared to the 
time between collisions, then the transport equa- 
tion for this process yields the following: 


= “N+ )+ Le ig Nt(1—Q)d 
aN Vaan oe [Moa 
dt l 21 J_4 


V pt 
wea f N-Qdy', (2.1) 
2] J_1 


and 


dN- 


V V +1 
th ee, D+— f N-(1—Q)dy’ 
= ; (2, m, 2) ad, (1—Q)du 


‘. @.2) 


The factor 3 which appears before the inte- 
gral sign is a normalization factor for the iso- 
tropic scattering function 1/4 and is determined 
by the condition 


2r +1 
1/an f f Ndy'do=1. 
0 —1 


We consider a steady state and for this case, we 


have: 
oNt+ 1 1 st 


——4+-Ne— | waco 
-_— i: or ~ Ode 


1 +1 
+— f  N-odv', (2.3) 
2] J_ 


1 1 +1 
—+-n-=— f N-(1—Q)dy’ 
rn ak. (1—Q)du 


NtQdy’. 


an 


1 
+ (2.4) 
The problem reduces to the solution of a coupled 
system of integro-differential equations with ap- 
propriate boundary conditions. Equations (2.3) 
and (2.4) may be simplified by adding and sub- 
tracting them to give: 


00 1 et 
u—+o=- f ody’, 
Oz 2 ll 


0A a pt 
u—+A=-— f Ady’, 
Oz 2 =a 


(2.5) 


(2.6) 


where we have introduced the mean free path 1, 
as the unit of length and set 

o=Nt+N-, 

A=N+-N-, 

a=1-—20. 
Equations (2.5) and (2.6) are integro-differential 
equations of the Wiener-Hopf type. They arise 
from problems dealing with the radiative equi- 
libriumfof stellar atmospheres." In most prob- 


.08 
.06 
Gq 


.04 


02 








Fic. 2. Depolarizing factor Q as a function of the ratio of 
the scattering amplitudes when i=1, and the ratio= 1. 


1 E. Hopf, ‘“‘Mathematical problems of radiative equi- 
librium,” a Tracts, No. 31 (1934); N. Wiener and 
E. Hopf, Berliner Ber. Math. Phys. Klasse, 696 (1931). 
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lems of interest to the astrophysicist the atmos- 
phere is taken to have an infinite depth. As 
pointed out in I, we are obliged to deal with 
scatterers of finite thickness. 

In order to facilitate the application of our 
special boundary conditions, we introduce into 
(2.5) and (2.6) the following transformations: 


o=J+6(u—1)e-*, (2.7) 
A=I+8(u—1)e72!#, (2.8) 


5(u) = Dirac delta function; and 


+1 
f Flu’) 8(u! —B)du! = f(6). 


This gives for Eqs. (2.5) and (2.6) 
pod 
“7 


+1 
—+J=- -f Jay! +4e-#, (2.9) 
=4 


ol a pt a 

—t1== f Idy' +—e-*. (2.10) 
02 2 -1 ce 

Inasmuch as most detectors for slow neutrons 
measure neutron densities rather than flux, we 
will express our principal results in these terms. 
We will indicate later how these expressions are 
changed to represent the flux. Accordingly we 
define the polarization density as 


Po=f sant | f ody’, (2.11) 


and are looking for P(d), where d=thickness of 
the scatterer in units of mean free path (=h/1). 
Our boundary conditions are: 


at z=0; 
o(0, uw) =6(u—1); 
A(O, w) =6(u—1); 
at z=d; 
ot) <0; I(d, uw) =0 
A(d, nu) =0; I(d, Hof H<o. (2.13) 


The boundary condition (2.12) is an expression 
of the fact that a completely polarized plane 
beam is incident normally on the scatterer. Con- 
dition (2.13) states that after transmission, the 
vacuum returns no neutrons to the scatterer. 


es Ho fa> (2.12) 
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III. SOLUTION OF THE PROBLEM 


The exact solution of the Wiener-Hopf equa- 
tion for a finite thickness of scatterer has not yet 
been found. Inasmuch as our problem will not 
lead to significant results unless the slab is finite, 
we must resort to an approximate method of 
solving (2.9) and (2.10). The method we have used 
is one originally proposed by G. C. Wick" and 
which has been subsequently used and developed 
by S. Chandrasekhar.* The principle of the 
method is to replace the integral which appears 
on the right side of (2.9) and (2.10) by a polyno- 
mial, and thusreduce the integro-differential equa- 
tion toasystem of first-order differential equations. 
The special polynomial used is the one originally 
proposed by Gauss!‘ in his quadrature method of 
approximating integrals: 


t=—n i=—n 
n #0 n#0 


+1 
fo Mendis E adud= Eads G.) 


The coefficients are the Christoffel!® numbers 
which satisfy the conditions: 


LV a:=1; 


i=1 


a;=a_;. (3.2) 

The yp; is determined in the mth approximation 
as solution of the equation P2,(u)=0, where 
P2n(u) is the spherical harmonic of order 2n. The 
solution of Eq. (2.10) by this method is found by 
letting 


qT; = an”™, (3.3) 


for the homogeneous part and adding the par- 
ticular solution 


I;=(a/2)Te~*/(1 He, 


ie 2 


The complete approximate solution for J; is 
n Lye Sal eo Lww ale" 


I;= Zz +— ’ 
p=11—pidp "Fitbade 21-4; 
12 G, C. Wick, Zeits. f. Physik 121, 702 one. 
BS. Chandrasekhar, Astrophys. j. 100, 76 (1944); S. 
Chandrasekhar, Astrophys. J. 106, 142 3947), 
4 Riemann-Weber, Diff. Gleichungen der Physik, I 
(Dover Publications, New York), p. 394. 
16 A, N. Lowan, N. Davids, and i. Levenson, Bull. Am. 
Math. Soc. 48, 739 (1942). 


(3.4) 
where 


(3.5) 





(3.6) 
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where A, is determined by the equation 


n a; 
a>, =1. 


i=1 1 —p2r? 


(3.7) 


Equation (2.9) is solved in much the same way, 


except that in this case, (when a=1) A=0 . 


identically satisfies (3.7) because of (3.2). The 
solution in this case is 


Paps 
p=1 1—pily 
n—1 M_,et>* 1 ye? 
+2—u+R} += 
21—yn; 


(3.8) 


m=1 1+u.fp 


n a; 
ya /(1- ). 
m11—yp? 


and ¢, is a solution of the equation 


where 


p » a;/(1—n 2%) =1, (3.10) 
i=1 
which is different from zero. 

The boundary conditions (2.12) and (2.13) now 
give the following system of linear equations for 
the determination of L,, L_», My, M_», b and R. 


n L, n ; a r 

E45 —* 4° __n0 

p= 1—pir, p=1 1+yirp 2 1—p; 
(t=1,2---n); 


n Lye? o Te~ 








(3.11) 
n Lae 
+ — = 

p=ti+paA, p=lil—parp 2 1+4,; 
(i=1, 2+ +n); 


0 








a1 M, n1 M_, 


> +5 — m+} 
p=l11—pitp mm1t+udyp 


e ¢ 
+-——=0 (¢=1,2---n); 
21-4; 


n—1 M_,er4 
+2 +d+u+R| 


r=1 1—pify 


n—1 Me-tn4 
5 . 
— 1+uisp 


1 ye~4 
+- =0 (i=1,2---n). 
21+4; 


IV. CALCULATIONS 


The particular virtue of the method outlined 
above for approximating the solution of the 
Wiener-Hopf equation is that the convergence is 
so rapid. In most cases, in dealing with an infinite 
scattering atmosphere the second approximation 
gives results within 1 percent accuracy. In esti- 
mating the accuracy of our solutions in the vari- 
ous approximations, it was not possible to com- 
pare them with an exact solution. We have 
assumed that convergence to the exact solution 
was uniform, and if the difference between the 
nth and w+1th approximation is sufficiently 
small, we consider the »+1th result to be exact. 


A. First Approximation 


If one writes Eq. (3.3) in the first approxima- 
tion, one has:” 


1 ek oe 
eet ae (4.1) 


1 a a 
~ Ott iienetern -1. (4.2) 


The total density is J=J,+J_,. J; may be con- 
sidered to be the density moving to the right and 
I_, may be considered that moving to the left. 
One can eliminate J_, from (4.1) by differentiating 
with respect to z, then substituting for dJ_:/dz 
from 4.2 and for J_; from (4.1). In the same way 
one can eliminate J; and one gets for J, J, and 
I_, the following: 


($)0°J/d2?+ (a—1)I=0, 


which is the diffusion equation. 

To gain some insight into the applicability of 
the first approximation, one starts with an exact 
equation such as (2.6) and expands the unknown 
function in spherical harmonics. 


(4.3) 


1 
ag » i (2n+1)P,(u)In(2), (4.4) 


(we call the variable J instead of A). Resubstitut- 
ing (4.4) into (2.6) we get: 


Ol, 
LX (2n+1)uP.(u)— 
n 0z 


+20 (2n+1)Pa(u)In=alo. (4.5) 














1290 $. 


TABLE I. Christoffel numbers and zeros of the spherical 
harmonics used in the various approximations. 








Third approximation 

ay 1 a 0.467914 

M1 0.577350 ae 0.360762 

Second approximation sis 0.171324 
M1 0.238619 

a 0.652145 0.661209 
rr) f 

ae 0.347855 bs 0.932470 

1 0.339981 

Me 0.861136 


First approximation 








First we integrate (4.5) from —1 to +1, and get 
01;/d2+1Ip=alp, (4.6) 


then we multiply by u and integrate from —1 to 
+1. Then this gives: 


20I2/d2+0Io/d2+301,/dz=0, (4.7) 


since p2=(2P2+Po)/3. Neglecting J, and sub- 
stituting for J, from (4.7) into (4.6), we have: 


1(92Jy/dz?) + (a—1)Io=0, (4.8) 


which is the diffusion equation again. Thus we 
see that if the distribution function is spherically 
symmetric, the Wiener-Hopf equation corre- 
sponds to the diffusion equation. Attempting to 
solve (4.8) instead of (2.8) means that we are as- 
suming that the contributions to the solution of 
the higher terms in the expansion in spherical har- 
monics are negligible. This assumption corre- 
sponds exactly to using the first approximation 
in Our approximate method. 

For the particular boundary conditions that 
we are considering here, the distribution at z=0 
is far from spherically symmetric. After several 
collisions it will be closer to spherical symmetry. 
We may expect therefore that the true trans- 
mitted density will be given more closely by the 
first approximation, the thicker the scatterer. 


B. Calculation of Experimental Quantities 


Having solved Eqs. (3.10) through (3.13) it 
remains to be seen how the experimentally meas- 
ured quantities, i.e., 


A,(d) -{ A(d, b’)dy’, 


+1 
id= if o(d, w')dy' 
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depend on the values of Ly, L_», M,, M_,, b 
and R. By Egs. (2.8), (3.6), (3.7), (3.5), (3.1), 
and (3.2) we have: 


1 +H 
Ao(d) = f Matt h - Bhel 
0 


wll 
+1 

+ f 5(u! —1)e-*"’dy’ 
“ti 


n n Lew 
<> a> 
t=—n p=1 
n #0 


1 —piry 


“ oe get a on a,Te-¢ 
i=-— =] ° . = = aa 
= o Pp HMiAp “y Ki 


=? z Lie4 ao 
m1 1 — “Sifes 7 


a; 
+2 > Lwe > —_——_ 
p=1 i=1 1—p,?r 


a? 


+ale-* >> 
=11—-p? 


2 2» 
Ao(d) =—{ 0 (Lye? + L_,e4) } + Te? 


Qa p=l 


(4.9) 


In a similar way we find that: 


“t= f o(d, u’)dy! 


n—1 


=2b{> (M,e*r4+ M_,etr4) 
p=1 
+d+R}+-ye-4. 


For the sake of completeness, we include expres- 


(4.10) 
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Fic. 3. Transmitted density as a function of 1—2Q in the 
second approximation when d=10 (mean free paths). 
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sions for the albedo (reflection coefficient) from 
a finite plate: 


0 
Ao(0) = f A(O, »')dp! 


2n 
=-(2 (L,+L_,)]+T—-1, (4.11) 


Qa p=l 


a0(0) = f o(0, w!)du’ 


n—1 


=26(> (M,+M_,)+R]+y—1. (4.12) 
p=1 
If a deep detector is used one would measure cur- 


rents rather than densities. We therefore include 
the currents corresponding to Eqs. (4.9) to (4.12). 


1 
f olds niall =~ (4.13) 
0 


(4.14) 


0 
f o(0, w’)u’du’ = —3b—1; 
a" 


: 2 
f A(d, u’)p’dp' = (--2) 





came) 
p=1 Ap Np 


+(1—a)le4. 


f A(0, uw’) udp’ = (-- 2) 


| 
xr (7-—) |+a-e)r-1. 
“aes 


p=1 


°. 
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Fic. 4. Polarization as a function of 1—2Q in the second 
approximation for d=10 (mean free paths). 
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TABLE II. Solution of the equation a 2 a;/1—y*?7=1 
t=1 


for various a’s. 











ist approx. 2nd approx. 3rd approx. 
a M MI A A Az Az 


1.972027 3.202945 1.225211 
2.01257 3.24943 
2.05519 3.29669 
2.14577 3.39312 
2.24183 3.49150 
2.34138 3.591195 





0.387298 


1.26096 
0.829085 1.28609 
0.900563 1.31067 








C. Results 


Using the values tabulated in Tables I and II, 
the transmitted density was calculated in the 
second approximation for d=10 (mean free 
paths), from a=0.6 toa=1.0. Formulas (4.9) and 
4.10 were used for this calculation after having 
found Ly, L_», My, and M_,, by solving (3.10)- 
(3.13). The values of T and y are found from 
Eqs. (3.7) and (3.9). The results are shown in 
Fig. 3. The polarization P(10) asdefined by (2.11), 
if found in the case of no capture, by dividing 
the value of Ao(10) for a particular a, by the 
value of o(10)[ =299X10-*]. Thus the value of 
P(10) for a=0.9, is found by dividing 9.33 X10- 
by 299 X10-*. This depolarization curve is shown 
in Fig. 4. 

To test the accuracy of the second approxima- 
tion for this thickness, both the diffusion and 
third approximation were calculated for a=0.9 
and compared. 


3rd approx. 
9.337 X 10-3 


2nd approx. 
9.334 X 107% 


1st approx. 


Ao(10) 9.211073 


It is thus seen (assuming uniform convergence 
as indicated above), that the second approxima- 
tion is excellent, and the diffusion approxima- 
tion more than adequate. The error in the 
first approximation is approximately given by 
Aa/a=0.005 percent which corresponds to an 
error in Q of ~0.05 percent if we assume that _ 
Q~0.05. 

These results point to excellent experimental 
possibilities since the beam is depolarized by a 
factor of 30 when Q changes from zero to 0.05. 
This involves, however, the measurement of a 
neutron density after the polarized beam inten- 
sity has been reduced by a factor of 10,000. If a 
strong neutron source is not available, it may be 
advisable to reduce the thickness of the scatter- 
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Fic. 5. Transmitted current as a function of 1—2Q, 
second approximation, d= 10 (mean free paths). 


ing slab. This will increase the. transmitted 
density, but at a sacrifice in the amount of 
depolarization. 

To check the accuracy of the various approxi- 
mations for the smaller thicknesses, we have cal- 
culated the transmitted densities in the first and 
third approximations for d=5. The results are: 


3rd approx. 
0.1253 


2nd approx. 
0.1249 


ist approx. 


Ao(5) 0.133 


As is to be expected, the diffusion approximation 
is not as good as it was for d=10. In fact it is no 
longer adequate since the error in @ is now ap- 
proximately 0.25 percent corresponding to an 
error in Q of 2.5 percent again assuming that 
Q~0.05. The second approximation still seems to 
be remarkably good. In Table III, we have in- 
cluded a summary of some typical results which 
can be evaluated on the basis of the calculation 
which we have made. 

For the sake of completeness, we have included 
too the curves in the second approximation for 


TABLE III. Summary of calculations for 5 and 10 mean 
free paths for two typical values of Q. 








5 mean free paths 


% error in 
Q when 
error in 

measurement 

of Pis 1% 


Calculation accuracy 


ist 2nd 
Polariza- approx. approx. 


tion (%) (%) 


Inten- 
sity 
down 
approx. 





330 
330 


0.025 
0.05 


0.62 _— 16.3 

0.27 0.06 3.7 
10 mean free paths 

0.16 12 0.001 

0.03 0.05 0.001 


2.5 


0.025 
0.05 


10,000 
10,000 





the transmitted current (Fig. 5), the reflected 
density (Fig. 6), and the reflected current 
(Fig. 7). 

It may be remarked at this time that although 
we have neglected capture in this analysis, this 
restriction is by no means necessary. The effect 
of including capture is to change the fundamental 
Eqs. (2.7) and (2.8) as follows: in (2.7) the fac- 
tor 3 on the right is changed to 6/2,'* where B is the 
ratio of the total mean free path (capture 
+scattering) to the scattering mean free path; in 
Eq. (2.6) the factor a is changed to e=(1—2Q)8. 
Figure 3 can still be used to draw a new polariza- 
tion curve. For example when B=0.99 and 
Q=0.05, the transmitted density for B=0.99 is 
read from Fig. 4 to be 160X10-*. The trans- 
mitted density for «=0.99(1—0.1) =0.891 is 
again read from Fig. 3 and is equal to 8X10-. 
The polarization is therefore 8/160=0.05 when 
Q=0.05. The rest of the curve is plotted the 
same way. It should be noted that distances are 
now measured in terms of total mean free paths, 


1/leot. = 1/leap. + 1/lscatt.- 


V. SUMMARY AND CONCLUSIONS 


We have described and analyzed an experi- 
ment suitable for the measurement of the differ- 
ence between the twd scattering amplitudes in 
the neutron-nucleus interaction. The techniques 
required for the experiment are the production 
and analysis of polarized neutron beams. The 
accuracy of determination of ai1—do (or @;/d9) 
will depend on the accuracy of measuring polari- 
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Fic. 6. Reflected density as a function of 1—2Q, second 
approximation, d=10 (mean free paths). 


1% QO. Halpern, R. Luneburg, and O. Clarke, Phys. Rev. 
53, 173 (1938). 
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zations of neutron beams of relatively low den- 
sity, and on the magnitude of the depolarizing 
factor Q. 

Referring to Table III, we can see that for each 
value of Q, which must be determined approxi- 
mately by some previous experiment, there will 
be an optimum value of scattering thickness. On 
the one hand, the thickness must not be so large 
as to completely depolarize the beam. On the 
other hand, the thickness must not be so small 
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Fic. 7. Reflected current as a function of 1—2Q, second 
approximation, d=10 (mean free paths). 
that a small error in the measurement of the 
depolarization will result in a large error in Q. 
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The energy of the He® nuclei emitted at 90° to the incident deuteron beam in the D—D 
reaction has been measured directly by deflecting them through a 90°, 15-cm radius, cylindrical 
electrostatic analyzer. The He? ions were detected by allowing them to eject secondary electrons 
from the first plate of a 12-element electron multiplier tube. Thus the ions were not required 
to traverse any foil or window material between the heavy ice target and the point of their 


detection. 


The corrections to be applied to the electrostatic analyzer were experimentally investigated 
and when applied to the kinetic energies deduced from the observed critical deflecting voltages, 
give a Q value of 3.30+0.01 Mev for this reaction. 


INTRODUCTION 


HE D-—D reaction yielding a neutron and 

a He?’ nucleus has been studied by observ- 

ing the recoil He* nuclei obtained when a beam 
of deuterons impinges on a thick target of D,O 
ice. The energy of the He* ions emitted at 90° 
to the incident deuteron beam was measured by 
deflecting them 90° with an electrostatic analyzer, 
and the ions were counted with an electron multi- 
plier tube* of the type developed by J. S. Allen.! 
From the knowledge of the energy of the incident 
deuteron and the energy of the He* nucleus 
emitted at 90°, one has from conservation of 
energy and momentum the energy released in 


the reaction 
D?+ D?—He*+2-+Q, (1) 


* The construction of the electron multiplier tubes for 
this work was assisted by the Joint Program of the Office 
of Naval Research and the Atomic Energy Commission. 

1J. S. Allen, Phys. Rev. 55, 336 (1939); 55, 966 (1939). 


Q=Ep+4Ene, (2) 


where Q is the energy released, Ep is the’ kinetic 
energy of the incident deuteron, and Ex, is the 
kinetic energy of the He® nucleus emitted at 90° 
in the laboratory system. 


APPARATUS 


The deuteron beam was accelerated by a 
Cockcroft-Walton voltage quadrupling circuit of 
conventional design employing a low voltage arc 
source developed by S. K. Allison.? Accelerating 
voltages up to 400 kv could be attained. This 
voltage was measured by a resistance stack of 
approximately 10!° ohms in series with a sensitive 
galvanometer. The current through the resistance 
stack was known to 0.1 percent accuracy, and 
the resistance to about 0.2 percent. The beam 


2S. K. Allison, Rev. Sci. Inst. 19, 291 (1948). 














Fic. 1. Schematic illustration of the 15-cm electrostatic 
analyzer showing the entrance and exit slits. 


was accelerated along a 3.0-meter path. At the 
end of this path an electromagnet was used to 
deflect the beam horizontally through an angle 
of 15°. This served to separate the deuteron beam 
from the other components present. One had the 
choice of either the atomic deuterium beam or 
the molecular deuterium beam which, of course, 
gave deuterons of one-half the accelerating volt- 
age energy. The two beams were of comparable 
intensity. 

The target was placed 100 cm from the de- 
flecting magnet and was insulated electrically 
from the rest of the system. A }-in. diameter 
beam stop immediately in front of the target 
served to limit the beam, and for monitoring 
purposes a beam current integrator of conven- 
tional design measured the beam strength on the 
target. 

The target v was a Jayer of D,O ice on a copper 
slug in good thermal contact with a liquid nitro- 
gen reservoir. The target was laid down continu- 
ously during operating by feeding D,O vapor 
into the target chamber by means of a §-in. I.D. 
tube connecting a small bottle of D2O water with 
the target chamber. This technique was adopted 
at the suggestion of S. K. Allison to insure having 
a clean surface layer of D,O on the target at all 
times. Three liquid nitrogen traps were used to 
reduce the pressure of oil vapor in the system. 
One trap was placed directly in the target 
chamber, and the remaining-two were placed in 
the throats of the two six-inch oil diffusion 
pumps in the large system. 
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slit mechanism is ve front of the 





The plane of the target made an angle of 45° 
with the incident beam and 45° with a vertical 
line. The entrance slits to the electrostatic 
analyzer (Fig. 1) were 9.65 cm directly below the 
target and had a slit width of 3.0 mm. 

The electrostatic analyzer used was a new one 
developed by S. K. Allison* 4 (Fig. 2). Two cylin- 
drical aluminum plates separated by 0.50 cm 
deflect the ions through 90°. The average radius 
of the two plates is 15 cm, and the radii have 
been held to within +0.001 cm. The plates are 
supported on a single quartz post 1.5 inches in 
diameter, placed at their center of curvature, and 
the diameter of the cylindrical post has been held 
to a tolerance of +0.0001 inch. Both the position 
and the width of the entrance and exit slits are 
adjustable externally. 

The entrance and exit slits were placed 5.0 cm 
from the ends of the deflecting plates of the 
analyzer. With this arrangement, the fraction of 
particles collected from a monoenergetic source 
located at the target is given by | 


san rZ) (042) 


where h is the height of the entrance into the 





Fic. 2. Photograph of 15-cm electrostatic analyzer with 
outer shell removed, showing the two concentric cylindrical 
deflector plates su ported by the — post. The entrance 

eflector plates. 


3S. K. Allison and H. V. Argo, Phys. Rev., in press. 
4 Allison, Skaggs, and Smith, Phys. Rev. 54, 171 (1938). 
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electron multiplier tube, one inch in this case; 
Ar is the separation of the two analyzer plates; 
ris the mean radius of the two analyzer plates; 
], is the distance from the target to the entrance 
end of the plates, 14.65 cm in this case; and /, 
is the distance from the exit end of the plates 
to the entrance of the electron multiplier tube, 
which is 12.5 cm. The solid angle factor, as ex- 
pressed in (3), is calculated to be 6X10~. 

The analyzer does not have perfect resolution,‘ 
that is, a monoenergetic point source of particles 
located at the target will not have an infinitely 
sharp line for its energy spectrum when viewed 
through the analyzer. Instead, it will have a 
triangular shaped distribution, as shown in Fig. 
3, where E is the energy of the particles coming 
from the monoenergetic source, and 65E is the 
half-width, or limit of resolution, of the instru- 
ment. For slits of equal width w, 5E is given by 
the relationship 

6E/E=w/r, . @ 


where r is the mean radius of the analyzer. With 
a slit width of 3.0 mm and a radius of 15 cm, 
the limit of resolution for this instrument is 2.0 
percent in energy. 

Let E be the kinetic energy, in electron kilo- 
volts, of an ion traversing a circular orbit be- 
tween the cylindrical electrodes, the orbit being 
concentric with the plates. Then 


E=(z| V2—Vi|)/(2(logrs—logr:)), 
where 


(S) 


2, 7; are the radii of the outer and inner plates, 
respectively, 

z is the number of electronic charges carried 
by the ion, 

| Ve—V;| is the numerical value of the differ- 
ence in potential between the plates, ex- 
pressed in kilovolts. 


Using the dimensions of the present instrument, 


we obtain 
E=15.00| Ve— Vi lz. (6) 


Various authors® have discussed the equations 
of the non-circular orbits and the focal properties 
of the device. Consider a source emitting mono- 


5A. L. Hughes and V. Rojansky, Phys. Rev. 34, 284 
(1929); R. Herzog, Zeits. f. Physik 89, 447 (1934); A. J. 
Dempster, Phys. Rev. 51, 67 (1936); F. T. Rogers, Jr., 
Rev. Sci. Inst. 11, 19 (1940). 
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Fic. 3. ‘‘Step function” energy distribution of He*+* 
nuclei coming from D:0 ice target as predicted by simple 
theory. Eo is the upper energy limit of the spectrum. Also 
shown is the triangular-shaped energy “‘window”’ of the 
electrostatic analyzer. ‘ 


energetic ions of kinetic energy E,. Let the 
source be located outside the analyzer, at dis- 
tance f from the plane containing the entrance 
to the cylindrical channel. A divergent bundle of 
ionic rays, leaving this source and passing 
through the analyzer, is brought to a focus at a 
distance f’ from the exit plane, which may be 
deduced from the two following expressions 


ritts 
2v2 sin(ymV2) 
g=(rit+re/2v2) cot(¢gmV2). 





LS-e-2 F= (7) 


(8) 


In these equations, yg» is the angular length of 
the path between the plates, in our case, 7/2. 
The important special case f= f’ = fo is given by 


rite 1+cos(¢mV2) 


= 2 
2v2 sin (¢mV2) ( 





0 


Using the constants of our analyzer, we obtain 
fo=5.29 cm. 

The design of the analyzer was such that the 
disposition of slits, vacuum walls, etc., that 
would affect the stray electric field was the same 
(actually, the two dispositions were mirror 
images) at the entrance and exit of the cylindrical 
channel. In these measurements, the distance f 
(see Fig. 1) was held at 5.0 cm, close to the value 
of fo, for both entrance and exit slits. 

Protons scattered at 90° from a 312-kev beam 
were used to adjust the instrument. In order to 
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TABLE I. Test of the correction P(#) using deuterons 
from Be*(p, d)Be®; incident proton energy about 266 kv; 
slit widths 0.20 cm; half-width at half-maximum of deu- 
— peaks, 2.5 percent vs. 1.3 percent expected from slit 
widths. 








Deflecting kilovolts 
for maximum 
counting rate 


V2=+39.36 
Vi=—42.29 


Arrange- 
ment 
Vi=0 
V2=0 


= EA 

P(r) kev 
+19.7 610.1 
—21.2 613.2 











obtain protons homogeneous in energy, the pri- 
mary beam was scattered from a very thin film 
of gold, which had been evaporated onto the 
polished surface of a beryllium button. The 
energy spectrum of the scattered protons shows 
a sharp, high peak from the gold at 312(196/198) 
kev, with a low, continuous distribution from the 
underlying beryllium having an upper energy 
limit slightly below 312(8/10) kev. Such scat- 
tered spectra are further discussed in another 
paper from this laboratory.® 

Referring to Fig. 1, both slits were set with the 
width w at 0.05 cm, and various values of d were 
tried, keeping d the same for the entrance and 
exit slits, until a position was found in which the 
counting rate for protons scattered through the 
device was a maximum. In order to find this 
position, it was necessary, at each value of d 
which was tried, to 


(a) maximize the counting rate as a function of deflect- 
ing kilovolts, 

(b) maximize the counting rate as a function of target 
position. 

Operation (a) is called for because of the fol- 
lowing considerations. The effective radius 7, at 
which the narrow pencil of rays defined by the 
two slits passes through the cylindrical channel, 
is a function of the d of the slits. In order to cause 
the central ray in the pencil to traverse this 
orbit, the deflecting voltage must have such a 
value that E, calculated from Eq. (5), is given by 


E=E,+P(A), (10) 


where P(7) is the gain in energy resulting from 
the action of the electric field on the ions in pass- 
ing from the grounded target to a point between 
the plates of the analyzer at distance 7 from the 
axis. Thus the deflecting voltage required to 
maximize the ion beam is a function of d. 


6H. A. Wilcox, Phys. Rev. (to be published). 
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Operation (b) consisted in moving the target 
in order to be certain that any trend in the 
maxima from operation (a) was not due to in- 
homogeneities in the numbers of protons scat- 
tered from ‘the various target areas coming in 
line with the changing slit positions. 

In measuring the He? ions, the centers of the 
slits were left in the positions located as above; 
it was, however, necessary to open the slits to a 
width of 0.3 cm in order to obtain sufficient 
counting rates. With such an adjustment, it 
seems clear that the effective radius #=}(r1+12), 
and that the value of P(?) is $2(Vi+ V2).** Since 
the object of the experiments is to determine E,, 
not E, it is necessary to apply the “correc- 
tion’ P(#). 

The following experiment was performed to 
test the validity of this correction. A thin target 
of metallic beryllium evaporated onto polished 
nickel was bombarded by protons, and the deu- 
terson from the reaction Be*(p, d)Be® were de- 
flected through the analyzer.’ Two different ar- 
rangements of V; and V2 were used, and it was 
ascertained that the correction produced the 
same value E, from both. The data are given in 
Table I. It is seen that the application of the 
correction brings the two values together to 
within 0.5 percent. 

The data of the experiments on He? ions were 
taken with the outer plate of the analyzer at 
ground potential and the inner plate supplied 
with a negative high potential. 

The high voltage source for the electrostatic - 
analyzer consisted of a 540-cycle generator with 
a simple half-wave rectifier having a 0.1-mf ca- 
pacitor, and giving a continuously variable out- 
put up to 50 kv. The voltage was measured by 
means of a wire-wound resistance stack of 
20(10)* ohms at +0.1 percent, and a 1.5-ma 
meter calibrated to better than 0.1 percent accu- 
racy. An electrostatic voltmeter was used as a 
check. 

After passing through the electrostatic ana- 
lyzer the ions were detected by a _ twelve- 
electrode electron multiplier tube in the manner 
already described in detail by L. del Rosario.’ 


** Using this value of the mean potential at the arith- 
metic mean radius is an obvious, but legitimate, ap- 


proximation. 
7 See L. del Rosario, Phys. Rev. 74, 304 (1948). 
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In brief, the impulse from the collecting electrode 
of the multiplier tube was fed into a cathode fol- 
lower and preamplifier of unit gain, and thence 
into a pulse amplifier, discriminator, and scaler. 
The discriminator bias was set to accept a mini- 
mum pulse height of 0.010 volt from the multi- 
plier tube. The pulse amplifier had a gain of 
approximately 500. 


THEORY OF THICK TARGET YIELD 


Since the He* ions coming from the thick tar- 
get at 90° are not monoenergetic, one observes an 
energy spectrum. Some analysis is necessary to 
determine the energy of the nascent He? ions 
from this spectrum. Those He® ions produced 
deep in the target are due to deuterons which 
have been slowed down by their passage through 
the outer layers of D.O ice. The He? ions will be 
degraded in energy in passing back out through 
the ice. Thus the nascent energy will be inti- 
mately related to the front edge of the energy 
spectrum. 

The slowing down of low energy He‘ and D? 
ions while passing through gold foils has been 
measured in this laboratory by H. A. Wilcox.® 
Assuming that the molecular stopping power is 
the sum of the atomic stopping powers, and that 
the relative atomic stopping powers as given by 
Cork® hold for these low energies, one can use the 
results of Wilcox to get the slowing down of D? 
and He?‘ ions in D.O ice. Assuming that two iso- 
topic ions of the same velocity have very nearly 
the same rate of energy loss, one can then get the 
rate of energy loss of He* in D,O ice. Assuming 
a Q value for this reaction of 3.31 mev, after T. 
W. Bonner,’ and an incident energy of 329 kev 

.for the deuterons, one has for the nascent energy 
of the He? ions 


Exe=3(Q—Ep) =745 kev. (11) 


From Wilcox’s data one gets for the rate of 

energy loss of D? ions of 329-kev energy passing 

through D,O ice : 
dE/dr~270 kev/mg/cm?, 

and for He* ions of 745-kev energy passing 


8 J. M. Cork, Radioactivity and Nuclear Physics (Edwards 
Brothers, Inc., Ann Arbor, Michigan, 1946), p. 63. 
*T. W. Bonner, Phys. Rev. 59, 237 (1941). 
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TABLE II. Estimated energies vs. depth in target 
for emergent He? ions. 








Deuteron 
energy in 
kev at point 
where He* 
originates 


329 


Energy in Mev 
of He® emerging 
from target 


0.745 

0.7385 
0.7315 
0.7256 
0.7182 
0.7115 


7 mg/cm? 
traversed to point 
of creation of He? 


Energy in Mev 
of nascent He? 


0.745 
0.74575 











through D,O ice 
dE/dr~990 kev/mg/cm?, 


where 7 is the path length in mg/cm?. These loss 
rates are reasonably constant in the neighbor- 
hood of these energies. Thus one can easily find 
the energy of the deuterons as a function of the 
path length they have traversed in D,O ice. From 
formula (11) above, one then finds the energy of 
the nascent He nuclei as a function of the depth 
in the target at which they were produced. In the 
energy range which interests us, the energy of 
the deuteron is a linear function of the amount 
of material it has traversed, and since the energy 
of the nascent He? nucleus is a linear function of 
the energy of the deuteron producing it, the 
curve of energy of nascent He® versus the point 
of origin in the target will be a straight line for 
a considerable range of energy below the upper 
limit. Table II gives the above argument in a 


‘ numerical form. 


Bennett, Mandeville, and Richards!® have 
measured the angular distribution of the 
D?(d, n)He’® reaction in the energy range from 
0.5 to 1.8 Mev, using a thin target of De gas. 
Extrapolating their data to 0.330 Mev and cal- 
culating the yield of He*® to be expected at 90° 
in the laboratory system, one finds that a 3 per- 
cent decrease in the incident deuteron energy 
will decrease the yield by approximately 0.5 per- 
cent. As a first approximation we assume that the 
yield of He? in the ice target is independent of the 
position within the target, at least over the range 
of interest. Therefore, since the rate of energy loss 
of He? ions in D,0O ice is a constant in this energy 
region, one gets in first approximation that the 


m— Mandeville, and Richards, Phys. Rev. 69, 418 
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TABLE III. Results. 








Eye 
(cf. Ea in 
Ep Eq. (10)) 


329 kev 741.5 kev 
329 744.0 
329 747.3 
165.5 780.6 
329 745.3 
329 744.6 


Q 
(cf. Eq. (2)) A* Weight 


3.295 Mev 0.007 Mev 10 
3.305 0.003 10 
3.318 0.016 10 
3.288 0.014 10 
3.310 0.008 3 
3.307 0.005 3 











* A is the deviation from the mean. 


emergent He? ions are uniformly distributed in 
energy over a sufficiently wide energy range to 
warrant treating the energy spectrum as a “‘step 
function.” 

The observed spectrum will be this “step func- 
tion’’ as seen through the electrostatic analyzer, 
which has, effectively, a triangular shaped energy 
window of 2.0 percent half-width in energy. In 
Fig. 3, 5E=0.02E. Ep is the energy of the front 
edge of the step function, and E is the energy the 
analyzer is set to transmit. The ordinate repre- 
sents the number of ions coming from the target 
at 90°. As the “‘window”’ of the analyzer is moved 
downward along the energy scale, the number of 
ions getting through the analyzer is proportional 
to the area of the triangular window that is over- 
lapped by the step function energy spectrum. 
This analysis is readily carried out, giving as the 
observed energy spectrum the curve in Fig. 4. 
Eo, the upper limit of the energy distribution of 
the He? nuclei, occurs at 51 percent of the peak 
counting rate. 
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Fic. 4. The energy spectrum of Fig. 3 as observed 
through the electrostatic analyzer with a slit width of 3.0 
mm. The dashed line is the assumed distribution and the 
solid line the observed distribution according to theory. 


The observed curves are slightly more peaked, 
but have the same slope on the front edge as pre- 
dicted by the above arguments. In the approxi- 
mations which resulted in the step function yield 
from the target, the scattering of deuterons from 
the incident beam was neglected, as was the 
scattering of the He’ nuclei from the emergent 
beam. The yield of the D—D reaction at 90° 
is not constant with energy as assumed, but 
drops off slightly as the energy decreases. In 
addition, contamination by oil and carbon of the 
D.O layers below the surface layer has been ig- 
nored. All of these factors would tend to make 
the energy spectrum from the target have a more 
rapid drop off behind the front edge. A calcula- 
tion using a “saw tooth” function was made, 
giving Fig. 5 as the predicted observable energy 
spectrum. The slope of the front edge remains 
essentially unchanged, while the peak intensity 
is reduced from 98 percent to 96 percent. Ey 
occurs at 52 percent of the peak counting rate. 

As the front of the observed and predicted 
curves is relatively steep, Eo is well defined. After 
a comparison of the theoretical with the experi- 
mental curves, Eo was chosen to be that energy 
corresponding to 52.5 percent of the peak count- 
ing rate. 


RESULTS 


Figure 6 shows a curve of the type obtainable 
with this arrangement. This particular curve is 
of interest because it shows both the He*** and 
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Fic. 5. A “saw tooth” energy distribution of He**+ 
nuclei coming from thick D.,O ice target as observed 
through the electrostatic analyzer with a slit width of 3.0 
mm. The dashed line is the assumed distribution and the 
solid line the observed distribution according to theory. 
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Fic. 6. A curve showing both the He**++ and He** ions 
coming from the DO ice target. The target was inter- 
mediate in thickness. 






the He** peaks. The target in this instance was 
intermediate between a thick and a thin target, 
and the curve is not suitable for a quantitative 
measurement of energies. 

As an illustration of the operating conditions 
a typical set of observations is included. For the 
curve shown in Fig. 7, the accelerating voltage 
was 329 kv, beam strength on target as measured 
by the beam current integrator was 10 wa, the 
current through the electromagnet to obtain a 
15° deflection of the deuteron beam was 4.05 
amperes, and the peak counting rate for He*** 
ions was approximately 1.6 counts per micro- 
coulomb. The counting periods were monitored 
at 500 microcoulombs on the target. The circles 
in the figure are the observed counting rates, 
while the smooth curve drawn through them is 
the theoretical one of Fig. 5 scaled to fit these 
data. 

The peaks used for energy determinations in 
all cases were the He*** ions, as these occur at 
one-half the analyzer voltage required to observe 
the He** ions, minimizing the natural back- 
ground of the analyzer. 

A total of six curves was obtained. They satisfy 
the criteria of having the slopes of their front 
edges agree with the theoretically predicted 
slope, and having a reasonable scattering of 
points so that smooth curves could be drawn 
through them. About an equal number of curves 
were rejected because of breaks in the front 
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Fic. 7. A typical curve showing the high energy edge of 
He*** particle distribution. The circles are experimental 
points, and the curve is that to be expected from theory. 
The abscissae are uncorrected energies per unit charge 
calculated from Eq. (5). 


edges, scattering of points, and too gentle a 
slope. These troubles were attributed to changes 
in the target surface during the course of the run. 
A tabulation of the results appears in Table III. 
Because of a scattering of the observed points, 
the last two determinations were given a sta- 
tistical weight of 3 as compared with a weight 
of 10 for the others. The resulting value of Q is 
3.30+0.01 Mev. 

The best previous measurement of this energy 
release is due to T. W. Bonner,? who has meas- 
ured the energy carried by the neutron by ob- 
serving the recoil protons in a cloud chamber. 
This makes his result dependent upon the range 
energy relationship for protons. His result is 
Q=3.31+0.03 Mev, which is in agreement with 
the above value. 
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The absorption curve of cosmic radiation was measured during a period of seven years in a 
coal mine at a depth of about 1000 m w.e. The shape of the curve and the counter-efficiency 
measurements suggest that the most penetrating component of cosmic radiation consists of 
non-ionizing or scarcely ionizing rays. It was found that the intensity decreases for inclined 
directions less than it would correspond to the thickness of the material and its temperature 
coefficient is positive. All these experimental evidences, together with the known fact that at 
400 m w.e. depth the exponent in the intensity versus depth'variation changes from 1.8 to 2.8, 

-favor the view that the radiation present at 1000 m w.e. depth is formed at the decay of the 
mesons in the atmosphere, Neutrini or neutral mesons may account for the findings. 





N the present paper we summarize the results 
obtained in the course of seven years at 700 
and 1000 m w.e. (water equivalent) depth, re- 
spectively, in the coal mine of Dorog, situated at 
35 km NW from Budapest. Surveying now these 
experiments it is evident that more ingenious 
experiments could have been thought of than 
those we actually carried out. But we started in 
1936 quite unprejudiced with the observations 
and only slowly arrived at the conclusion that 
“the radiation must consist of neutral decay prod- 
ucts of mesons. Further, we should stress that 
we have measured absorption curves at-depths 
where others could merely confirm the presence 
of cosmic radiation. The extremely small intensi- 
ties necessitated very long series of measurements. 


DESCRIPTION OF THE APPARATUS 


The measurements were performed with a 
method published in 1933.! The first circuit con- 
sists of a back-coupled amplifier (Fig. 1) which 
substitutes the slow voltage drops occurring dur- 






























































Fic. 1. Coincidence circuit. 


* Now at Barat College, Lake Forest, Illinois. 
1 J. Barnéthy, Naturwiss. 21, 835 (1933). 


ing a discharge on the wire of the G-M counter 
with an impulse having a high initial steepness 
of 10-* sec. The substituted impulse starts in- 
stantaneously when the voltage of the wire drops 
by merely 30 millivolts. The circuit can be adapted 
to the quenching of G-M counters filled with 
pure gases. The quenching is already established 
through the capacity formed by the auxiliary 
grid and the control grid, but its action can be 
promoted by a coupling condenser connected 
between the points 4 and 6. The coincidences are 
selected in the usual Rossi manner with a com- 
mon plate resistor and the coupling elements R C 
having a small time constant. A further back- 
coupled amplifier provides for sufficiently long 
impulses to operate a mechanical recorder. Only 
those details of the circuits will be here specified 
which are, according to our experience, important 
in measurements at great depth. 

The scarcely-ionizing nature of the radiation 
made it often necessary to register twofold co- 
incidences, thus involving circuits with extremely 
high resolving power. However, on account of the 
slow motion of the electrons within the G-M 
counter, it is not safe to reduce for counters of 
4 cm in diameter and argon+alcohol filling the 
resolving time below 10~® sec.,? because other- 
wise more than ten percent of the genuine coinci- 


_ dences would be lost. For a coincidence time of 


10-* sec., however, the plate resistor of the 
valves III, III'--- is, contrary to the Rossi 
circuit, small with respect to the inner resistance 
of the vacuum tubes. This might cause a con- 


2D. Nagy, Math. Fiz. Lapok 47, 1 (1940). 
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siderable drop in the plate voltages even when 
only one of the valves is blocked. The selection 
of the coincidences is greatly facilitated if, for 
the valves III, III’, we use tetrodes without 
suppressor grids and make use of the secondary 
emission of the plates. If the potential of the 
screening grid is two to three volts higher than 
the plate voltage, a considerable secondary elec- 
tron current will flow from the plate. When now 
one tube is blocked, it is sufficient that the plate 
voltage of the other tubes be raised by one to two 
volts in order to compensate the decrease of the 
plate current of the blocked tube through the 
decrease in the secondary currents from the 
plates of the other tubes. 

Even if threefold coincidences are recorded, it 
is not advisible to choose the time constant of 
the coupling elements before the grid of valve 
IIT higher than 10- sec., because for the radia- 
tion observed at great depth the efficiency for 
twofold coincidences happens to be twenty times 
that of the threefold coincidences, in which case 
on account of the small total intensity a not 
negligible number of accidental coincidences 
might arise between the genuine twofold coinci- 
dences and the impulses of the third counter. 

The theoretical resolving power of the circuit 
is limited by the ratio of the capacities of the 
electrodes and connecting wires to the steepness 
of the vacuum tubes. For resolving times up to 
10-* sec. commercial amplifier valves may be 
used. For other purposes when the utilizable re- 
solving power is not limited by the use of gas- 
filled G-M counters, vacuum tubes with high 
steepness and small electrode capacities enable 
the extension of the resolving power to about 
10~° sec. 

According to our measurements, a coincidence 
telescope in which every counter tray contains 
two G-M counters of 100 cm length, of 4cm diam- 
eter, and filled with a mixture of argon+alcohol, 
when using for Ro=100MQ and a coincidence 
time # = 1.4 X 10~* sec. the losses (listed in Table 1) 
in the efficiency of the whole apparatus result 
on account of the slow reloading of the counter 
wires and on account of the coincidence time. 
The efficiency of our G-M counter for the radia- 
tion at sea level was better than 99 percent. 

The high voltage of the G-M counters was 
supplied by a dry cell battery. The temperature 


TABLE I. 








Fourfold 
coinc. 


Threefold 
coinc. 


4.5% 6% 
6 6 
1S 62 Sf 


Twofold 
coinc. 


On account of Ro 3% 
On account of # 6% 
Total loss 9% 











within the locality during the whole year was 
within +1°C constant. Consequently, an im- 
pulse-size regulator, commonly applied in our 
periodicity measurements, was here superfluous. 
Plate and filament storage cells, iron-hydrogen 
resistors and glow lamp stabilizers provided a 
constant voltage which did not appreciably drop 
even if the main electricity supply was switched 
off for several hours. The humidity in the mine 
amounted to 85-95 percent; consequently, water- 
proof boxes were used and the sensitive insulating 
parts of the apparatus were kept dry by heating 
or with P. 20s. 

The coincidences were recorded with a me- 
chanical recorder and the distribution of the 
coincidences could be checked on a paper strap 
moved with constant velocity by clockwork. 


MEASUREMENTS PERFORMED AT 
730 m w.e. DEPTH 


During two months of the year 1936 we meas- 
ured at a depth of 730 m® two- and threefold 
coincidences in the positions illustrated in Fig. 2. 
The material immediately above the apparatus 
consisted of a coal layer. The arrangements b-g 
enabled us to determine the directional distribu- 
tion of the radiation. The surface of the ground 
above the shaft was nearly level, the elevations 
nowhere exceeded 20 m, and with the help of a 
map giving the level lines in a ratio 1:25,000 and 
out of samples gathered from 30 different bores, 
we could establish the thickness and mass of the 
material above the apparatus for every part of 


730m we. 
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Fic. 2. Arrangements for the measurement of directional 
distribution and showers. Distances given in cm. 


( ; i and M. Forré, Zeits. f. Physik 104, 744 
1937). 
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Fic. 3. Disposition of the counter-trays within the © 
brick cylinder of the shaft. 


its aperture with nearly as much accuracy as if 
the whole device had been submerged in water. 


For the directional distribution we found (after | 


subtracting as residual intensity that of posi- 
tion g): 


D(a) X10°= —0.2+3.7 cos’a—1.0 costa 
coinc./cm? hours, square degree. 


The vertically incident radiation computable 


from this directional distribution yields the 


value: 
J,=2.5 X10-* coinc./cm?, hours, square degree. 


In all these measurements carried out deep 
underground below a dense material, the inten- 
sity due to cascade showers initiated by decay 
electrons of the mesons is negligible, merely 
knock-on secondaries and their cascade showers 
have to be considered. According to the compu- 
tations of Bhabha,‘ the probability that a pri- 
mary meson or proton of, say, 10'!—10!-ev en- 
ergy should be accompanied by more than two 
secondary particles is in lead twice as much as 
in lighter materials, for instance, in coal. There- 
fore, we should have to expect that putting above 
a shower arrangement lead layers, the intensity 
would increase by a factor 2, whereas the obser- 
vations in positions 7 and k with 1.5 cm Pb above 
the G-M counters indicate that with lead layer 
the intensity amounts merely to 40 percent of 
the intensity without lead. This suggests that 


4H. J. Bhabha, Proc. Roy. Soc. Al64, 257 (1928). 
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the primary radiation cannot consist of mesons — 


or other heavier charged particles. 


From the measurements made in positions | 


and m, where twofold coincidences were regis- 
trated between horizontally placed G-M counters, 
first without lead and then with the counters 
surrounded by 1.5 cm Pb, we may reckon the 
range of the secondary particles to be 19 g/cm, 
This value is smaller than the range of the second- 
aries found with the same arrangement under a 
coal layer in our institute (48 g/cm’). The range 
of these secondaries establishes with sufficient 
certainty that the showers observed in the mine 
do not consist of coherent rays, able to penetrate 
through the deep earth layer. 
A further noteworthy feature of the radiation 
is that the ratio of the horizontal intensity, i.e., 
of the shower intensity to the vertical intensity, 
is greater by a factor 4—6 in the mine than in our 
Ninstitute (120 m above sea level) under a coal 
layer. ‘The arrangements / and j were able to 
detect showers with two to three particles. As- 
suming that the intensity from the horizontal 
direction is almost negligible, that the showers 
have the same directional distribution as the 
vertical radiation and, moreover, that the ratio 
of showers with three particles to those with two 
particles has the same value as the ratio of the 
showers containing two particles to those with 
only one particle, we can reckon from the respec- 
tive counting rates the intensity of the shower 
particles arriving from the vertical direction to 


be: 


J,=2.6X10- coinc./cm?, hour, square degree. 


The amazing equality of this value of J, with 


that of the vertical intensity J,, together with 
| the foregoing considerations, suggest that in the 
| mine the penetrating radiation consists of non- 


| ionizing rays, which are able to produce coinci- 


|dences with the help of their ionizing second- 
aries. However, the secondaries and cascades 
can not be produced by knock-on electrons, but 
in nuclear collisions. This explains the fact that 
the number of secondaries decreases when the 
material above a shower arrangement is replaced 
by a material of higher atomic weight. At that 
time we assumed that. the penetrating non- 
ionizing component consisted of neutrini created 
in air showers. 
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RADIATION MEASURED WITH TWOFOLD 
COINCIDENCES 


_In the subsequent measurements which we 
began at the end of 1937 at 1000 m w.e. depth, 
the apparatus was installed in a cylindrical side 
gallery of the mine (Fig. 3), which had a diameter 
of 2 m; it had a brick casing 60 cm thick. In 
every counter tray two parallel-connected G-M 
counters were mounted; thus the sensitive area 
was increased to 820 cm? and provision was made 
to place 120:cm of lead between the counter 
trays. 

Suspecting the non-ionizing nature of the pene- 
trating radiation, our aim first was to measure 
the efficiency of the radiation by determining 
the twofold and threefold coincidence rates. 
Table II contains the results. In case of the two- 
fold coincidences it was important to determine 
separately the rate of accidental +shower coinci- 
dences. This was performed by placing the two 
counters in a horizontal plane as far apart as the 
narrow locality permitted, a huge lead block 
being placed between the counters. The number 
of accidental coincidences was computed from 
the coincidence time of the circuit to be 1.4 
coinc./hour; in horizontal position we found 5.6 
coinc./hour, thus 4.2 coinc./hour were due to 
showers. 

For the ratio of the threefold to twofold coinci- 
dences we found the very low value of 4.7 p.c. 
The gas-filling of the G-M counters was equiva- 
lent to about 1 cm of air at N.T.P.; thus this 
radiation which is hardly able to produce a three- 
fold coincidence has a specific ionization of 0.05 
ion/cm air at N.T.P. G-M counters of 4 cm in 
diameter have, according to our measurements, 
0.4 p.c. efficiency in detecting y-rays from RaC. 
Although the specific ionization of the radiation 
exceeds the value we found for y-rays, we can not 
discard the possibility that perhaps the apparent 
greater specific ionization is a consequence of the 
fact that it is able to create more energetic elec- 
trons. In order to investigate this point we have 
placed 11 cm of lead between the counters (sec- 
ond row in Table II), the efficiency was again 
very low, only 10 p.c., meaning that after 11 cm 
Pb this scarcely ionizing radiation is still present. 
This circumstance excludes its interpretation as 
being a y-radiation. In this second set we have 
subtracted from the number of the twofold co- 


TABLE II. 








Ss = 
Threefold ~ 
coinc. per 

Efficiency 


hour 
1.25+0.11 4.7 p.c. 
10 p.c. 


1.09+0.10 


Ps 
Twofold 
coinc. per 

hour 


Distance 
of the 


Absorber counters 


0.4 cm Pb 
11 cm Pb 





26.6+0.4 
11.0+1.4 


24 cm. 
24 cm 








incidences merely the number of the accidental 
coincidences, the number of the showers being 
now negligible, since the bottom counter was 
shielded from all sides by lead. 

The result that the intensity of the twofold 
coincidences decreases rapidly with absorber 
thickness whereas the intensity of the threefold 
coincidences does not, seems to indicate that two 
kinds of penetrating radiation are present at 
1000 m depth—one, scarcely ionizing and not 
able to produce a threefold coincidence, and 
another which gives rise to the threefold coinci- 
dences and which may be perhaps ionizing. Any- 
way, from the very slight decrease in the number 
of the threefold coincidences after inserting 11 
cm Pb, we may infer that this radiation is also 
penetrating and moreover it cannot consistg of 
electrons. 

The properties of the scarcely ionizing radia- 
tion which is not able to produce a threefold 
coincidence were investigated by inserting thin 
lead layers between the counters of a twofold 
coincidence device. Lead blocks placed at both 
sides of the counters sufficiently insured the 
triggering of the counters by shower particles. 

The intensity decreases rapidly (Fig.'J), indi- 
cating that the scarcely ionizing radiation has a 
high absorbability in lead. However, after a 
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Fic. 4. Absorption curve of twofold coincidences in lead. 
For the upper curve the abscissae are expressed in mm Pb, 
for the lower curve in cm Pb. 
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TABLE III. recorded, thus not the directional distribution of 
this soft, scarcely ionizing component. 
TT" Pagar a = The measurements were extended for lead 
—— — wed Efficiency thicknesses up to 14 cm Pb; the lower curve in 





123 PR otezcm (Doss 20009  Ooseto008 © Geno bs © Fig. 4 indicates the results. The two curves were 
adjusted for the intensities at 1 cm Pb. The 
abscissa for the lower curve’ indicates thicknesses 
minimum the intensity increases anew, reaches jn cm Pb. Again the intensity decreases and has 
a maximum, whereafter it falls down. This part 4g subsequent increase. Very thin and moderately 
of the curve is very similar to the Rossi curve of thick lead layers seem to provoke similar inten- 
showers, and obviously the absorption of the sity variations. Therefore, it is very probable that 
scarcely ionizing radiation is also due to the pro- at least two kinds of scarcely ionizing compon- 
duction of electron pairs and cascade showers. ents are present, the first being absorbed in about 
The most striking thing, however, is that 5 mm Pb, the second in about 5 cm Pb. If the 
the absolute intensities and the slope of the absorption is due to cascade production, we may 
absorption curve remains unchanged when the compute from the position of the maxima, in ac- 
whole arrangement is turned through 90°, in cordance with the cascade theory, the initial 
which case only the incident rays coming side- energy of such a shower: Imax=In(E/E,). (Imax 
ways are able to trigger the counters. In Fig. 4 measured in radiation units =0.5 cm, and 
the dash-dot (—---- ) line corresponds to this £;=107 ev for lead.) From the upper curve we 
measurement. This result can be interpreted by find E=4X107 ev and from the lower curve 
assuming that the scarcely ionizing radiation is /H=10'4 ev. Hence the first scarcely ionizing com- 
isotropic for the whole hemisphere. At first glance ponent is much softer than the radiation produc- 
we might interpret this phenomenon by saying ing the usual cascade showers at sea level. 
that the radiation is produced when secondary Whereas the high value for the second component 
mesons stopped in the surrounding material renders it very improbable that this component 
suffer decay. This explanation is, however, not should create electron showers, these secondaries 
consistent with the small range and relatively must consist of heavier particles, obviously 
high intensity of the scarcely ionizing radiation ™e€sSons. ; 
as compared to the small intensity of the second- RADIATION MEASURED WITH THREEFOLD 
ary mesons. (See ratio of two-fold to three-fold COINCIDENCES 
coincidences). Anyhow, the isotropy of the radia- 
tion does not invalidate the previous findings of 
a directional distribution in our 1936 measure- 
ments, because then three-fold coincidences were 








Our next purpose has been to determine the 
nature of the penetrating component giving rise 
to threefold coincidences. In case this component 
should consist of ionizing particles we might not 
expect to find a difference in the four- and three- 
fold counting rates. Table III indicates the re- 
sults. With 3 cm Pb between the counters, three 
of the four G-M counters were already shielded 
by 1 cm Pb. Thus it seems very likely that the 
number of the shower coincidences is, in both 


x8 8 





" j i arrangements, negligible. The total efficiency 
difference between a threefold and a fourfold ar- 
& x . 
° aff rangement is, according to Table I, two p.c. The 
29 observed efficiency for the additional fourth G-M 
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PEEwihaeee see counter was with 3 cm Pb 88 p.c., a value equal 


to that found with the same arrangement in our 
Fic. 5. Absorption curve of threefold coincidences in jnstitute. This apparently low efficiency is due 


lead. Lead thickness varied either between bottom and ath 
middle counter, or between middle and top counter. to the fact that threefold coincidences are more 
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likely to respond to showers than fourfold coinci- 
dences. Hence, if 120 cm Pb were inserted be- 
tween the counter trays, the efficiency decreased 
to 66 p.c. although now the thick lead layer 
excluded any effect of showers. This result indi- 
cates that the penetrating component cannot 
consist of ionizing particles alone. In order to 
investigate the nature of this component we 
measured its absorption in lead. In the upper 
curve of Fig. 5 lead was first placed gradually 
between middle and bottom counter and only 
when 50 cm Pb were reached was the additional 
lead placed between middle and top counter. The 
intensity decreases in the first 10 cm Pb very 
rapidly after passing through a minimum the in- 
tensity increases anew to reach nearly its original 
height after 30 cm Pb. A second drop is only 
observable when the additional lead was placed 
between top and middle counter. The shape of 
this absorption curve can in no case be explained 
by an ionizing radiation alone; we have rather 
to assume that a non-ionizing agent creates in 
the material above the apparatus, in clay, sec- 
ondaries of about 10 cm Pb range. If less than 
10 cm Pb are inserted, it can produce a discharge 
in all the three counters, whereas for greater lead 


thicknesses it can only discharge the two upper . 


counters and consequently we observe a decrease 
of intensity. The creation of a further secondary 
in lead is now required for the production of a 
threefold coincidence. The number of the second- 
aries created in lead will increase with the thick- 
ness of the lead layer. Accordingly, the intensity 
increases for greater thickness. A second drop 
will occur when lead is placed between top and 
middle counter, because now a secondary created 
in clay, which was able to trigger both of the 
upper counters, is prevented from reaching the 
middle counter. A threefold coincidence can only 
occur when the non-ionizing radiation liberates 
a secondary ray above each of the counters. With 
the thickness of the upper layer, the number of 
the secondaries triggering the center counter 
increases, and a further rise in the intensity 
might result. 

On the other hand, in the lower curve of Fig. 5, 
when 60 cm Pb was placed permanently between 
top and middle counter and only the thickness 
of the lead layer between middle and bottom 
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TABLE IV. 
Number’ Time in coinc./ Lead 
of coinc. hours hour in cm Intensity +p.e. 

420 1648.2 0.245 2 100+3.4 p.c. Mo 
230 1125.7 0.191 7 7843.7 
311 1665.6 0.175 12 7142.9 my, 
273 1348.8 0.209 17 8543.4 
268 1292.0 0.223 22 9143.5 M, 
259 1402.9 0.200 27 82+3.2 
310 1613.1 0.182 32 7442.7 
399 2012.9 0.187 37 7642.7 
325 1916.9 0.164 42 67+2.6 me 
294 1535.7 0.180 47 7443.1 
306 1584.6 0.182 52 7443.0 
126 592.3 0.209 57 85+5.2 M2 
254 1232.3 0.191 62 78+3.6 
191 918.5 0.185 67 7644.2 

48 309.8 0.139 72 57+6.1 

50 334.8 0.137 77 56+5.8 ms 
145 1000.3 0.139 82 5743.3 








counter was varied, we may remark that the 
intensity remains fairly constant. 

Two interpretations can be offered for this be- 
havior. Either the residual intensity after 60 cm 
Pb is due to an ionizing radiation, the non- 
ionizing radiation being stopped in 60 cm Pb— 
a circumstance which is highly improbable for a 
radiation which was able to penetrate 1000 
m w.e.—or the lower lead absorbs about the 
same amount of secondaries arising from the 
upper lead block as are created in it anew. 

After a short interruption the measurements 
were resumed in 1939 and were continued till 
wartime activities put an end to the whole enter- 
prise. Unfortunately, our whole apparatus was 
destroyed during the siege. The only difference 
as compared to the previous sets was that now 
we placed simultaneously the same amount of 
lead between top and middle counters as be- 
tween middle and bottom counters. Our aim was 
to determine with’ sufficient accuracy the exact 
shape of the absorption curve. Therefore, every 
point of the curve was measured several times. 
A total of 4209 coincidences were recorded in 
21,734 hours. (In one of the series 70 cm of wood 
were placed above the counter trays.’ However, 
it was seen later that this circumstance did not 
affect the results.) The data are collected in 
Table IV. The values of the intensity are cor- 
rected for a mean temperature of 6°C with a 
temperature effect of 1.0 percent per degree C.*® 

5 J. Barnéthy and M. Forré, Zeits. f. tech. Physik 21, 


290 (1940); Phys. Rev. 55, 870 (1939). 
* M. Forré, Phys. Rev. 72, 868 (1947). 
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TABLE VI. 








Max. —Min. Intensity differences 


Interval dJ/dx 





294.5 percent 
20+4.5 
2444.3 
1343.9 
2343.9 


Mo—m, 
Mi-—m 
M,—m: 
M2—m2 
M2—ms3 








The differences between the maximum and 
minimum points are collected in Table V. For 
Mz we used the mean intensity of the two ar- 
rangements with 57 and 62 cm Pb, because in the 
maximum position (57 cm Pb) less than 200 
coincidences were recorded and further, since the 
intensity was practically constant for the last 
three points, we used for m; the mean of all three 
values. Except for M@2—mmz in all other cases the 
intensity differences are greater than four times 
their probable error, and even in this latter case 
it is 3.3 times its error. Thus in the intensity 
variation the existence of two minima and two 
maxima can be seen. 


INTERPRETATION OF THE ABSORPTION 
CURVE 


The shape of this absorption curve cannot be 
interpreted by assuming an ionizing radiation. 
In order to obtain an analytic representation of 
the curve, let us assume that (1) the non-ionizing 
radiation produces secondaries of sharp range 
=a/2 in clay and of range =a in lead (this pro- 
portion of the ranges was taken for the sake of 
simplicity); and (2) the probability of a second- 
ary being produced along dx either in the material 
above the counters, or in the absorber between 


the counters, is dx/P, where P is the mean free | 


path between the production of two such second- 
aries expressed in mass units. For the sake of 
simplicity let us assume that P is identical for 
clay and lead. We choose unit of length =P and 
further P=1. The counters are separated by 
distances x. 

If x>a, a threefold coincidence takes place 
whenever at least one secondary is produced in 
each of the three intervals of length a/2, or 
a, above or between the counters. For x<a the 
intervals overlap and a coincidence may be 
caused by less than three independent second- 
aries. In particular for x«=0 one secondary is 
sufficient to give rise to a coincidence. 


—2¢-altg-2 
(1—e-#/2)e-*(1 — 2e*) 
0 


I. 0<2x<a/2 
II. a/2<2x<a 
III. a<2x<2a 
IV. 2a<2x 








When x increases from 0 to a, we have to deal 
with four cases. The probability computationst 
yield the derivatives given in Table VI of 
the intensities within the respective intervals: 
Within interval J the intensity decreases; in IJ 
the intensity increases, reaches a maximum for 
2x=a; furthermore, a minimum must occur at 
the intersection of the intervals J and JJ, i.e., 
for 2x=a/2; in III we find a minimum for 
e-*=0.5 and in interval JV the intensity remains 
constant for all values of x><a. 

We may infer that this theoretical curve is 
qualitatively in agreement with our experimental 
curve of Fig. 6 (except for the last decrease of 
intensity). The place of the first minimum (m,) 
corresponds to the range of the secondaries cre- 
ated in clay; the first maximum (M;) will occur 
when the total thickness of the two lead layers 
is equal to the range of the secondary produced 
in lead, and the second maximum (M2) is reached 
when the thickness,of each lead layer is equal to 
the range of the secondary created in lead. We ' 


|conclude'that the experimental curve can be ob- 


tained by assuming that a non-ionizing radiation 


| produces ionizing secondaries in the material 
_above the counters and in the absorber between 


the counters. In particular, it is necessary to 
assume secondaries of about 10 cm Pb range in 
clay and of 20 cm Pb range in lead. The second- 


,-aries must therefore be heavier particles, prob- _ 
Y ably mesons. 


The circumstance that the range of the second- 
ary ray created in clay is smaller than the range 
of those created in lead can be interpreted by 
assuming that nuclear forces are responsible for 
the production of these secondaries. However, on 
account of the short range of nuclear forces the 
interaction will actually take place merely with 
the nucleons situated in the vicinity of the track 
of the penetrating, non-ionizing component. The 


t We are indebted to L. Janossy for a helpful discussion 
of this analysis, 














COSMIC RADIATION 


total energy of the created meson is equal to the 
whole energy transferred to the nucleus. In a 
first approximation the number of the nucleons 
encountered by the non-ionizing radiation during 
its path through the nucleus is equal to 8? 
(N =atomic weight). Therefore, the mesons pro- 
duced in clay will receive about half as much 
energy as those created in lead. A meson of range 
10 cm Pb can be created with a total energy (rest 
energy +kinetic energy) of 3.4108 ev, and if its 
range is 20 cm Pb, with 610° ev, these values 
being in the expected ratio. Every nucleon will 
receive about 107-ev energy. 

In order to interpret the last decrease of the 
intensity after M», we have either to assume that 
the penetrating non-ionizing radiation is ab- 
sorbed in 80 cm of lead, a circumstance which 
is—as we already mentioned—highly improb- 
able, or the mechanism of the creation of secon- 
daries is more complex than assumed hitherto. 
Perhaps according to the way the collision be- 
tween non-ionizing radiation and atomic nuclei 
takes place, two or more kinds of secondaries 
with different ranges are produced in the different 
materials (clay, lead). 

In our interpretation of the absorption phe- 
nomena we have hitherto only dealt with the two 
ionizing secondaries of 10- and 20-cm Pb range, 
created by the penetrating non-ionizing radiation 
in clay or in lead. A full understanding would, 
however, require taking into consideration the 
effect of the scarcely ionizing radiation. As seen, 
its intensity is 21 times higher in producing two- 
fold coincidences than in threefold coincidences, 
suggesting the probability that it would dis- 
charge a single G-M counter is 450 times as great. 
Should this scarcely ionizing component be a 
permanent companion of the penetrating non- 
ionizing radiation, we would have to take into 
account, in interpreting the absorption curve, 
that the top counter tray and the counter in the 
middle for small lead thicknesses are almost 
always triggered by this component. At present, 
however, we have far too little experimental 
knowledge of its properties to be able to carry out 

such a quantitative analysis of the absorption 
curve. 


INTENSITY VERSUS DEPTH VARIATION 


Some light is cast upon the nature of the pene- 
trating radiation by considering the intensity- 
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depth dependence. According to the measure- 
ments of Ehmert,’ Clay,’ and V. C. Wilson,* the 
intensity decreases between 40 and 250 m wee. 
inversely proportional to the 1.8 power of the - 
depth; for still greater depth the exponent 
changes to 2.7. Represented on a logarithmic 
scale we may observe a bend at about 300-400 
m w.e. The intensity variation before the bend 
corresponds, as known, to a meson intensity with 
an integral spectrum proportional to E--7, 

To explain the bend, we might think that the 
greater absorption below of thick layers is due 
to the circumstance that for such energies the 
radiative losses become more and more impor- 
tant. However, according to the cascade theory, 
only for a meson of 2.5X10”-ev energy will the 
energy loss due to ionization be of the same order 
as the radiative loss. On the other hand, if only 
ionization losses are to be considered, a meson of 
2X10" ev would be able to reach a 500-m depth. 
Consequently, the bend of the absorption curve 
can not be explained by radiative losses. Since 
there does not seem to exist any reason prevent- 
ing a meson of 2X10" ev to reach 500 m, and 
nevertheless the intensity at 500 m does not 
correspond to a meson intensity, we infer, that 
in the primary meson spectrum, for reasons un- 
known hitherto, mesons with greater energies 
than 2 x 10" ev are not present. (In a paper deal- 
ing with the origin of cosmic radiation,** we ob- 
tained the following expression for the integral 











2 40 20350 40 50 60 mm 80 
em Pb 


Fic. 6. Absorption curve of threefold coincidences in lead. 
Lead thickness varied simultaneously at both places. 


7A. Ehmert, Zeits. f. Physik 106, 751 (1937). 

8 J. Clay and A. Gemert, Physica 6, 497 (1938). 

®V. C. Wilson, Phys. Rev. 53, 337 (1938). 

** T, Barnéthy and M. Forré, Csill. Lapok 7, 65. (1944). 
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Fic. 7. Intensity found for various inclinations. o indi- 
cates the experimental values and: X the values correspond- 
ing to the thickness of the material. 


spectrum of fast mesons: 


Fn =2.3X10-'[ (e-2” /3W) — Ei(—3W) 
+2Ei(—6W)], 


where the energy is expressed in W=E/2X10"- 
ev units, and Ei denotes the exponential integral. 
This expression can account for the cut-off of the 
energy spectrum at about 2X10" ev.) 

Let us assume that the depth below 300 m w.e. 
is only reached by decay products of mesons and, 
further, that these decay products have constant 
energy losses. In this case the intensity will be 
proportional to the number of mesons disinte- 
grated in the atmosphere: 


Emax J, Luc? 
Jo= f | 1-exp(- ) be 
Emin E77 crE 


const const 


= ’ 
Emin? Af H?:7 





~~ 


(L=mean free path of the meson; p=its mass; 
t=its lifetime and H=thickness in w.e.). For 
all energies to be considered the exponent is 
small compared to 1, and we may develop in 
power series and neglect the higher terms. As 
seen, the above result is in good accordance with 
the experimental findings. 


DIRECTIONAL DISTRIBUTION OF 
THE RADIATION 


A further circumstance favoring the view that 
only decay products are present at great depth 
is furnished by the comparison of the directional 
distribution of the radiation at sea level with 
that at 730 m depth. At sea level we found with 
a counter telescope with aperture 10° in zenith- 
angle directions from a total of 4 million coinci- 
dences :*** 


*** T. Barnéthy and M. Forré, unpublished results. See 
also Nature 144, 116 (1939). 


D(a) X104=5.0+74.5 cos’a+0.5 costa 
coinc./cm?, hour, square degree, 


corresponding to 
D(a)~cos’a. 


For inclined directions the thickness of the ma- 
terial varies according to 1/cosa. We should, 
therefore, expect to find a meson intensity vary- 
ing like E--’, i.e., a variation according to cos! *a, 
However, on account of the fact that in inclined 
directions the path of the mesons increases, the 
decay of the mesons will render the intensity 
decrease somewhat steeper. Actually it was 
found to vary like cos’a. 

At 730-m depth we found for the directional 
distribution® 


D(a) X10®=0.2+3.7 cos’a—1.0 costa 
coinc./cm?, hour, square degree. 
Hence, 
D(a)~cos!:7a. 


At first glance this slight difference in the ex- 
ponent of the cosine seems to mean that the 
effect of the decay is less important for these 
more energetic mesons present at great depth. 
Consequently, we should infer that both direc- 
tional distributions have to be attributed to the 
same kind of radiation, i.e., to mesons. However, 
according to the experimental data, at 730 m 
depth the intensity decreases with the —2.7 
power of the depth, accordingly we should expect 
a directional distribution varying with cos?-’a 
instead of the actually found cos!-’a. 

Let us try anew to assume that great depth is 
only reached by decay products of mesons. Writ- 
ing as before: 


* const Luc? 
Jo= f |1-exn( - ) fe 
ee crE 


: L 
= const 
For inclined directions the thickness of the ma- 
terial varies like 1/cosa and similarly Emin varies 
with 1/cosa. But also the length of the trajectory 
L of the meson in the atmosphere is varying like 
1/cosa. Hence 


Jp =const Xcos!:7a, 


in best accordance with the cbserved variation. 





COSMIC RADIATION 


THE ABSORPTION ANOMALY FOR 
INCLINED DIRECTIONS 


The circumstance previously mentioned that 
in this particular shaft the thickness of the earth 
layer above the apparatus was known with great 
accuracy enables us to compare directly the in- 
tensities we measured with inclined counter tele- 
scopes with the results of V. C. Wilson® obtained 
with a vertical apparatus. For the sake of an 
exact computation we have divided the aperture 
of our counter telescope into 16 parts of equal 
length and have reckoned for every center line 
of these parts the mass of the material above it. 
Considering also the variation of the sensibility 
for rays striking the counter telescope at different 
angles, we could compute the intensities we 
should have found at different inclinations ac- 
cording to Wilson’s measurements. In Fig. 7 the 
crosses correspond to the values computed from 
Wilson’s observations and the circles to our ac- 
“tually found intensities. We may remark that in 
every inclined direction the directly measured 
intensity is higher than would correspond to the 
_ thickness of the material, meaning that at great 
depth the absorption anomaly has a reversed 
sign: the intensity decreases less than would cor- 
respond to the thickness of the layer. This pe- 
culiar behavior may be easily understood if we 
take into account that in inclined directions the 
mean path of the meson in air is longer, a greater 
number of mesons suffer disintegration, more 
, decay products are formed; accordingly, the in- 
’ tensity of the decay products will be higher than 
would correspond to the thickness of the material. 

This inverse absorption anomaly can be de- 
tected in Wilson’s results. At several depths he 
measured with: inclined counter telescope and 
observed that in all cases the intensity values did 
not fit his absorption curve, but were always 
higher. To account for this discrepancy Wilson 
assumed that the true mean thickness of the ma- 
terial did not correspond to that measured in 
the direction of the center line of his apparatus, 
but to thicknesses in directions tilted 7° less than 
the center line. He argued that on account of the 
breadth of the aperture of his telescope the sur- 
plus from directions above the center line exceeds 
the loss due to the greater thickness of the 
absorbing layer for more inclined directions. Al- 
though his argumentation is substantially cor- 
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rect, closer scrutiny reveals that the corrections 
to be applied are in each case much smaller than 
assumed by Wilson: for 45° inclination the cor- 
rection is less than } degree and even for 72° it 
amounts merely to one degree. 

In Fig. 8 the crosses indicate in polar coordi- 
nates the intensities corresponding to the same 
thickness of material when measured with a 
vertical apparatus, the circles indicate the in- 
tensities actually measured by Wilson, and the 
squares the intensities we obtain if we take into 
account that the number of the decay products 
is, in consequence of the increased path of the 
mesons, greater for inclined directions. 


POSITIVE TEMPERATURE EFFECT 


Still another circumstance supports the view 
that only decay products of mesons are present 
at great depth. One of us® has found that a posi- 
tive temperature dependence exists for the radia- 
tion present at 1000 m w.e. depth. The data col- 
lected during the investigations of the years 
1939-43 were suitable for such an analysis, since 
it was possible to select nine different arrange- 
ments where observations were performed at the 
same place and with identical thickness of lead. 
However, they were repeated on three different 
occasions and each time the measurements were 
carried on for at least two-three weeks. For every 
arrangement the correlation between intensity 
and outer air temperature was computed. Al- 
though the individual values of the temperature 
effect have, on account of the small intensities, 
large standard errors, the mean value of these 


Fic. 8. Intensities for 45° and 72° inclination of the 
counter telescope. o is the measured values of Wilson, 
X the intensities corresponding to the thickness measured 
vertically and (J after correcting for greater number of 
decay-products in inclined directions. 
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nine individual results yields an effect: 
+0.74+0.13 percent per degree C, 


a value exceeding six times its probable error, 
and therefore the existence of a positive tempera- 
ture effect is established. 

As known, the temperature effect of cosmic 
radiation at sea level has a negative sign—the 
rise in temperature tends to diminish the inten- 
sity. Blackett offered an interpretation for this 
behavior by assuming that at higher temperature 
the atmosphere expands and the place where the 
mesons are produced is shifted upwards. Conse- 
quently, a larger number of mesons disintegrate 
before reaching sea level; the intensity will be 
lessened. Pursuing this argumentation we may 
infer that with higher temperature more decay 
products are formed. Accordingly, their intensity 
increases and we will observe a reversed, i.e., 
a positive, temperature effect for the decay 
products. 


CONCLUSIONS 


a. The shape of the absorption curve and the 
counter-efficiency measurements indicate that 
below 730 m w.e. depth the cosmic radiation 
consists—at least to a great extent—of non- 
ionizing or scarcely ionizing particles. 

b. Three independent experimental evidences, 
namely, (1) the intensity versus depth variation, 
(2) the inverse absorption anomaly, and (3) the 
positive temperature effect, favor the view that 
great depth is reached merely by decay products 
of mesons. 

The next question seeking an answer is to 
establish the nature of these non-ionizing decay 
products. Fast mesons might disintegrate into 


1 P. M.S. Blackett, Phys. Rev. 54, 973 (1938). 
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protons and neutrons. However, according to the 
theory of Hamilton, Heitler, and Peng," only 
neutrons with extremely high energies (10!4 ev) 
would be able to reach 1000 m depth. Conversely, 
the intensity versus depth variation indicates 
that if no mesons of higher energy than 2 X10" ev 
are present in the primary meson spectrum, no 
neutrons of the required energy can be formed. 

The other alternative at our disposal is that 
the meson disintegrates into an electron and a 
neutrino. Several considerations seem to suggest 
that it is more likely that a meson of integer spin, 
212 my mass, and 2.17 X10~* sec. lifetime would 
disintegrate in the atmosphere into an electron 
and a “‘meso-neutretto.”’ The latter neutral par- 
ticle would have 4/2 spin, about 10-" sec. life- 
time, and 97 my or 148m» mass.” 

To date we know theoretically far too little 
about neutrini and neutrettos and their possible 
interactions to be able to perform a more exact 
computation. We think it is up to the theoretical 
physicist to find significant differences in the 
behavior of neutretto and neutrino radiations, 
which would indicate a way to check this point 
experimentally and thus solve the problem of the 
nature of the penetrating component. 
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The radioactive germanium isotope of 1.65-day half-life has been produced by Zn(a,n), 
Ga(d,2n), and Ge(n,2n) reactions, but not by deuteron bombardment of germanium. This 
isotope is reassigned and placed at Ge®*. It decays with emission of positrons, x-rays, and 
gamma-rays. No evidence for the existence of the 195-day period has been found at Ge® by 
deuteron bombardment of gallium. The characteristic x-ray lines of gallium from decay activity 
of the 11.4-day Ge” have been photographed by a curved crystal camera. Deuteron bom- 
bardment of Ge”, enriched electromagnetically to 70 percent, has given no evidence of a 9-day 
period at Ga™, The half-life of Ge75, produced by fast neutron bombardment of arsenic, is 
1.37+0.02 hours. The half-life of Ga*’, produced by alpha-particle bombardment of zinc, is 


3.26+0.02 days. 





Ge”! 


RADIOACTIVE isotope of 11 days’ half- 

life has been reported! in the germanium 
fraction from deuteron bombardment of both 
gallium and germanium and assigned to Ge”. 
This isotope was found to decay by emitting elec- 
trons of about 0.6 Mev, and possibly by K-elec- 
tron capture. No gamma-ray activity was ob- 
served. Other investigators? reported that they 
did not observe this 11-day activity in the 
germanium fraction. 

In order to investigate further the 11-day 
germanium activity, gallium metal was bom- 
barded with 10-Mev deuterons. Figure 1 shows 
the decay activity of the germanium fraction. 


An activity of 11.4+0.1 days’ half-life was found © 


and measured over an interval of nine half-lives. 
Assignment of this activity may thus be made 
to Ge® or Ge”, 

Additional information for assignment of this 
activity was obtained from germanium bom- 
barded with deuterons. Figure 2 shows the decay 
activity of the germanium fraction. The existence 
of the 11.4-day period in the germanium fraction 
thus confirms the existence of this activity and 
assignment to Ge”. 


*Capt., U.S.A.F. Research under auspices of Air 
sng Maxwell Air Force Base, Montgomery, Ala- 
ama. 

** Lt. Col., U.S.A.F. Research under auspices of Air 
pt reat Maxwell Air Force Base, Montgomery, 

ama. 

1G. T. Seaborg, J. J. Livingood, and G. Friedlander, 
Phys. Rev. 59, 320 (1941). 

2R. Sagane, G. Miyamato, and M. Ikawa, Phys. Rev. 
59, 904 (1941). 


Decay measurements, as shown in both Figs. 
1 and 2, indicate that this period decays entirely 
by K-electron capture. After the shorter periods 
had become negligible, cloud-chamber observa- 
tions indicated only x-ray tracks. Figure 3 shows 
an aluminum absorption of the x-ray activity; 
any charged-particle radiation was removed by 
a magnetic field. A mass absorption coefficient of 
34 cm?/g is obtained, corresponding to a wave 
length of 1.35A: The wave-length of the gallium 
Kea x-ray is 1.34A. No gamma-ray activity was 
observed in this period. 

For further evidence of the K-capture process 
of decay of the 11.4-day period, an activated 
sample of GeOz from Oak Ridge was exposed to 
an 8-inch Cauchois curved crystal camera, having 
a mica crystal of 0.43 mm in thickness. During 
the 32-day exposure, decay measurements showed 
the x-ray activity to be decaying with the 11.4- 
day period. The film showed the presence of the 
Ga Ka and Ga K x-ray lines. Identification was 
made by calibrating the film with the fluorescent 
K x-ray lines of Ga, Ge, As, and Se. 


Ge® 


An activity of 30+4 hours’ half-life has been 
reported? in the germanium fraction from 
Ge(n,y), Ge(n,2n), Ge(d,p), and Se(m,a) reac- 
tions. This activity. was assigned to Ge”. A 
37-hour positron emitting activity has been 
found? in the germanium fraction from zinc 
bombarded with alpha-particles and assigned to 


$ Wilfred B. Mann, Phys. Rev. 54, 649 (1938). 
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TOTAL DECAY prow 
(f+x7) GA +d BOMBARDMENT 


ELECTROMAGNETIC 
RADIATION 


(x+7) 


B*- OECAY 
is 1.65-DAY 
HALF-LIFE 


7 ACTIVITY 


1L4- DAY 


aie HALF-LIFE 
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Fic. 1. Decay of Ge activity from deuteron bombardment 
of gallium. The 11.4-day x-ray and 1.65-day positron 
periods are shown. 


Ge®*, Subsequent investigators! reported a 40- 
hour activity in the germanium fraction from 
gallium bombarded with deuterons. This period, 
found to emit positrons of 1.2 Mev, was assigned 
to Ge”. An activity of the same half-life was 
also produced by these workers from deuteron 
bombardment of germanium. They suggested 
that a long 195-day germanium period reported* 
in the germanium fraction from alpha-particle 
bombardment of zinc might possibly be due to 
Ge®, 

In order to clarify these conflicting inter- 
pretations and to determine the decay charac- 
teristics of this isotope of approximately 40 
hours’ half-life, a study was made of the short 
activity existing in the germanium fraction 
from deuteron bombardment of gallium. 

Figure 1 shows a half-life of 1.65+0.02 days, 
obtained over nine half-lives by subtraction of 
the electromagnetic radiation, (x+y), from the 
total activity, (@-+*x+7). This activity decays by 
the emission of positrons, x-rays, and gamma- 
rays. 

Cloud-chamber semnouiaad immediately after 
chemical separation showed the presence of only 
positrons and x-rays. Aluminum absorption 
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Fic. 2. Decay of Ge activity from deuteron bombard- 
ment of germanium. The 11.4-day x-ray and 1.66-day 
negative beta-activities are shown. The only gamma- 
activity present is that of the 12-hour period. 


measurements of the positron activity, shown in 
Fig. 4, indicate a beta-end point of 0.433 g/cm? 
of aluminum, corresponding to an energy of 1.0 
Mev as determined by the Sargent range-energy 
relation. 

A lead absorption of the gamma-ray associated 
with the 1.65-day half-life, as seen in Fig. 5, 
indicates energies of 0.50 Mev and 1.22 Mev. 
The 0.50-Mev gamma-ray is due to annihilation 
radiation. 

Subtraction of the y-ray activity shown in 
Fig. 1 from the (x+y) activity indicates the 
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Fic. 3. Aluminum x-ray absorption of the 11.4-day x-ray 
period of Ge. 
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Fic. 4. Aluminum absorption curve of the 1.65-day positron 
activity in Ge showing 1.0-Mev end point. 


presence of x-rays in the 1.65-day period. From 
consideration of the amount of x-ray activity 
that would be expected from ‘‘bremsstrahlung”’ 
effect, it was concluded that this x-ray radiation 
was due to the K-capture process. The ratio of 
K-capture processes to positron emissions in the 
.1.65-day activity is 2 to 1. This value was ob- 
tained by multiplying the ratio of positron to 
x-ray activity by a factor giving the relative 
ionization produced by beta-radiation and x-ray 
radiation in the energy ranges involved. 

This same positron activity of 1.65-day half- 
life has been produced in the germanium fraction 
from zinc bombarded with alpha-particles and 
from germanium bombarded with fast neutrons. 

Figure 2 shows the existence of an activity of 
a similar half-life in the germanium fraction from 
deuteron bombardment of germanium. In this 
case, however, cloud-chamber observations indi- 
cated only negative beta-activity. This beta- 
negative emitting activity of As’? which is the 
daughter product of Ge” has frequently been 
confused with the 1.65-day Ge® activity. Since 
only the 11.4-day Ge” has been produced by the 
(d,p) reaction on ,Ge”, the positron emitting 
period of 1.65-day half-life in germanium there- 
fore is assigned to Ge®’, and has been produced 
by Ga(d,2n), Zn(a,n), and Ge(n,2n) reactions. 


Ge*® 


A value of 1.48 hours has been reported! for 
the half-life of Ge75, produced in the germanium 
fraction by fast neutron bombardment of arsenic. 
A small gamma-ray intensity was found associ- 
ated with this activity. Other investigators? 
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Fic. 5. Lead-absorption curve for the 1.65-day Ge® period. 


report a half-life of 1.37 hours and a beta-end- 
point energy of 1.10 Mev. 

The decay activity of Ge7*, produced by fast 
neutron bombardment of arsenic, showed a 
single half-life activity of 1.37+0.02 hours, 
measured over an interval of seven half-lives. No 
gamma-ray activity was observed. 

Apparent longer half-life values of approxi- 
mately 1.48 hours have also been obtained in the 
arsenic fractions from deuteron bombardments of 
germanium. This larger value is easily due to 
errors involved in subtraction of the longer 
periods. 


Ga"! 


An activity of about nine days’ half-life has 
been reported? in the gallium fraction from 
deuteron bombardment of germanium and 
assigned tentatively to Ga”. 

In order to study the characteristics of this 
period, a sample of GeOz, enriched from 6.5 per- 
cent to approximately 70 percent in isotope 76, 
was reduced in a hydrogen furnace to metallic 
germanium, pressed into an aluminum target 
holder, and bombarded With deuterons. The 
gallium activity was chemically extracted. 

No evidence of a long period in gallium was 
found, although the decay of this fraction indi- 
cated a certain amount of 14.1-hour Ga” 
produced by the (d,a) reaction on the Ge” iso- 
tope of reduced percentage. Hence the presence 
of a long period assigned to Ga™ seems im- 
probable.* 


¢ Supplied by the Y-12 plant, Carbide and Carbon 
Chemicals Corporation, through the Isotopes Division, 
U. S. Atomic Energy Commission, Oak Ridge, Tennessee. 
‘U.S. Atomic Energy Commission Abstracts of Declas- 
sified Documents, Vol. 11, No. 5, MDDC—1694<A, p. 125. 
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Ga” 


A decay activity of 97 hours’ half-life was first 
reported,®> produced by bombardment of zinc 
with deuterons. No isotopic assignment was 
made. Later investigators®’ identified this period 
as that of Ga®’. From deuteron bombardment of 
zinc, a complete study’ was made of the charac- 
teristic radiations of Ga®’ activity, and its half- 
life was given as 83 hours. 

Figure 6 shows the decay activity of the gal- 
lium fraction from alpha-particle bombardment 
of zinc. Since Hilger zinc was used and since a 
single activity was evident, the value of the half- 
life, determined over eight half-lives, is found to 
be 3.26+0.02 days. Studies of the radiations 
emitted by this isotope are in agreement with 
those previously reported.’ 

5 J. J. Livingood, Phys. Rev. 50, 425 (1936). 

6 Wilfred B. Mann, Phys. Rev. 53, 212 (1938). Luis W. 


Alvarez, Phys. Rev. 53, 606 (1938). 
7 Luis W. Alvarez, Phys. Rev. 54, 486 (1938). 


DISCUSSION 


As illustrated in Fig. 1, no evidence was found 
for existence of the 195-day Ge activity, reported 
at Ge®, The production of this 195-day activity 
by the Ga®(d,2m) reaction must be less than 
1/150 of the production of the 11.4-day activity 
by the Ga™(d,2n) reaction. 

The relative reacfion cross section for the 
production of the 11.4-day germanium activity 
by Ga"(d,2n) reaction to that of the 1.65-day 
germanium activity by Ga®*(d,2n) is observed to. 
be 10 to 1. 
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Simultaneous alpha-particle bombardments of Ge™, enriched electromagnetically to 90 
percent, and germanium of normal isotopic constituency have established the location of an — 
arsenic activity of 76+3 days’ half-life at mass number 73. Decay is by K-capture into Ge”, 
The energy of the gamma-ray is about 0.10 Mev. The half-life of As™, measured over 10 half- 
lives, is 17.5+0.1 days. Simultaneous deuteron bombardments of two selenium samples, 
enriched, respectively, in isotope 74 and 76, have established the location of the 1.08-day 
arsenic activity at mass number 72. A radioactive arsenic isotope of 2.08 days’ half-life has 
been produced by deuteron bombardment of germanium and is assigned to As”. 





76-DAY As” 


N arsenic a 90-day half-life activity produced 
by deuteron bombardment of germanium has 
been-reported.! This activity was assigned to As”” 
since negative beta-particles were thought to be 
emitted in the decay process. Later investi- 
gators,” by studying the radiations in a magnetic 
lens B-ray spectrometer, found a 0.052-Mev 
gamma-ray which was internally converted. 
K x-rays were also observed. 

Results obtained by the last group above 
would indicate assignment of this activity to an 
arsenic isotope other than As’’. This statement 
is based on the fact that the location of As”? 
relative to stable isotopes would prohibit its 
decay by K-capture. The series of experiments 
described under this section were to establish 
the isotopic assignment and to study more com- 
pletely the decay characteristics. 

Figure 1 shows the decay activity of the 
arsenic fraction from deuteron bombardment of 
germanium. The measuring technique, which 
employed a Wulf Electrometer attached to a 
Freon-filled ionization chamber, was similar to 
that described previously.* 

A half-life of 76 days is found. This activity 
decays entirely by emission of electromagnetic 

_* Captain, U.S.A.F. Research under auspices of Air 
University, Maxwell Air Force Base, Montgomery, 
Alabama. 

** Lieutenant Colonel, U.S.A.F. Research under aus- 
pices of Air University, Maxwell Air Force Base, Mont- 
gomery, Alabama. 

1R. Sagane, S. Kojima, G. Miyamoto, and M. Ikawa, 
Proc. Phys. Math. Soc. Japan 21, 660, 728 (1939). 

2 L. Elliott, M. Deutsch, and A. Roberts, Phys. Rev. 63, 
457 (1943). 


3 W. S. Cowart, M. L. Pool, D. A. McCown, and L. L. 
Woodward, Phys. Rev. 73, 1454 (1948). 


radiation. After the shorter half-lives had become 
negligible, cloud-chamber observations indicated 
no beta-activity, although x-ray ionization was 
observed. 

Figure 2 shows an aluminum absorption of this 
x-ray activity. A mass absorption coefficient of 
28.5 cm?/g is obtained, corresponding to a wave- 
length of 1.27A. Since the wave-length of the 
Ge Ka x-ray is 1.25A, it is evident that the 
K-capture process takes place in the activity. 
This is further confirmed by the decay curves in 
Fig. 1, where it is seen that the total activity, 
(8+x+vy7) eventually becomes equal to the elec- 
tromagnetic activity (x+y). An aluminum ab- 
sorption measurement, made with an open 
ionization chamber, gave no evidence of low 
energy beta-activity. 

A copper absorption measurement of the 
gamma-activity of this 76-day period indicates 
an energy of 0.10 Mev. 

In Fig. 3 is shown the presence of this same 
activity produced in the arsenic fraction from 
germanium bombarded with 20-Mev alpha- 
particles. The value of the half-life, measured 
over four half-lives, is 763 days. 

The fact that alpha-particle bombardment of 
germanium does produce this activity and that 
the activity decays by K-electron capture indi- 
cates that assignment can be made either to As” 
or As’®, 

For additional information on assignment of 
this 76-day period, GeOs, enriched in isotope 70 
from 21.2 percent to about 90 percent,*** and an 


oon ee by the Y-12 plant, Carbide and Carbon 
Chemi Corporation, through the Isotopes Division, 
U. S. Atomic Energy Commission, Oak Ridge, Tennessee. 
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from deuteron bombardment of 
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equal amount by weight of GeO. of normal 
isotopic constituency were bombarded simul- 
taneously with alpha-particles. Decay measure- 
ments were made directly on the two activated 
samples. 

The amount of 76-day activity appearing in 
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the enriched Ge” sample was approximately four 
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four times as abundant in the enriched Ge” 
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76-day activity is produced from the stable Ge” 
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activity, produced by the (a,p) reaction 
on Ge”, is made to As”, 
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gave the half-life as 16 days and reported 
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gives no evidence of x-ray radiation. Beta- 
ray and gamma-energies were observed to be 
in agreement with values stated above. 
Figure 4 shows the activity produced in the 
arsenic fraction from gallium bombarded with 
alpha-particles. Because this activity could be 
followed over a period of more than 10 half- 
lives, it is possible to assign a half-life value 
of 17.5 +0.1 days. 


1.08-DAY As” 
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Fic. 3. Decay of As activity from alpha-particle bombard- 
ment of germanium. The value of the half-life for the long 


period is 76+3 days. 


ticles to be 0.9 Mev and that of the negative 
to be 1.3 Mev. 

Figure 1 shows the decay of the arsenic frac- 
tion from deuteron bombardment of germa- 
nium. The #-activity was obtained by subtrac- 
tion of the electromagnetic radiation, (x+7), 
from the. total radiation, (8+x+vy). Subtrac- 
tion of the y-activity from the (x+y) activity 
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radiations emitted by the 1.08-day positron- 
emitting activity in arsenic, produced by 
bombardment of gallium with alpha-particles. 
A positron end-point energy of 2.78+0.10 
Mev was reported along with a gamma-ray 
energy of 2.4 Mev. An alpha-particle bombard- 
ment of gallium fixes the location of this activity 
at As” or As”, 

The bombardment of enriched stable Se iso- 
topes should give sufficient information to make 
a mass number assignment of the activity. Two 
selenium samples, enriched,*** respectively, in 
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5 A.C. G. Mitchell, E. T. Jurney, and M. Ramsey, Phys. Rev. 71, 825 (1947). 
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Se” from 0.9 percent to 14 percent and Se’* from 
9.5 percent to 41.5 percent, were simultaneously 
bombarded with deuterons. A reversible electro- 
magnetic field was used to measure® the positive 
and negative beta-decay activity of the two 
arsenic fractions. 

Figure 5 shows these decay activities. The 
amount of 1.08-day positron activity in the 
arsenic fraction from enriched Se” is seen to be 
considerably larger than that from enriched Se”®, 
Equivalent bombardments of the two samples 
are indicated by the appearance of almost iden- 
tical amounts of 1.12-day As” activity in both 
samples. This latter activity is obtained from Se” 
by the (d,a) reaction. The amount of Se” in the 
enriched Se” sample is 21 percent and that in 
enriched Se”® is 16 percent. Since both enriched 
samples, Se” and Se’*, were bombarded with 
equal intensity, the assignment of the 1.08-day 
arsenic activity therefore is made to As”. 
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An aluminum absorption of the beta-activity 
indicated a beta-end-point energy of 2.8 Mev in 
agreement with that previously reported. 

No evidence, however, was obtained of the 
2.4-Mev gamma-ray energy reported above. 
Figure 6 shows a lead absorption measurement 
of the gamma-radiation in this activity. This 
absorption curve shows a gamma-ray of half- 
thickness in lead of 0.20 inch, equivalent to 0.60 
Mev, and a gamma-ray of half-thickness in lead 
of 0.45 inch, equivalent to 1.40 Mev. 

Subtraction of the y-activity from the electro- 
magnetic radiation, (*+-y), indicates the presence 
of x-ray radiation decaying with the same 
period. This indicates that decay probably occurs 
by K-electron capture as well as by positron 
emission. Observations, based on the relative 
ionization produced by x-rays and positrons in 
the ionization chamber, indicate that the ratio 
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Fic. 6. Lead-absorption curve 
of the gamma-ray activity in 
the 1.08-day As” period. 
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6 Submitted for publication elsewhere. 
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of the number of x-rays to positrons emitted is 
approximately 2 to 1. 


2.08-DAY As”! 


A positron activity of 2.08 days’ half-life in 
arsenic, produced by deuteron bombardment of 
germanium, has been reported’ and assigned to 
As®, The positron end-point energy was found 
to be 0.6 Mev. 

In the investigation of the 76-day As” ac- 
tivity, produced by alpha-particle bombardment 
of germanium, no evidence was found of a 2.08- 
day period. Calculations based on the smallest 
detectable intensity of the 2.08-day activity, had 
it been present, and the saturation intensity of 
the 76-day activity show that the reaction cross 
section for formation of the 2.08-day to that of 
the 76-day activity must be less than 1 to 600. 

Further attempts to find this activity of 2.08 
days’ half-life were made by investigating the 
shorter periods in the arsenic fraction from 
deuteron bombardment of germanium. Figure 7 
shows the initial part of Fig. 1 on an expanded 
time scale. 

Subtraction of the 17.5-day beta-activity from 
the total composite beta-activity indicates an 
activity of 2.08 days’ half-life, measured over 
approximately four half-lives. 

Subtraction of the y-activity from the electro- 
magnetic radiation, (x+y), gives the net x-ray 
activity. By subtracting the 76-day x-ray activity 
from the net x-ray activity, a second x-ray 
period of about 11.4 days’ half-life is obtained. 
Subtraction of this 11.4-day activity gives only 
one other period, one of approximately 2 days’ 
half-life. 

The presence of the 11.4-day x-ray activity, 
presumed to be that of Ge”, would indicate that 
this 2.08-day activity is that of radioactive As”, 
formed by the (d,m) reaction on Ge?°. The reac- 


7R. Sagane, G. Miyamoto, and M. Ikawa, Phys. Rev. 
59, 904 (1941). 
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Fic. 7. The initial part of Fig. 1 showing the shorter 
half-life activities in the arsenic fraction from deuteron 
bombardment of Ge. The 2.08-day beta-ray activity, 
2.08-day x-ray activity, and the 11.4-day x-ray activity are 
shown. Original data in Fig. 1. 


tion cross section for formation of the 2.08-day 
activity to that of the 11.4-day activity is ob- 
served to be approximately 1 to 1 as would be 
expected if the 11.4-day activity were formed 
by decay of the 2.08-day activity. Hence this 
2.08-day activity is assigned to As”. 

This activity decays by K-capture and positron 
emission into Ge”, then by K-capture into stable 
Ga”, Relative intensities of x-ray activity to 
B-activity in this 2.08-day period indicate the 
ratio of K-capture to positron emission to be 
approximately 2 to 1. 
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R. AVERY AND R. G. SAcHs 
University of Wisconsin, Madison, Wisconsin 
(Received July 21, 1948) 


Arguments for the existence of exchange moments in these nuclei depend on an accurate 
evaluation of the spin and orbital contributions to the moments. Assumptions made in previous 
evaluations are re-examined. Although the results do not establish the existence of the exchange 
moment conclusively, arguments are presented which make the alternative appear to be less 
reasonable. Methods for obtaining further information on this question are discussed. 





I. INTRODUCTION 


HE recent measurement! of the magnetic 
moment of He* has been interpreted? as a 
strong indication of the existence of exchange 
moments in the nuclei of H* and He*. The term 
exchange moment is meant to refer to any 
contribution to the magnetic moment of a system 
which cannot be accounted for by simply adding 
the spin and orbital moments of the nucleons 
making up the nucleus. On the basis of rather 
general assumptions concerning the nuclear wave 
functions, formulae have been given® for the spin 
and orbital contributions to the moments of 
these nuclei, and the failure of the formulae to 
agree with the measured values has led to the 
aforementioned interpretation. In view of the 
importance that may be attached to the existence 
of an exchange moment with regard to the 
understanding of nuclear interactions,* * it seems 
necessary to investigate more fully the assump- 
tions made in reference 3 in order to verify their 
validity. 

The failure to obtain agreement occurs by a 
very small margin. This can be seen from Fig. 1, 
which displays both the linear relationship be- 
tween the *P, ‘P and ‘4D state probabilities 
imposed by the sum of the observed moments 
(see Eq. (1)) and the relationship required by 
the H* moment alone (Fig. 1 of reference 3). 


1H. L. Anderson and A. Novick, Phys. Rev. 73, 919 
(1948). The value used here is that presented at the 
= meeting of the American Physical Society, 

2H. L. Anderson, Phys. Rev. 73, 919 (1948). 

*R. G. Sachs, Phys. Rev. 72, 312 (1947). Fig. (2) of 
this paper is in error and therefore should not be used for 
the interpretation of any results. 

4F. Villars, Phys. Rev. 72, 256 (1947), F. Villars, Helv. 
Phys. Acta XX, 476 (1947), A. Thellung and F. Villars, 
Phys. Rev. 73, 924 (1948). 

5 R. G. Sachs, Phys. Rev. 74, 433 (1948). 


Agreement would correspond to the intersection 
of the curves referring to the same value of the 
4P probability. Although the curves fail to 
intersect, they almost intersect in the neighbor- 
hood of zero probability for the ‘D state if the 
2P and ‘*P state probabilities are greater than 
20 percent and 15 percent respectively. Small 
corrections, such as the effect of coulomb repul- 
sion between protons on the He*® wave function 
or relativistic corrections,® may overcome the 
difference. Therefore the experimental evidence 
does not conclusively establish the existence of 
the exchange moment. The alternative descrip- 
tion requires, however, that the moments be 
understood in terms of a ground state for which 
the amplitudes of the ?P and ‘P functions are 
much larger than that of the ‘D function. Such 
a description is objectionable on aesthetic 
grounds while the concept of an exchange mo- 
ment is most acceptable in view of current ideas 
concerning nuclear forces. But this argument 
does not constitute a proof. 

A more likely argument may be based on the 
results of rough binding energy calculations for 
the nuclei in question. These calculations’ indi- 
cate that the introduction of any amount of P 
state decreases the binding even in the presence 
of a tensor interaction. Therefore it would seem 
that the conventional two-body interaction 
would lead to a wave function containing little 
or no P state. The best choice of wave function 
appears® to consist of about 96 percent 2S state 


‘ and 4 percent ‘D state. Now information con- 


6H. Primakoff, Phys. Rev. 72, 118 (1947); G. Breit 
oto} Bloch, ibid. 135 (1947); and R. G. Sachs, ibid. 91 

7M. Goeppert-Mayer and R. G. Sachs, Phys. Rev. 73, 
185 (1948). 

8E. Gerjuoy and J. Schwinger, Phys. Rev. 61, 138 
(1942). 
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cerning the 7S, ?P, 4P, and 4D state probabilities 
may also be obtained from the sum of the 
magnetic moments of the two nuclei by applica- 
tion of the formula’ 


u(H*) +u(He*) = Uptun—2(uptun—}) 
X (31D —*P+2?P)/3, (1) 


where ?P, ‘P, and ‘D represent the probabilities 
in question. This formula is probably valid even 
in the presence of exchange currents since the 
exchange moments appear to be equal and 
opposite for the two nuclei.5 If we insert the 
experimental value! 


u(H?) /up = 1.066636+0.00001 (2) 
into Eq. (1) we obtain 
u(He*) /up= —0.7514+0.0906(3D —4P+-2?P). (3) 


Now taking the values 2S =0.96, 4D =0.04, which 
are suggested by the binding energy calculations, 


we find : 
u(He*)/u,= —0.7623 (4) 


which is in agreement with the experimental! 


value 
u(He®) /u,= —0.7618+0.0008. (5) 


Of course this agreement may be fortuitous, but 
one can at least argue that it is a remarkable 
coincidence. This argument would appear to 
provide sufficient justification for rejecting the 
P function in favor of the simpler interpretation 
until contradictory evidence is obtained from 
other sources. 

Having accepted this conclusion, it is not now 
possible to fit the formulas of reference 3 to the 
observed moments. However, there are still 
simplifying assumptions in reference 3 that could 
conceivably lead to a large error in the formulas 
and thereby invalidate the argument for an 
exchange current. In particular there is the 
assumption that the wave functions have no 
angular dependence other than the minimum 
required to provide the necessary symmetry 
properties of the *S, ?P, 4P, and 4D functions 
(see Eq. (35) of reference 3). As a consequence 
the cross term between the 2S and ?P functions 





® R. G. Sachs and J. Schwinger, Phys. Rev. 70, 41 (1946). 

10 P, Morrison, Bull. Am. Phys. Soc. 23, 28 (1948). 

11H, L. Anderson and A. Novick, Phys, Rev. 71, 372 
(1947); Bloch, Graves, Packard and Spence, Phys. Rev. 
71, 373 and 551 (1947). 
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in the theoretical expression for the magnetic 
moment vanishes. Since the amplitude of the 
2S function is presumed to be large, this term 
might be important for a very small but finite 
*P amplitude in the event that the original 
assumption were in error. 


II. THE S-P CROSS TERM 


The reason for making the particular choice of 
wave function which leads to no cross term is 
that the wave function always adjusts itself in 
such a way as to minimize the total energy. 
Any extra angular dependence would seem to 
increase the energy by adding to the kinetic 
energy. In order to demonstrate that this is 
indeed the case, we now consider the expression 
for the magnetic moment of H? which is obtained 
under the three assumptions: 


(1) There is no exchange moment. 

(2) The ground state is predominantly (96 percent) a 2S 
function with a small (4 percent) admixture of 4D 
function and an even smaller admixture of *P 
function. 

(3) There is no limitation on the angular dependence of 
the 2S and ?P functions. 


If the coefficients in the wave function are 
chosen in such a way as to give a maximum impor- 
tance to the ?S—*P cross term, the expression for 
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Fic. 1. Solid lines give relation between ?P, ‘P, and ‘D 
state probabilities required to account for the sum of the 
observed moments of H* and He’. Dashed lines give 
relation between probabilities required by H* moment 
alone on the basis of Eq. (43), reference 3. 
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the H? moment becomes* 


u(H*) = uy— (4/3)*Pup— (2/3)D(2pp + un) 
+ (2/9)°P+(1/3)D+I?PS)*, (6) 


where 


1=2/9f f [ (—-d)afafi'rotdrdeda. * (1 


@ is the distance between the neutrons, r the 
distance from the center of the neutrons to the 
proton and g=(r-o)/rp. The functions f; and fs 
are the radial 2S and *P functions and fi’ =df,/dq. 
Since we are interested only in the case of a 
very small P state probability, the condition 
has been imposed that ?P<0.04. In order that 
Eq. (6) lead to the observed value of u(H*) we 


find 
I>2.13. (8) 


It can be shown that if f; does not depend on 
g, the condition Eq. (8) cannot be satisfied by 
virtue of the normalization conditions on the 
radial functions. In order to obtain a maximum 
value of J with minimum angular dependence, 
we assume that f; has the same angular de- 
pendence as f:, which has been taken to be 


fi=cilexp(—v'¢")fo(r, o) J; (9) 


where fo is a Gauss function. It is then found 
that J~4y7/9. Thus if Eq. (8) is to be satisfied, 


then 
y>4.7. (10) 


Now the contribution of the S state to the 
kinetic energy may also be determined on the 
basis of Eq. (9). The result is 


K.E. =6/ah?/M, (11) 


where 2/a is the mean square distance char- 
acteristic of the Gauss function fo. Taking’ 
a=(0.7(mc?/e?)? we find a kinetic energy greater 
than 400 Mev, a value which is too great by at 
least a factor of ten. 

From this it is clear that no reasonable wave 
function consisting predominantly of an S func- 
tion will produce agreement between the ob- 
served moment and Eq. (6). Therefore the ex- 


R. AVERY AND R. G. SACHS 


change moment appears to be required to 
account for the observations if the ground state 
of H* contains only the S and D functions to an 
appreciable extent. 


Ill. FURTHER EXPERIMENTAL 
POSSIBILITIES 


Although the arguments for the existence of 
the exchange current appear to be rather con- 
vincing, they cannot be said to be conclusive. 
Corroborative experiments would be very de- 
sirable. One experiment which would appear to 
be most promising for this purpose is the accurate 
measurement of the hyperfine splitting of the 
ground state of tritium. In view of the explana- 
tion by A. Bohr” of the corresponding anomaly 
for deuterium, the anomaly for tritium would be 
expected to depend to some extent on the nature 
of the moment, i.e., on the relative contributions 
of orbital and exchange moments. However, a 
rough estimate of the effect indicates that either 
explanation of the triton moment (i.e., exchange 
moment or large orbital moment) could lead to 
an anomaly in the hyperfine splitting of the 
order of five percent of the deuteron anomaly. 
Therefore a high degree of accuracy would seem 
to be required of both theory and measurements 
before this experiment will settle the question. 

Additional information could be obtained from 
the photo-disintegration cross sections of H* and 
He’ or the neutron and proton capture cross 
sections of the deuteron. These cross sections 
will depend on the nature of the H* or He® wave 
function.“ Furthermore, the interaction of a 
nucleus with radiation is modified by the 
presence of exchange currents.5 Consequently 
the cross sections for these radiative processes 
will depend in a detailed way on the nature of 
the exchange current. ; 

This irivestigation was financed in part by the 
Wisconsin Alumni Research Foundation. 


22 A. Bohr, Phys. Rev. 73, 1109 (1948). 

13 J. E. Nafe, E. B. Nelson, and I. I. Rabi, Phys. Rev. 
71, 914 (1947); D. E. Nagle, R. S. Julian, and J. R. 
Zacharias, Phys. Rev. 72, 971 (1947). 

4 This point was called to the authors’ attention 
independently by L. Schiff and H. Primakoff. 
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A method has been developed for doing scattering experiments inside the vacuum chamber 
of an f-m cyclotron. The magnetic field of the cyclotron is used to analyze the scattered beam. 
The spectrum of the scattered particles is recorded on photographic plates, and lines corre- 
sponding to states of the scattering nucleus are found. Levels are reported for B, C, N14, 018, 





I, INTRODUCTION 


XPERIMENTS which show that protons of 
energies up to 8 Mev can be scattered 
inelastically by certain nuclei have been made 
by a number of investigators. The method has 
generally been to direct at the scatterer a colli- 
mated beam of approximately monoenergetic 
protons, then by means of range measurements or 
by use of an analyzer magnet to determine the 
energy distribution of the protons scattered 
through a known angle. The highest energy peak 
in the distribution curve corresponds to elastic 
scattering, and-the lower energy peaks correspond 
to inelastic scattering. From the energy values of 
the peaks the positions of the corresponding 
nuclear energy levels can be calculated by use of 
the laws of conservation of energy and mo- 
mentum. In this way portions of the energy level 
schemes of a number of naturally occurring iso- 
topes have been obtained. 

The experiments described below are of the 
same general sort, but are different in several 
respects: they are done inside the vacuum 
chamber of the cyclotron; no special equipment 
is required for collimating or analyzing the 
primary beam ; the magnetic field of the cyclotron 
is used for analyzing the scattered beam ; energies 
up to 17 Mev are used. 


Il. METHOD 






The Princeton cyclotron is a 35-in. f-m 
machine with a single dee. The scattering camera 


1T. R. Wilkins and G. Kuerti, Phys. Rev. 57, 1082(A) 
(1940); T. R. Wilkins and G. Wrenshall, Phys. Rev. 58, 
758 (1940); T. R. Wilkins, Phys. Rev. 60, 365 (1941); R. H. 
Dicke and J. Marshall, Jr., So Rev. 63, 86 (1943); }. 
Chadwick, A. N. May, T. G. Rjckavance, and C. F. Powell, 
Proc. Roy. Soc. 183A, 1 (1944); H. Heitler, A. N. May, and 
C. F. Powell, Proc. Roy. Soc. 190A, 180 (1947); K. E. Davis 
and E. M. Hafner, Phys. Rev. 73, 1242(A) (1948). 





(see Fig. 1 and Fig. 2) rests on the floor of the dee 
chamber, beneath the beam, in the region 
normally occupied by the second dee of a two-dee 
cyclotron. The scattering foil, which is both thin 
and narrow, is held vertical so that it intercepts 
the beam. Protons scattered slightly downward 
follow helical paths of small pitch. Some of them 
pass through the vertical slit and strike the 
horizontal photographic plate at a glancing angle 
of about 15°. Since the radius of the helix fol- 
lowed by a particular proton depends upon the 
momentum of that proton, a spectrum of the 
scattered beam is recorded on the plate. Ilford 
nuclear physics plates with 50-u and 100-» thick 
emulsions have been used so that the full range 
(up to about 1000u) of most protons would be 
spent in the emulsion. Lines easily visible to the 
unaided eye, each corresponding to a state of the 
residual nucleus, are obtained with beam currents 
of half a microampere and exposure times of 
thirty minutes. 

Figure 3 shows the spectrum obtained from 
platinum with a primary beam energy of 15 Mev. 
Only one proton line, the elastic line,? can be 
seen. The sharply defined line on the left lies in 








Fic. 1. Small scattering camera and plate holder. The 
plate is covered with a 0.5-mil aluminum foil. The body of 


the camera is made of dural and the slit jaws are of copper. 


2 For brevity the expressions “elastic line” and “inelastic 


line’ will be used throughout for lines produced bv elastic 
and inelastic scattering, respectively. 
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Fic. 2. Diagram of scattering arrangement. (a <d 5 cm, 
s varies from 0.8 to 1.7 cm.) 


a plane which passes through the slit and the 
scattering foil. Simple absorption measurements 
indicate that it is produced by soft, characteristic 
x-rays generated in the foil by the passage of the 
protons.* The x-ray line is a very useful reference 
mark in measuring the proton line deflections. 


Calculations 


The calculation of energies has been on a non- 
relativistic basis throughout. If the deviation, s, 
of a line has been measured the corresponding 
proton kinetic energy can be calculated from the 
equation 


E= (e?/2mc?) H?R*(1+n°), (1) 


where 


acosa\? /s d(a+d) cos*a 
ne (SY retest) 
2 2 2s 





and 
(a+d) sine 


ee . 
R sin—[2sd cosa/(s?+-d? cos*a) ] 





H is the vertical component of magnetic field 
(assumed constant) ; e and m are the charge and 
rest mass of the proton; and s, a, a, and d are 
defined in Fig. 2. 

Equation (1) is based on the assumption of a 
helical path which originates at the intersection 
of the foil with the median plane of the beam. 
The position of the median plane was determined 
by probe measurements. Since the variation of H 
over the paths of the particles was less than 0.5 
percent, the value of H at the slit was chosen as 
a reasonable average for use in the calculations. 

* Such x-rays have previously been observed. M. S. Liv- 


ingston, F. Genevese, and E. J. Konopinski, Phys. Rev. 
$1, 835 (1937). 


A useful approximation, which under our con- 
ditions is always accurate to within 0.8 percent, 
is 
E=(e?/2mc*)(H cosa)?{ d(a+d)/2 }? 

X[1/s?+1/(a+d)?+1/d?]. (2) 


After the energies of the scattered proton 
groups have been calculated, the corresponding 
nuclear energy levels can be obtained by means 
of the laws of conservation of energy and mo- 
mentum. The energy of the 7th excited state is 


E.i= [(e— 1)/B JEo ait [(@+ 1)/B JE; 
+ (2/8)(EcE;)* cos6, (3) 


where Ey=energy of incident protons, E,=energy 
of the ith group of inelastic protons, 6=ratio of 
mass of scattering nucleus to proton mass, and 
6=scattering angle. For the ground state, E.;=0, 
and (3) may be solved for Ey in terms of E;= Ez, 
the energy of the elastically scattered protons: 


Eo/Ea=1+2/(8—1)? 


x [8 —sin?@—cos@(6?—sin?0)*]. (4) 


It is an important advantage of this method 
that Eo can be chosen from a continuous range 
of values (extending in our case from 5 to 17 
Mev) by setting the position of the camera so 
that the foil intercepts the beam at an appro- 
priate radius. Furthermore, the scattering angle 
can be set to have any value between 20° and 
160°. 

A special camera which has eight slits and 
eight photographic plates arranged around a 
common scattering foil was often used. 

It can be seen from Fig. 2 that the scattering 
angle 6 has three parts. The part 7, between the 
tangent to the scattered beam and the line 
between the foil, slit, and plate, varies slightly 
from ling to line, but ¢ is constant, set by means 
of a jig which holds the camera. a is fixed by the 
geometry of the camera and the height of the 
beam. The beam is assumed to. be centered 
horizontally at the geometrical center of the 
cyclotron. 


Limits of accuracy 


From (2) it follows that if there are errors 6H, 
6a, and és in the measurements of H, a, and s, 
respectively, the largest expected fractional un- 

















certainty in the calculated energy of a line is 
6E/E=26H/H+4éa/a+26s/s, (ad). (5) 


In our experiments the maximum expected 
errors in the measured quantities are all about 
one percent, so the maximum expected error in 
the absolute value of each energy is 8 percent. 
6H/H and éa/a are the same for all lines on a 
single plate, while ds/s is different for each line. 
6H/H is almost entirely systematic. The maxi- 
mum errors expected in the energy levels 
calculated from the line energies obtained from a 
single plate are about 7 percent Eo. Most of the 
results quoted below represent averages over 
many separate determinations. The accuracy of 
the method can be improved by refining tech- 
niques, particularly by the reduction of 6a by 
more accurate setting of the foil. 

The widths of the lines arise principally from 
foil and slit width, spread in energy of the incident 
beam, foil thickness, vertical extension of the 
incident beam, and scattering from the slit edges. 
The total width corresponds to about 0.3 Mev. 
An analysis of the widths of the elastic lines 
obtained with Ey»>=6, 9, and 15 Mev shows that 
the spread in energy at “‘half-maximum”’ for the 
incident beam is less than 0.1 Mev in each case, 
and that the foil and slit widths are mainly 
responsible for the observed line width. 


Preparation of foils 


All the metallic foils used were about 6 mils 
wide and between 1.0 and 0.1 mil thick. They 
were cut by means of a special tool consisting of 
two razor blades clamped together with an appro- 
priate spacer. By this procedure, foils of mag- 
nesium, aluminum, iron, nickel, copper, and 
platinum were made. It was found that lamp- 
black, amorphous boron, several oxides, and a 
number of other chemical compounds would 
adhere to platinum if applied in a water or 
alcohol paste. In this way boron, carbon, nitro- 
gen, oxygen, and fluorine scatterers were made. 
~ A quartz fiber was used for the examination of 
silicon and oxygen. 

The foils were cemented to ‘‘C’’ shaped holders 
which were clamped in the scattering camera, as 
shown in Fig. 1. An aluminum baffle plate (not 
shown) was provided to prevent primary protons 
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TaBLE I, Summary of energy levels found in B, C¥, N¥, 
O'6, Al??, Si?8, and Ni. : 











Line intensity Previously 
Incident S =strong Energy observed 
energies M =medium levels levels* 
Element Eo (Mev) W =weak Ea (Mev) (Mev) 
B* 9.2, 15.6 ° W 2.2+0:3 2.1 
15.6 S " 48+0.4 4.4 
15.6 S 6.5+0.3 5.8 
15.6 W 7.8+0.4 a 
Cc 12.3, 15.0 S 4.4+0.2 4.3 
12.3, 15.0 M 5.5+0.3 — 
15.0 W 9:7+0.6 9.5 
N¥ 15.1 M 5.1+0.4 5.4 
15.1 M 6.7+0.4 6.6(?) 
O's 15.3 S 5.8+0.3 6.1, 6.3 
15.3 S 6.7+0.3 6.7(?) 
15.3 W 8.6+0.4 — 
15.3 W 9.7+1.0 10.5 
Al?? 6.1, 9.6 W 0.9+0.2 0.87 
9.6 W 2.9+0.2 2.70 
Si?8 15.3 W 4.6+0.3 — 
Ni 15.3 W 3.8+0.4 —_ 








* All the levels recorded in this column except those of aluminum 
were found by experimental means other than the inelastic scattering 
of Protons (Hornyak and Lauritsen, reference 7). 

The calculation of energy levels for boron was based upon the 
assumption that the scattering nucleus had mass eleven. If any of the 
levels is due to B™”, the energy reported here will be somewhat high. 


which got past the foil from striking the foil 
holder. 


III. DISCUSSION OF RESULTS 


The results obtained thus far aré of the limited 
accuracy and resolving power indicated above. 
Furthermore, the scattering materials have not 
been analyzed for purity, and for this reason some 
small uncertainty exists in the assignment of the 
lines observed. It is hoped that experiments with 
separated isotopes of boron, magnesium, etc., 
can be made later. A summary of the present 
results is given in Tables I and II. 


Boron 


Foils consisting of a thin layer of amorphous 
boron (81.6 percent B", 18.4 percent B!°) on 





Fic. 3. Photograph taken with a platinum scattering foil at 
Eo=15.0 Mev and @=162°. No inelastic lines are seen, 
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TABLE II. Summary of energy levels found in magnesium. 








R.M.S. 
devia- 


R.M.S. 
devia- 
tion 
in Eo 


Num- 
ber Esti- 
: of ob- mated 
Eo(mean) Line Eei(mean serva- error 
tions (+Mev) 


(Mev) 
6.08 
9.64 


tion 
) in Bes 
(+Mev) strength (Mev) (+Mev) 





0.07 M 
M 

0.20 w* 
S 

w* 

w* 


NTO HO ADWWASRHAD 


WOnNOrFK OF; 


Or UW Pb > 
sessssssssso 


essssssscooys 
PwWWHHNWkWNHN bdo 








* Observed only at @=153° and 162°. 

** Probably an elastic line due to oxygen contamination. See dis- 
cussion under magnesium. 

*** Observed only with small camera (Fig. 1). 


platinum were prepared as described above. Ex- 
posures were made at Ey=6, 9, and 15 Mev with 
the single and multiple cameras. An example of 
the plates obtained is shown in Fig. 4a. Besides 
the elastic lines of platinum and boron, four 
other lines are found, the middle two being 


Fic. 4. (a) Photograph taken with boron on a platinum 
foil at Eo= 15.6 Mev and 6=162°. The vertical line on the 
far left is the x-ray line. The first slant line on the left is 
the platinum elastic line, and the next one is the boron 
elastic line. Beyond these are three inelastic lines, the first 
being quite weak. (b) Similar photograph taken with 
carbon on platinum foil at Eo=15.3 Mev and @=162°. 
— the two elastic lines are two inelastic lines of 
carbon. 
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strong, the others weak. An examination of the 
plates under a microscope was made, and many 
short tracks presumed to be due to He‘ or He? 
nuclei were found. However, all the lines ob- 
served must have been caused by protons since 
they continued to appear when additional ex- 
posures were made with sufficient aluminum over 
the photographic plates to stop all the helium 
nuclei. 

The intensity relationship of the various 
proton lines shows that the cross section for 
inelastic scattering from boron must be com- 
parable with the cross section for elastic scat- 
tering. It is somewhat surprising that the (p,p) 
cross section is so large since the B"(p,a) reaction 
is exothermic by 8.6 Mev, and the B"(p,) reac- 
tion is endothermic by only 2.7 Mev. The 
threshold of the B!°(p,”) reaction is 5.8 Mev. 


Carbon 


Foils were made by two methods: (a) a sus- 
pension of lampblack in ethyl alcohol was applied 
to a platinum foil, and (b) carbon was deposited 
on platinum by burning camphor. Three inelastic 
lines appeared when 12.3 and 15.0-Mev primary 
protons were used (see Fig. 4b). None of these 
appeared when the bombarding energy was 6 or 
9 Mev. The corresponding energy levels are all 
assigned to C! because of its 98.9 percent 
abundance. 


Nitrogen 


Foils of zirconium nitride on a platinum 


. support were prepared by the method described 


in Section II. Multiple-angle exposures were 
made with incident energies of 6, 9, and 15.2 
Mev. Inelastic lines were obtained only at 15.2 
Mev. They were all attributed to scattering from 
nitrogen, chiefly because we have been unable to 
excite any well resolved levels in platinum, iron, 
copper, and nickel (except for a very weak line 
in nickel), while strongly excited levels have 
frequently been found in the lighter nuclei (see 
later discussion). The lowest level is calculated 
to lie at 5.1+0.4 Mev, showing that we have not 
been able to find any evidence for an excited 
state in N'* below 4.7 Mev. This is interesting 


because of the prediction** that there should be 


4E. Feenberg and E. Wigner, Phys. Rev. 51, 95 (1937). 
5 R. Sherr, H. R. Muether, and M. G. White, Phys. Rev. 
(to be published). 
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an excited state of the N'‘ nucleus at about 2.4 
Mev, having zero spin and corresponding to the 
ground state of C'*. The only definite experi- 
mental evidence that we know for such a level 
in N!4 is the result of Sherr, Muether, and White,® 
which indicates that a gamma-ray of about 2.3 
Mev is emitted by Nas it decays to its ground 
state following the positron decay of O". 
Fowler, Lauritsen, and Lauritsen® reported a 
gamma-ray of 2.3 Mev from the C!4(p,7) process, 
but were unable to assign it to a transition 
between two particular states of N'*. The fact 
that the 2.3-Mev level is strongly excited in the 
positron decay process and only weakly at best 
by inelastic scattering makes further study of 
N!4 desirable. 


Oxygen and Silicon 


Quartz fibers (SiOz) of about 1.6-mils diameter 
were used in a number of exposures made with 
each scattering camera. Two elastic lines, two 
strong inelastic lines, and three weaker inelastic 
lines were found. 

It was necessary to find a reason for assigning 
each line either to silicon or to oxygen. Three of 


the assignments were made by means of a test 
based upon the fact that the energy of a proton 
which has been scattered so as to leave the 
nucleus in a particular state depends upon the 
scattering angle. The laws of conservation of 
energy and momentum lead to the approximation 


E,(0)SE(/2)+[2/(8-+1) JLEs(w/2)Eo]} cos8, 


which is good to within a few percent under our 
conditions. Thus experimental values of E; 
plotted against cos@ should give a straight line 
whose slope can be used to determine 6. An 
example of the use of this method is illustrated 
in Fig. 5, where values of E; for silicon and 
oxygen are shown plotted against cos@. The 
scatter in points is considerable, but the method 
has indicated with a fair degree of certainty that 
oxygen should be assigned levels at 5.8+0.3, 
6.7+0.3, and 8.6+0.4 Mev, the first two of 
which have also been obtained with lead oxide 
scatterers. The method failed to give clear 
evidence for the assignment of the other two 


6 W. A. Fowler, C. C. Lauritsen, and T, Lauritsen, Rev. 
Mod, Phys, 20, 236 (1948), 


Cos © 
Fic. 5. Plot of energy of the two elastic groups of protons 


oe ar from quartz (SiO2) vs. the cosine of the scattering 
angle 


lines. Tentatively, a level at 9.7 Mev was 
assigned to oxygen and a level at 4.6+0.3 Mev 
was assigned to silicon. The latter assignment 


Eo =15.3 


Fic. 6. Photographs taken with a magnesium scattering 
foil, at 6=162°, and at the incident proton energies indi- 
cated in Mev at the right of each photograph. In the upper 
plate can be seen, from left to right, the elastic line and 
two inelastic lines. In the center picture are two inelastic 
lines barely resolved (these were clearly resolved in some 
of the plates), and another inelastic line on the far o 
In the lower plate three additional lines may be seen. (In 
a number of the plates a line corres — to Ey«=1.54 
Mev was clearly resolved from the elastic line,) 
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was based partly upon the fact that there are 
no known levels in O'* below 6.1 Mev.’ Because 
of their high relative abundance, Si** (94 percent) 
and O'* (99.8 percent) were assumed to be respon- 
sible for the inelastic scattering observed. Si?* is 
known from gamma-ray measurements?’ to have 
a level at 1.8 Mev, but we see no evidence for 
such a level on our plates. 


Magnesium 


The foils were made of commercial magnesium 
ribbon rolled to thicknesses ranging from 0.5 to 
1.0 mil. Before being used they were washed in 
benzene and acetone. 

Some of the pictures obtained are shown in 
Fig. 6. A summary of the results of all the mag- 
nesium pictures is given in Table II. With y=6.1 
Mev two lines corresponding to energy levels at 
1.00 and 1.58 Mev, respectively, were con- 
sistently found at all of the scattering angles 
used (78° to 162°). With Eo=9.6 Mev a different 
pattern was obtained with one strong line, cor- 
responding to a level at 1.33 Mev, flanked by 
quite weak ones suggesting levels at 0.59 and 1.98 
Mev. The line corresponding to the 0.59-Mev 
level is thought to be an elastic line resulting 
from oxygen impurity in the foil because (a) it 
occurs at the proper energy and (b) it appears 
much stronger in pictures made with foils which 
had been aged in air for several weeks. With 
E,=15.3 Mev a single low lying level is found 
at 1.54 Mev. This may be the same as that found 
at 1.33 Mev with Ey=9.6 Mev. Unfortunately, 
the present energy values are too inaccurate to 
settle this point. 

Because of the uncertainties in energy values 
(+0.2 Mev), described in Section II, one cannot 
rule out the possibility that the calculated levels 
at 1.00 and at 1.33 Mev are identical, or that the 
levels reported at 1.58 and 1.98 Mevare identical. 

A study of the variation of line energies with 
scattering angle was made as described in the 
section under oxygen and silicon. Although the 
measurements were too inaccurate for this test 
to be decisive, the evidence supports the belief 
that none of the stronger lines observed was the 


™W. F. Hornyak and T. Lauritsen, Rev. Mod. Phys. 20, 
191 (1948). 

SE. Bleuler and W. Ziinti, Helv. Phys. Acta 20, 195 
(1947). 


H. W. FULBRIGHT AND R. R. 
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result of scattering from oxygen, nitrogen, or 
carbon. Examination of the plate under a micro- 
scope showed that none of the lines observed 
was composed of alpha-particle tracks. The other 
energetically possible reaction which might have 
caused complications is the (p,d) process. The 
threshold for the reaction Mg?‘(p,d) Mg”? is 13.3 
Mev, so this reaction should not be of conse- 
quence here. The threshold for the reaction 
Mg?5(p,d)Mg** is 4.9 Mev, but the particular 
group of deuterons from this reaction which 
would leave Mg” in its ground state would have 
appeared between the x-ray line and the elastic 
(p,p) line. Very few tracks of any sort ap- 
peared there. The threshold for the reaction 
Mg?*(p,d)Mg? is 9.8 Mev, so this reaction also 
is unimportant except possibly at the highest 
energy used. These arguments, along with the 
fact that the abundance of Mg”® and Mg’ is 
small (about 11 percent each), make it seem 
unlikely that any of the lines reported was due 
to a (p,d) reaction. 

A definite assignment of the various levels to 
particular isotopes of magnesium on the basis of 
present results cannot be made, but there are 
several reasons to suspect that all the levels 
except possibly the weak ones at 2.0 and 2.6 Mev 
are due to Mg”. First, the inelastic lines are 
about as strong as*the elastic line. Second, the 
competing reaction Mg*4(p,n)Al** probably has 
a high threshold since Al?4 has never been ob- 
served, while the reactions Mg?®(p,n)AI?® and 
Mg?*(p,2)Al?® have 4.7- and 3.6-Mev thresholds, 
respectively, and would be expected to compete 
strongly with the corresponding (p,p) reactions. 

Dicke and Marshall,’ using 6.9-Mev protons 
and a scattering angle of 135°, found a strongly 
excited level at 1.32 and weakly excited levels 
at 2.74 and 3.88 Mev. Wilkins’ values are 1.37, 
2.80, and 4.07 Mev. These probably correspond 
to our levels at 1.33 (and possibly 1.54), 2.64, 
and 4.17 Mev. It is known that gamma-rays of 
energies 2.76 and 1.38 Mev are consecutively 
emitted by Mg*‘ following the beta-decay of 
Na*‘,® so there must be a level at 4.14 Mev and 
another at either 2.76 or 1.38 Mev. Our level 
at 4.17 probably is the same as the 4.14-gamma- 
level, and it is possible that our 1.33 (and pos- 
sibly 1.54) level is the same as the 1.38-gamma- 


°K, Siegbahn, Phys. Rev. 70, 127 (1946). 














level, but the large uncertainty in our energy 
values makes the comparison difficult. It has not 
always been possible to excite by inelastic scat- 
tering, levels known from gamma-ray spec- 
troscopy (cf. discussion under silicon, nitrogen, 
and iron). There is evidence for a 1.3-Mev level 
found in experiments on the inelastic scattering 
of 2.5-Mev neutrons,!® but the results are not 
good enough statistically to eliminate the pos- 
sibility that two levels might be found by that 
method. 

Although quantitative data on the intensities 
of the various lines have not been obtained, it is 
clear from visual inspection of the plates that 
with fixed Ep the intensities of most of the strong 
lines remain roughly constant with angle. How- 
ever, the neighboring lines corresponding to 
levels at 4.17 and 5.51 Mev show a relative vari- 
ation which is clearly evident. For Ej =15.3 Mev 
and @=90° their intensities are about equal, while 
at @=162° that corresponding to 4.17 Mev of 
excitation is more intense, and at 6=78° the 
intensities are just reversed. 


Aluminum 


Two lines were found in the Al?’ spectrum 
corresponding to levels at 0.9+0.2 and 2.90.2 
Mev in good agreement with the results of Davis 
and Hafner" and Dicke and Marshall. 


Iron, Nickel, Copper, and Fluorine 


When foils of iron, nickel, and copper were 
examined with Ey)=9 and 15 Mev, a broad band 
of proton tracks appeared in each case. Figure 7 
shows a typical picture obtained with iron. The 
proton band may be due to inelastic scattering, 
giving a number of unresolved overlapping lines, 
or it may be due to a three-particle disintegration 
of the compound nucleus, or to both. In the 
case of copper it is likely that some of the protons 
were from the Cu®(p,pm)Cu® reaction, because 
the yield from this process was found to be large 
when 16-Mev protons were used to bombard a 
thick target.'? The high energy edge of the proton 

10 R. N. Little, R. W. Long, and C. E. Mandeville, Phys. 
Rev. 69, 414 (1946). 

1K, E. Davis and E. M. Hafner, paper presented at the 
New York meeting of the American Physical Society, 
January 1948. 


12 A two-minute bombardment produced a strong 10.5- 
minute copper activity presumed to be due to Cu®. 


INELASTIC SCATTERING 





Fic. 7. Photograph taken with an iron scattering foil 
at Eo=14.9 Mev. and 6= 162°. 


band of copper corresponds to a first excited 
level at about 1.7 Mev. Values of 6.6 and 5.8 Mev 
were found for iron and nickel, respectively. In 
addition to the broad band, nickel pictures 
showed a very weak line corresponding to a level 
at 3.8+0.4 Mev. 

Sodium fluoride and strontium fluoride scat- 
terers gave patterns similar to those obtained 
with iron, with a ‘‘threshold”’ of about 5.0 Mev. 
This figure is too low to apply to the (p,pm) 
process in either sodium or fluorine, because cal- 
culations based on the known masses of Na”, 
Na”, F?®, and F!8 indicate Q values of about —12 
and —10 Mev, respectively. The masses of the 
iron, nickel, and copper isotopes are not known 
well enough for similar calculations to be applied 
to their cases. 

It is known from beta-ray spectrographic work 
that Fe®*® (92 percent) has levels at 0.845, 2.65, 
and 2.98 Mev.'* We find no evidence for them, 
but this is not surprising since the (p,m) threshold 
for Fe®* is 5.47 Mev,!3 while the Coulomb barrier 
is higher, about 6.8 Mev. 

We wish to thank Professors M. G. White and 
R. Sherr, and H. R. Muether for permission to use 
their results on N' before publication. We also 
wish to acknowledge the stimulating interest of 
members of this laboratory and the assistance of 
the cyclotron staff. 

This work was assisted by the joint program 
of the office of naval research and the atomic 
energy commission. 


Roughly speaking, the yields from the Cu"(p,pn)Cu® and 

Cu"(p,n)Zn® reactions were equal. 

194 3) G. Elliot and M. Deutsch, Phys. Rev. 64, 321 
3). 
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The decay curve of the delayed neutrons from U** after an approximately 10-millisecond 
irradiation is measured for times from 0.2 second to 10 minutes. This curve is resolved into 5 
periods, and their relative intensities are determined. When the data are converted to the con- 
ventional case of infinite irradiation, we may represent the decay curve on a relative basis by 


the following formula where ¢ is in seconds. 


N(t)=0.076 exp(—#/0.52)+0.279 exp(—#/2.5) 


+0.297 exp(—t/7.9)+0.294 exp(—#/32.4)+0.054 exp(—#/79.9). 


Indications of a 6-millisecond delayed neutron period are found. These 6-millisecond period neu- 
trons seem to amount to only 2 percent of the delayed neutrons when irradiated to saturation. 





I. INTRODUCTION 


T the end of 1944, O. R. Frisch e¢ al. built 

a chain-reacting assembly nicknamed ‘“The 
Dragon”’ at Los Alamos Laboratory. The essen- 
tial feature of Frisch’s device was that a slug of 
active material! was made to fall through a core 
of active material in such a fashion that momen- 
tarily a chain reaction sustained by the neutrons 
emitted instantaneously in fission (prompt neu- 
trons) alone took place. This gave rise to an in- 
tense burst of neutrons lasting a very short time; 


A= Active material 
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* This work was completed on April 6, 1945, and filed 
as a Classified report of the Los Alamos Scientific Labora- 
tory. The results only of this work were reported previously 
as a Letter to the Editor in this journal (Phys. Rev. 73, 
636 (1948)). 

** Now at Massachusetts Institute of Technology. 

*** Now at Harvard University. 

1 By active material is meant a mixture of U*®* and 
moderator, 


for example, the bursts lasted some milliseconds 
and gave rise to about 10" neutrons per burst. 

Delayed neutron periods of U*> had been 
measured by this time or were being worked on 
by several investigators,? but all these measure- 
ments were made with rather long irradiation 
times. In consequence, the resolution of the 
shorter periods was questionable. The dragon, or 
drop experiment as it was also called, was the 
first opportunity to realize exceedingly short ir- 
radiations of U5 and then measure the decay 
curve of the delayed neutrons. 


II. EXPERIMENTAL ARRANGEMENT 
A. General Set-Up 


In the drop experiment essentially three differ- 
ent assemblies were used. Such an assembly is 
sketched in Fig. 1 (not to scale). The “‘slug’’ con- 
tained about 10 percent of the active material. 
The three assemblies shall be referred to as as- 
sembly J, JI, and III. Their essential character- 
istics as they affect this investigation are given 
in Table I. . 

It will be noted that assemblies J and JI used 
a BeO reflector and consequently, in addition to 
the delayed neutrons, neutrons after the main 
pulse were produced by the y—™ reaction in Be. 

There were essentially two places where de- 
layed neutrons could be detected: (a) near the 
core (i.e., on the ‘“Table’’) or, (b), near the 


2 Snell, Nedzel, Ibser, Levinger, Wilkinson, and Sampson, 
Phys. Rev. 72, 541 (1947); W. C. Redman and D. Saxon, 
Phys. Rev. 72, 570 (1947); Hughes, Dabbs, Cahn, and 
Hall, Phys. Rev. 73, 111 (1948). 
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catcher box. If one observes the decay curve by 
means of a neutron-detecting device on the table, 
it has the advantage that one can record immedi- 
ately after the main burst is past; i.e., from about 
10 milliseconds on. The disadvantage of the table 
position is that it presents a distorted picture of 
the decay curve, since the core and reflector form 
a highly multiplicative system even without the 
slug; in addition, the, neutrons from the y—n 
reaction of the fission product y’s on the Be 
further distort the decay curve. 

A chamber which is placed near the catcher 
box and measures delayed neutrons emitted from 
the slug does not so distort the decay curve, but 
it does not permit the measurement of the source 
sooner than about 200 milliseconds after the 
main pulse, the time required for the slug to 
arrive and come to rest in the catcher box. 

In consequence of the above considerations it 
was decided to measure the true decay curve 
from 200 milliseconds on out by measuring the 
delays emitted from the slug in assembly JJJ, 
where no y— reaction or multiplicative system 
would interfere. 

To obtain an idea about possible delay periods 
in the region between several milliseconds and 
200 milliseconds, a neutron detector was located 
on the table in all three assemblies with the clear 
understanding that it might give a somewhat 


NEUTRONS FROM U?235 


8 Constructed by H. Daghlian and M. Holloway. 









TABLE I. Characteristics of the assemblies. 








Assembly * Effective width B 
No. Neutron reflector of main pulse 





I BeO 
II BeO—sheet of Cd between 
core and tamper 
III Graphite and polythene 


~3 milliseconds 








distorted picture but would show up any im- 
portant effects. 


B. Neutron Detecting and Recording 
Equipment 


The chambers used throughout were two flat 
U*5 fission chambers? filled with an argon-+CO, 
mixture and using electron collection for rapid 
response. 

For measurements on the slug, a chamber was 
placed close to the catcher box and surrounded 
by 2 to 3 inches of paraffin. The top and sides 
were covered with cadmium and paraffin to stop 
the neutrons emitted from the core on the table. 
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The table chamber was placed in different 
positions on the three assemblies. In assembly J 
and JJ it was placed at the interface of core and 
reflector; in assembly JJ, it rested on the outside 
of the polythene reflector. 

The amplifying and recording arrangement is 
depicted in a block diagram in Fig. 2. By suitable 
adjustments of the time constants the resolution 
of the system was made about $y-second.* Each 
stage represents a scale of two. As can be seen, 
three methods of recording were employed. For 
counts over many minutes, to obtain the long 
periods, a conventional mechanical counter was 
read at proper intervals and the interpolation 
lights recorded when necessary. For the recording 
of the decay curve after 200 milliseconds, use was 
made of a 6-channel Heiland recording galva- 
nometer. All six channels were used, since it was 
convenient to have different scales available at 
different time intervals. 

For the very short times the counts were put 
on the vertical deflection plates of a Dumont 
Model 247 oscilloscope, which was swept by a 
1000-cycle sweep and photographed by means of 
a General Radio camera.® ® 


Ill. EXPERIMENTAL RESULTS 


The results of this section will be presented 
under the headings ‘‘Slug’”’ and ‘‘Table’’ data: 


‘Our thanks are due the members of the Los Alamos 
Electronics Group, an: particularly to Matthew Sands for 
building much of the equipment and suggesting many of 
the techniques used. 

5 See Appendix for further details. 

® We are greatly indebted to B. Brixner for help in all 
photographic aspects of the problem. 


A. “Slug” Data 


In Fig. 3 the counting rate of the slug chamber 
as a function of time is shown for the time during 
which the slug falls, and slightly thereafter. It 
can be seen that the main pulse is recorded in 
spite of the shielding, since it is so strong; as a 
matter of fact, the scaler saturated during the 
peak of the pulse. As the slug approaches the 
catcher box and is decelerated in it, the counting 
rate rises again. When the slug comes to rest the 
counting rate begins to fall with the true decay 
period. It can be seen that from about 200 milli- 
seconds after the main pulse the curve can be 
trusted to represent the decay of the neutrons 
from the slug. 

Figures 4—6 show a composite curve obtained 
from three drops (drop numbers 526, 534, and 
537) on assembly JJI. The zero of time chosen 
corresponds to the midtime of the main pulse. 

Drops 526 and 537 were normalized to match 
drop 534. The arbitrary scale chosen for the Y © 
axis is thus counts/second on drop 534. The con- 
version factors for the other drops were: 


(534) /(526) =1.2210-, 
(534) /(537) =1.251 107. 


That is, the observed intensities were multiplied 
by these factors in order to obtain one curve 
for all three measurements. 

Since some of these counting rates were quite 
high, a counting loss correction was applied. This 
figure was obtained experimentally by making 
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the assembly supercritical and allowing the neu- 
tron intensity to rise with a period of about one 
second. This exponentially rising intensity was 
recorded and plotted on semilog paper; the devia- 
tion from a straight line gives the counting loss 
correction. In the drops 526, 534, and 537 the 
counting rate was never greater than 60,000 
counts/sec., where the correction was 3 percent. 


For drops 526 and 534 the records were taken 
from the Heiland camera, whereas drop 537 was 
recorded by reading the mechanical counter. 

A small background resulting from the pres- 
ence of a Po-Be source in the assembly was 
checked before each dfop and deducted. The 
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effect of delayed neutrons excited by preceding 


drops was always negligible. 
The accuracy of the plotted points is as follows: 


Drop 526: 2048 counts for each point. 

Drop 534: 3000-8000 counts for each point. 

Drop 537: up to 300 seconds—each point represents 15 
seconds counting; after 300 seconds—each 
point represents 30 seconds counting. 





“SLUG” 
Period Analysis Points 
Plotted Are “A” Minus 
(B+C) Yields 7.9 Second 


X= 534 
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Period: 7.9 sec. 











The smoothed curve drawn on Figs. 4-6 was 
the curve that best fitted these points. Support- 
ing evidence not presented here was gained from 
several additional drops, which showed tempo- 
rary breakdown of the scalar system but were 
trustworthy in certain limited time regions. 

The analysis into periods was performed by 
using the smoothed curve and ‘“‘peeling’’ succes- 
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B. “Table” Data 


ee. eee Figures 12-14 show three drops on assemblies 
Are TW Minus (B#C+D) I and IJ. They clearly indicate the presence of a 
(Called “t*) . short period. In order to analyze this portion of 
iii the curve we treat all other periods as a single 
one, as shown by the straight and almost hori- 
zontal line into which the curve merges. This is 
justified since the next period is very long com- 
pared with our time scale. In the insert of each 
of these figures are plotted the experimental 
points with the values from the straight line, 
representing the long periods, subtracted off. The 
points are rather inaccurate since each represents 
only 64 to 320 counts, save that the long-period 
line is much better established. Appropriate 
counting rate corrections were applied, but these 
were difficult to ascertain accurately for such 
enormous counting rates and were really guesses 
for rates above 200,000 counts/second. The aver- 
age value of the period is 6.341 milliseconds. 
Figure 15 shows two samples of the type of 
curves obtained with assembly JJI. The left side, 
_ ee i.e., the rise of the main burst, was plotted for 
eo ee er ae one drop only. The short period is much less in 
Fic. 10. 
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sive periods in the conventional fashion. Figures 
7-11 serve to illustrate this process and show the Period Analysis Points 
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Table II shows the result of this analysis. We 
represent the counting rate as a function of 
time by 


N(t) =; Aoi exp(—t/r;), 


where 200 milliseconds<t<10 minutes. Ao; is 
thus the intensity of the period 7; at zero time. 

Since it is conventional to represent this curve 
in case of irradiation to saturation, we convert 
our relative intensities to this standard. Since 
our irradiation was infinitely short compared 
with any of the periods in Table I, we merely 
have to form the product Aor; to achieve this 
purpose. The column entitled r; normalizes the 
products Aor; so that }>;7;=1. The probable 
errors indicated on the periods obtained are 
guesses based on the ‘peelings’ as shown and 
on evidence from the analysis of drops not pre- 
sented here. Fic. 11. 
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evidence here. However, this is to be expected 
since the main pulse is much broader and hence 
the short period would have decayed consider- 
ably by the time at which it becomes possible to 
observe it. The dotted curves indicate the inten- 
sity expected on the basis of a 6.3-millisecond 
period with an intensity averaged from Figs. 
12-14, and it is seen to agree reasonably well 
with the observed points. 

In calculating the curve, allowance was made 
for the different length of irradiation in the 
different assemblies. The rise and fall of the 
neutron intensity during the main burst -corre- 
sponds to a Gaussian’ function exp(—#/B?), 
where B is the equivalent width of the burst as 
given in Table I. If a neutron emitter of period r 
is produced by such an irradiation, the activity 
at the time ¢(#>>B?) is Ao exp(—t/r) exp(B?/47’), 
where Ap is the initial activity which would be 
produced by an infinitely short irradiation of the 
same integrated intensity. The correction factor 
exp(B?/47?) is 1.02 for r=6.3 milliseconds and 
B=3 milliseconds (assemblies J and JJ), and 
1.275 for r=6.3 milliseconds and B=11 milli- 
seconds (assembly JJJ). Hence the intensity of 
the short period was multiplied by 1.275/1.02 
=1.25 before constructing the dotted line in 
Fig. 15. 

The fact that all these assemblies indicate a 
short period of about the'same length and inten- 
sity makes it seem unlikely that it should be 
spurious. If it were, for instance, caused by neu- 
trons which have been diffusing in the neutron 
reflector for some time, it should be most promi- 
nent in assembly JJJ, in which thermal neutrons 
are very important, and least in assembly JJ, in 
which they hardly contribute to the reaction. If 
it were caused entirely by a y—™ reaction in the 
BeO tamper, it should be absent in assembly JIT. 
On the other hand, 7-rays of a similar period have 
been found by P. B. Moon,® and these may pro- 
duce some photo-neutrons in assemblies J and JJ, 
which would contribute to our short period. 

The initial intensity of the short period after 
an infinitely short irradiation is about 10 times 


™This follows from theory and is borne out by the 
measurements on the dragon; O. R. Frisch, private 
communication. 

8 Private communication. 





that of the other periods together. If irradiated 
to equilibrium however, it amounts to only 2 
percent of all delayed neutrons, or about 0.01 
percent of all the neutrons. 
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TABLE II. Results of analysis into periods. 


TABLE III. Comparison of results with those of Hughes.* 











v% Aa Aoiri vi 
79.9 +1.0 seconds 2.99 239 0.054 
32.4 +0.6 seconds 40.0 1296 0.294 
7.9 +0.5 seconds 165 1308 0.297 
2.5 +0.3 seconds 490 1225 0.279 
0.52+0.1 seconds 640 333 0.076 








IV. DISCUSSION OF RESULTS 


A comparison of the above results with the 
measurements of D. J. Hughes et al.! is shown in 
Table III.° 

It is seen that the results are in substantial 
agreement in the delayed neutron periods re- 
ported. However, the discrepancies in the values 





Fic. 16. Typical oscilloscope pattern. 


_ * We have compared our values with those of Hughes, 
since his measurements are the most recent, and have been 
corrected for the different energies of the delayed neutron 
periods. We have not included the very short 6.3-milli- 
second period in our results, nor the 50-millisecond period 
reported by Hughes, in computing the r;’s. 





This paper Hughes 
Ti ri vi ri 
79.9 0.054 80.2 0.035 
32.4 0.294 31.7 0.227 
7.9 0.297 6.51 0.292 
2.5 0.279 2.19 0.330 
0.52 0.076 0.62 0.116 








* See reference 1. 


of r; are greater than the experimental errors of 
these measurements would seem to warrant. Only 
part of this discrepancy can be attributed to the 
inherent inaccuracies of the “‘peeling’’ technique. 
The explanation for the divergence in the re- 
ported r,’s probably lies in the fact that the 
energies of the delayed neutrons emitted in the 
different periods vary over a rather wide range.'° 
Hence, for an absolute evaluation of the strengths 
of the various periods, account must be taken of 
the varying efficiency of the neutron detectors 
used with the energies of the different delayed 
neutron periods. Such corrections have not been 
applied to our measurements, while the values of 
Hughes ef al. are corrected for the energies of the 
delayed neutrons. 

Although the evidence for the 6.3-millisecond 
delay period seems rather strong, the fact that 
the effect measured is a very small tail on the 
exceedingly strong primary neutron pulse makes 
the interpretation of the results rather uncertain. 
We cannot, therefore, claim great accuracy for 
either the value of the period or for its relative 
intensity. Certainly we cannot exclude the possi- 
bility that the period observed is really a super 
position of many short periods. 

Our experiments show no evidence for a 50- 
millisecond delayed neutron period, as reported 
by Hughes et al. While the accuracy of our meas- 
urements of the 6.3-millisecond group is not very 
great, and it would have been quite difficult for 
the above-mentioned authors to have observed 
such a short period, it seems unlikely that we 
would have missed a 50-millisecond period of the 
intensity reported by them. 

We would like to thank Professor O. R. Frisch 
for helpful advice during the course of this 
experiment. 

This paper is based on work performed at the 


10 See the paper by D. J. Hughes of reference 1 for values. 








Los Alamos Scientific Laboratory of the Uni- 
versity of California under Government Contract 
No. W-7405-eng-36, and the information con- 
tained therein will appear in Division V of the 
National Nuclear Energy Series (Manhattan 
Project Technical Section) as part of the contri- 
bution of the Los Alamos Laboratory. 


APPENDIX 


Figure 2 shows that the plate of the 5th “‘Higginbotham”’ 
Scaler was tapped and the signal fed to the vertical sweep 
plates of a blue-screen 5-inch DuMont oscillograph, Model 
247. On the horizontal plates a specially built linear sweep 
was imposed and adjusted to a frequency of 1000 cycles/ 
second. The screen was photographed by means of a con- 
tinuously moving film, with the film moving vertically. The 
camera used was a General Radio Company oscillograph 
camera. The developed films showed a pattern like the 
sample shown in Fig. 16. 

This pattern can be interpreted easily, since the first 
stage of the scaler contains a “‘flip-flop”’ circuit, and conse- 
quently its output changes from a maximum to a minimum 
and back to a maximum with successive pulses. Thus.a 


CAPTURE PROBABILITY OF MESOTRONS 1337 


shift of the height of the line on the scope (or film) will 
indicate that a pulse has registered. It should be clearly 
understood that with the use of this scheme the length of 
time between ‘‘breaks”’ (i.e., shifts in line-height) is the 
time elapsed between the appearance of two consecutive 
pulses and not the duration of a single pulse. 

It is important that the sweep return be very fast in 
order that pulses may not be lost between the end of one 
and the beginning of another sweep. Since a signal pulse in 
between two sweeps is easily detected because of the shift 
in line-height, and, further, since two pulses within that 
time are rather unlikely because of the limitations in the 
resolving time of the amplifier, this sweep was found en- 
tirely adequate. Both the sweep and incoming signal were 
put directly on the respective sets of plates of the oscillo- 
scope in order to by-pass the comparatively long time 
constants of the internal scope amplifiers. The incoming 
pulse height was regulated by means of a volume control 
between scaler and oscilloscope. It was so adjusted as to 
make the pulse height about a quarter of the distance be- 
tween consecutive sweeps on the film, as can be seen in 
Fig. 16. This volume control had to be varied, of course, 
when a different film speed was used. The developed film 
is easily read on a Recordak Microfilm Reader. 
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o 


Disintegration curves of positive and negative mesotrons stopping in H2O, NaF, Mg, Al, 
and S have been determined. The relative counting rates of positive and negative disintegration 
electrons support the view that the change of the mean life of negative mesotrons can be 
interpreted as due to a competition between the processes of spontaneous disintegration and 
nuclear capture. The mean-life values of positive mesotrons in the various materials are in 
agreement and yield a mean of r4=2.11+0.10 usec. From the mean life values of negative 
mesotrons the capture probabilities of mesotrons in the neighborhood of the absorber nuclei 
are calculated and shown to obey an empirical law of the form kZ* with a=3.7+0.85. 


INTRODUCTION 


WO years ago, the author carried out a 
determination of the mean life of cosmic- 
ray mesotrons at an altitude of 11,500 feet! to 
investigate whether there might exist a variation 
of the mean life with altitude. The experimental 
method was similar to that used by Nereson and 
Rossi.2 The absorber stopping the mesotrons 
* Assisted by the joint program of the Office of Naval 
esearch and Atomic Energy Commission. 


1H. Ticho, Phys. Rev. 72, 255 (1947). 
* N, Nereson and B. Rossi, Phys. Rev. 64, 199 (1943). 


was aluminum, and the mean life obtained was 
1.78+0.10 usec. However, since a sea level check 
of the apparatus also yielded a value slightly 
lower than 2.15+0.07 usec., the best sea level 
value of Nereson and Rossi, an altitude variation 
of the mean life could not be considered as 
established. When the results of the experiment 
of Conversi, Pancini, and Piccioni on the disinte- 
gration of negative mesotrons in light materials 
became known,** it seemed more reasonable to 


** Private communication by Prof, Amaldi, 
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attribute the reduced values of the mean life 
both at sea level and at the high altitude to a 
contribution to the disintegration curve of nega- 
tive mesotrons with an apparently shorter mean 
life. Ticho and Schein‘ calculated that such a 
shortened mean life of negative mesotrons would 
result if the probabilities for capture and spon- 
taneous disintegration were comparable and if 
the two processes proceeded independent of each 
other. 

In 1940, Tomonaga and Araki® calculated on 
the basis of meson theory that mesotrons stop- 
ping in a solid absorber should be captured by 
the nuclei within 10-"* second. This time interval 
is small compared to the mean life of mesotrons ; 
hence, they concluded that all negative mesotrons 
stopping in a solid absorber should be captured. 
Positive mesotrons are repelled by the Coulomb 
field of the absorber nuclei; consequently they 
should disintegrate. Experiments by Rasetti,® 
Nereson and Rossi,? and Ticho! seemed to con- 
firm this prediction. These authors found that 
the counting rate of observed disintegration 
electrons was roughly one-half of the counting 
rate of mesotrons stopping in the absorber. This 
was interpreted as being due to the fact that 
while in the cosmic radiation near sea level 
positive and negative mesotrons are’ about 
equally abundant, only the positive mesotrons 
give rise to disintegration electrons. For this 
determination, the authors mentioned above 
used aluminum absorbers; but because of the 
uncertainty in the range of the disintegration 
electrons, the results merely indicated a trend. 

This qualitative agreement with theory dis- 
appeared when Conversi, Pancini, and Piccioni’ 
actually separated positive and negative meso- 
trons by means of magnetized iron bars and 
showed that while in iron, as predicted, only 
positive mesotrons disintegrated, in carbon dis- 
integrations of both positive and negative meso- 
trons occurred in about equal numbers. This 
result was later confirmed by Sigurgeirsson and 
Yamakawa,* and Valley. These authors also 

3H. Ticho, Phys. Rev. 71, 463 (1947). 

4H. Ticho and Marcel Schein, Phys. Rev. 72, 248 (1947). 

5S. Tomonaga and G. Araki, Phys, Rev. 58, 90 (940) 


*F, Rasetti, Phys. Rev. 60, 198 (1941). 

7M. Conversi, E. Pancini, and O. Piccioni, Phys. Rev. 
71, 209 (1947). 

8 T. Sigurgeirsson and A. Yamakawa, Phys. Rev. 71, 
319 (1947). 
*G, Valley, Phys. Rev. 72, 772 (1947). 
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proved the existence of this effect in other light 
materials. 

Such a result could be interpreted in two ways. 
The interval between the time when the negative 
mesotron enters the absorber and the time when 
it stops close to the nucleus may be comparable 
to the natural mean life; or, the probability for 
capture of a negative mesotron within the range 
of nuclear forces may be comparable to the 
probability for spontaneous disintegration. 

The processes, by which a heavy charged 
particle continues to lose energy when it does not 
have sufficient energy to cause ionization or 
excitation of the absorber nuclei, were investi- 
gated by Wheeler, Fermi, Teller, and Weiss- 
kopf," and discussed in detail by Fermi and 


_ Teller.2 Fermi and Teller! showed that both in 


conductors and insulators a mesotron of 2000 ev 
loses the remainder of its kinetic energy and 
drops into a mesotronic K-shell within 10-"- 
second. This time interval is negligible compared 
to the mean life and hence the first interpretation 
above must be abandoned. It was shown," how- 
ever, that the second interpretation implies 
disagreement with meson theories by a factor 
of 10". 

The present experiments were carried out to 
investigate the disintegration of negative meso- 
trons in more detail—to establish conclusively 
the existence of a change in their mean life and 
to examine the dependence of this change of the 
mean life upon the atomic number Z of the 
absorber. 


ANALYSIS OF THE MEAN-LIFE CHANGE 


Let No~ be the number of negative mesotrons 
stopping in an absorber. Within 10-” second 
they lose the remainder of their energy and fall 
into K-orbits of the absorber nuclei. They may 
disappear from this orbit in two ways: they may 
disintegrate spontaneously and eject disintegra- 
tion electrons or they may be captured by the 
nucleus. According to Ticho and Schein,‘ the 
number dN-, disappearing in a time interval di 
is proportional to the sum of the probabilities per 
unit time for disintegration \ and for capture A, 


—dN-=(\+A)N-dt. (1) 


10 J, A. Wheeler, Phys. Rev. 71, 320 (1947). 

1E. Fermi, E. Teller, and V. Weisskopf, Phys. Rev. 
71, 314 (1947). 

2 FE. Fermi and E. Teller, Phys. Rev. 72, 399 (1947). 
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If a(Z) is the probability of observing a disinte- 
gration electron emitted in the absorber and b(Z) 
the probability of observing the particles, if any, 
emitted immediately after capture, 


Nove (t) = No-[(Aa(Z) +A0(Z))/(A+A) ] 
Xexp[—(A+A)é]. (2) 


Thus both processes proceed with a changed mean 
life 1/(A+A). For positive mesotrons, which pre- 
sumably disintegrate with the same constant d 
as the negative ones and yield disintegration 
electrons of the same energy, the corresponding 
equation reads 


Novst (#) - Nota(Z) exp(—2é). (3) 
From these two equations, at ¢=0, 
Novst/Novs =[1/e]L(A+A)/(A+e(Z)A)]: (4) 


Here e=No-/Not=0.82 is the ratio of the 
intensities of mesotrons of opposite polarities in 
the cosmic radiation at sea level, and c(Z) 
=6(Z)/a(Z). Ordinarily, it is assumed that in 
an apparatus of the type to be described no 
observable particles result from capture. Hence, 
b(Z) =c(Z) =0. 


€(Novst/Novs) = (A+A)/A=74/7-. (S) 
In the last equation 7, =1/A=2.15 usec., 
7~=1/(A+A). 


According to Wheeler,!® the capture proba- 
bility should increase approximately with the 
fourth power of the atomic number Z of the 
absorber. The probability for capture per unit 
time is given by the product of the probabilities 
A,, that a mesotron which is the K-orbit is in 
the nucleus, and A,, that a mesotron within the 
nucleus is captured 


r0 
A=A,A,= of Yo *Yod t~4r°A./3a0’. (6) 
0 ’ 


In the equation above, ro is the radius of the 
absorber nucleus, Wo is the wave function .of the 
mesotron in the K shell, and ad» the Bohr radius 
of the orbit. Substituting appropriate numbers 


A=4.6X10~7A.Z'. (7) 
DISCUSSION OF THE INSTRUMENT 


A cross-sectional view of the counter tube 
assembly is shown in Fig. 1. The apparatus was 
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Fic. 1. Cross-sectional view of the magnetic lens, absorber, 
and counter tube assembly. 


designed to concentrate either positive or nega- 
tive mesotrons by means of a magnetized-iron 
lens and to record the individual lifetimes of 
those mesotrons which stop in the absorber. 
The measurement was performed by determining 
the time interval between the firing of counter 
tube S and any one of the counter tubes D, 
provided the pulse from counter tube S was in 
coincidence with an anticoincidence (C4, Cz, 
Cc, —A). The anticoincidence counter tubes A 
did not cover the solid angle subtended by Ca, 
Cz, and Ce completely in the axial direction. 
They served mainly to reduce the counting rate, 
caused by single particles passing through the 
entire apparatus. The counter tubes D were 
situated just outside the solid angle defined by 
the counter tubes Cz and S. It appeared prefer- 
able to have the beginning of the time interval 
measurement started by the pulse from a single 
counter tube S, rather than by the anticoinci- 
dence pulse (C4, Cs, Cc, —A). Any counter 
tube exhibits random natural time lags between 
the time when the ionizing particle passes 
through it and the time when the pulse is regis- 
tered. A coincidence circuit can operate only 
after it receives the last pulse from its associated 
counter tubes; the spread of time intervals at 
which this Jast pulse occurs is therefore neces- 
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Fic. 2..Schematic diagram of the magnetic lens. 


sarily larger than the spread of delays of a single 
counter tube. 

The Geiger-Mueller counter tubes were of the 
all-metal type and were filled with a 90 percent 
argon, 10 percent alcohol mixture to a total 
pressure of 12.6 cm Hg. The 1-in. counter tubes 
in Fig. 1 had an active length of 24 in.; the 2-in. 
anticoincidence counter tubes had an active 
length of 36 in. The center wire was made of 
5-mil Kovar metal. The D counter tubes had a 
0.38-mm brass cylinder cathode. All the counter 
tubes were operated close to the upper ends of 
their plateaus. 

Mesotrons of one polarity were selected by 
means of a magnetic lens, similar to the one 
used by the Rome group." This lens, shown 
schematically in Fig. 2, consisted of twe Armco 
magnetic iron bars which were placed side by 
side to form a complete magnetic circuit and 


hollowed out on the inside faces to accommodate 
the coil windings. With the magnetic field as 
indicated in Fig. 1, low energy negative meso- 
trons are concentrated on the absorber below; 
by reversing the exciting current in the coils the 
magnetic field could be reversed so that positive 
mesotrons were collected and negative ones 
dispersed. The magnetic field in the bars was 
14,700 gauss, close to saturation for Armco iron. 
A representative trajectory for a field of 14,700 
gauss is shown in Fig. 1. Obviously, high energy 
(>1 Bev) mesotrons pass through the lens what- 
ever their polarity; however, such high energy 
particles cannot stop in the absorber below. In 
fact, when the lens concentrates mesotrons of 
one polarity, mesotrons of the opposite polarity 
can establish a coincidence (C4, Cz, Ce, S) only 
if, upon emerging from the lens, their residual 
energy is /arger than 160 Mev. Mesotrons of such 
large energies could not stop in any one of the 
absorbers which were employed in this series of 
experiments. The HO, NaF, Mg, Al, and S 
absorbers all had a thickness of 12.5 cm; the 
mesotron energies, corresponding to a range of 
12.5 cm in the absorbers are listed in column 4 
of Table I. The conclusions regarding the exclu- 
sion of mesotrons of the undesired polarity are 
rendered less definite by the scatterings which 
the mesotron may undergo during its passage 
through the iron. It has been shown" that in a 
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Fic. 3. Block diagram of the 
timing circuit. 











18 Bernardini, Conversi, Pancini, Scrocco, and Wick, Phys. Rev. 68, 109 (1945). 
4G, Bernardini, M. Conversi, E. Pancini, and G. C. Wick, La Ric. Scient. 12, 1227 (1941). 
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lens of this sort the mean angle of scattering is 
about 0.4 of the angle of magnetic deflection. 
The effectiveness of the lens in barring mesotrons 
of the ‘‘wrong’”’ polarity will be discussed further 
as the results of the measurements are presented. 

A block diagram of the timing circuit is shown 
in Fig. 3. The pulses from the counter tubes C4 


connected in parallel, counter tubes Cz, counter ” 


tube Ce, and counter tubes A are applied to an 
anticoincidence circuit which then “turns on” 
the electron beam of a 5CP11A cathode-ray 
tube and also actuates the camera rewinding 
circuit. The beam remains turned on for 7 usec. 
The pulse from counter tube S actuates a saw- 
tooth generator which produces a balanced linear 
sweep which lasts 8 usec. The pulses from the 
ten counter tubes D are combined in a cathode- 
follower mixing circuit to avoid the reduction in 
pulse rise speed due to increased shunt capacity 
which results when many counter tubes are 
operated in parallel. The pulse from the mixer 
is applied to a delay circuit of the type discussed 
by Chance.!® This circuit delays the pulse for a 
fixed time interval before it is applied to one of 
the vertical deflecting plates of the oscillograph 
tube. This delay circuit permits the zero point 
of the time scale to be set so that the pulse of a 
counter tube D always appears on the sweep 
after the anticoincidence pulse had turned on 
the electron beam. The zero was normally set 
to about 1 usec. from the starting point of the 
sweep. Thus by means of this circuit al] delays 
between 0 and 6 usec. could be recorded. The 
traces were photographed on Super XX film by 
means of a special camera which employed a 
coated Ektar f:2 lens. 

Since in this apparatus the anticoincidence 
monitor circuit and the circuits starting and 
terminating the time interval measurement were 
electrically independent, the calibration consisted 
of two entirely separate steps: (a) the calibration 
of the writing speed of the sweep and (b) the 
determination of the zero point of the time scale. 
The sweep was calibrated automatically every 
hour, when for one minute the timer in Fig. 3 
opened a gate such that marker pips derived 
from a 1-megacycle crystal oscillator were applied 
to the one remaining deflection plate of the 





16 Britton Chance, Rev. Sci. Inst. 17, 396 (1946). 
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TABLE I. 
1 2 3 4 

Material Density Range Energy 

H:0 1.00 g/cm? 12.5 cm 52 Mev 

NaF 1.30 g/cm’ 12.5 cm 56 Mev 

Mg 1.74 g/cm? 12.5 cm 68 Mev 

S 2.07 g/cm? 12.5 cm 75 Mev 
‘Al 2.70 g/cm? 12.5 cm 99 Mev 








cathode-ray tube. During this one-minute period 
the timer also disconnected the anticoincidence 
tubes A to increase the counting rate. Figure 4 
shows a sample of the photographic record of 
the timing circuit; sweep calibration traces 
appear at the bottom. In the six months, during 
which the measurements were carried out, the 
writing speed of the sweep never varied by more 
than two percent over the 24-hour periods during 
which the apparatus ran unattended. 

The zero point of the time scale was deter- 
mined at the beginning and at the end of each 
24-hour period by disconnecting the counter 
tubes A, removing the absorber from its place, 
and transferring one of the counter tubes D into 
the solid angle defined by the telescope Ca, Ca, 





Fic. 4. Sample photographic record obtained from the 
timing circuit. Traces a are produced by anticoincidences 
(eae Cz, Cc, S, —A); trace 6 is due to an anticoincidence 

Ca, Ca, Co, S, D, —A); trace ¢ is caused by an anti- 
coincidence (Ca, Cz, Cc, S, —A) and a disintegration 
electron ejected with a delay of 1.75 wsec.; traces d are 
sweeps with 1-ysec. marker pips. 
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Ce, and S; then counter tubes S and D should 
be tripped simultaneously by single particles 
passing through the entire apparatus, and zero 
time intervals should be recorded. However, due 
to the random delays in the counter tubes them- 
selves, there results, instead of a single value, 
a distribution of readings. The average of this 
distribution was defined as the “true zero.” 
Data were rejected if the averages obtained at 
the beginning and at the end of a 24-hour 
run differed by more than 0.05 usec. ; in general, 
the averages agreed within 0.03 usec. The delays 
due to the lags in the counter tubes are, of course, 
independent of the time when the two counter 
tubes are tripped. Therefore, it.is proper to 
consider the delay distribution curve obtained 
with a true delay of zero as the error curve 
which applies to any time interval reading. Such 
a delay distribution curve, with the data of all 
the counter tubes D added, is shown in Fig. 5; 
the probable error is 0.05 usec. 

Aside from indicating the error in each lifetime 
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measurement, the delay distribution curve puts 
a limit on the smallest time intervals for which 
a disintegration curve obtained by this apparatus 
remains valid. First of all, an observed delay 
between 0 and 0.25 usec. can be produced by a 
lag in one of the counters D associated with a 
simultaneous event such as a shower. Further- 


‘more, Rossi and Nereson!* have shown that if 


the delay distribution curve is represented by 
f(t’), a function which is zero for t;<?’, and for 
te>t', then the decay curve is given by 


+0 
N(t) =Noexp(—) f f() exp(at)d?, 


provided ¢>¢#;. In the region ¢>¢, the counter 
lags affect the decay curve only in changing its 
amplitude; in the region ¢<¢,, the integral be- 
comes a function of ¢;. In the experiments to be 
described, only time interval measurements 
larger than 0.35 usec. were accepted as due to 
disintegrations. 
The multiplicative constant 


F(A) = f “H(0) exp(At’)dt’ 


must be considered if counting rates of disinte- 
gration electrons resulting from decay processes 
with different life times are to be compared. If 
the delay distribution curve in Fig. 5 is repre- 
sented by a Gaussian error curve with a precision 
modulus h=107 sec.-!, then F(A) =exp(A?/4h’) 
~1+4(d/h)*. The smallest mean life obtained 
in this series of measurements is about 0.5 usec., 
hence F(A)=-~1.010. This correction is small 
compared to other errors and will be neglected. 

On the average, 22 anticoincidences (Ca, Ca, 
Cc, S —A) were registered per hour. Of those, 
15 weré not accompanied by any pulse from the 
counter tubes D, in six cases one of the counter 
tubes D was discharged simultaneously, and one 
anticoincidence was accompanied by a delayed 
firing of a counter tube D due to a disintegration. 
From the 15 simple anticoincidences per hour 
and the counting rate of 60 pulses per second of 
all the counter tubes D in parallel one deduces 
that the rate of spurious delays, caused by an 
anticoincidence (Ca, Cs, Cc, S—A) and a 


16 B. Rossi and N. Nereson, Phys. Rev. 62, 417 (1942). 
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TABLE II. 








7 8 9 10 11 


2 3 4 5 
Time of Total number 
Atomic observa- of decay 


num- tion in electrons Correction 


Counting rate Mean life + Capture 
per hour in micro- 


ber Charge hours observed factors* eN,, N- seconds 


probability 
10-5 sec.** v4/T¥* eN,/N- 





gee + 77.5 135412 0.82/0.75 1.90+0.16 2.19+0.30 
— 277.8 333418 1.00/0.76 1.58+%0.09 1.8940.15 0.65+0.4 


10.1¢ + 102.0 174414 0.82/0.72 1.9340.14 2.14+0.27 
— 201.3 171413 1.00/0.73 1.1640.09 1.2840.12 3.2 +0.6 


12 158.3 307418  0.82/0.75 2.114012 2.14+40.21 
445.5 330+18ff 1.00/0.63 1.18+0.06 0.96+0.06 5.8 +0.6 


0.82/0.73 2.75+0.15 2.04+0.18 
397.1 256+16ff¢ 1.00/0.59 1.10+0.07 0.7540.07 8.7 +1.1 
0. 


82/0.79 2.00+0.14 2.1340.25 
473.9 167413tt 1.00/0.63 0.5740.06 0.54+40.12 13.943.3 


13 137.4  339+18 


16 105.5 202+14 


1.14+0.09 1.20+0.12 
1.68+0.17 1.66+0.17 
2.24+0.16 1.79+0.14 
2.9 +0.3 2.5 +0.2 


4.0 +0.7 3.5 +0.4 








* Numerator corrects positive excess, denominator corrects for decay times beyond the limits of the time interval under observation. 


** 7, =2,.15-+0.07 usec. used throughout. 

*** Only oxygen is effective. See text. é 

+ Average Z according to Fermi and Teller (reference 12). 

tt Corrected for an inefficiency of the magnetic lens of four percent. 


subsequent, unrelated firing of a counter tube D, 
was 4.5107? per hour. 


EXPERIMENTAL RESULTS 


In the course of this series of experiments the 
mean life of positive and negative mesotrons was 
investigated in water, sodium fluoride, mag- 
nesium, aluminum, and sulfur. The counting 
rates of positive and negative disintegration 
electrons were determined at the same time. 
Table II summarizes the results obtained. All 
the mean-life values and their errors, listed in 
column 8, except those given for negative meso- 
trons stopping in aluminum and in sulfur, were 
computed by means of the statistical method of 
Peierls.17 The mean-life data of positive meso- 
trons from all the materials investigated com- 
bined yield 74 =2.11-+0.10 usec., in good agree- 
ment with the best value reported by Nereson 
and Rossi,? namely 2.15-+-0.07 usec. 

The total numbers of positive and negative 
disintegration electrons observed in each material 
are listed in column 5. In order to make the 
counting rates of positive and negative disinte- 
gration electrons coming from each material 
comparable, they had to be corrected so that 
they referred to equal numbers of mesotrons 
stopping in the material. The correction factor, 
in column 6, shows how this correction was 


17R, Peierls, Proc. Roy. Soc. 149, 467 (1935). 


applied ; the numerator normalizes the counting 
rate with respect to the excess of 20 percent of 
positive mesotrons present in the hard compo- 
nent at sea level—the denominator corrects for 


SECONDS 


Fic. 6. Disintegration curves of positive and negative 
mesotrons stopping in water. The disintegration curve of 
negative mesotrons is plotted accurately ; the disintegration 
curve of positive mesotrons is plotted normalized, such 
that both curves represent the same numbers of mesotrons 
stopping in the absorber. 
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T_*1.2820.12x10~sec. 


SECONDS 


Fic. 7. Disintegration curves of positive and negative 
mesotrons stopping in sodium fluoride. The disintegration 
curve of negative mesotrons is plotted accurately; the 
disintegration curve of positive mesotrons is plotted 
normalized, such that both curves represent the same 
numbers of mesotrons stopping in the absorber. 


disintegrations corresponding to decay times 
outside the time interval under observation. 

In the integral disintegration curves which 
follow the data pertaining to negative mesotrons 
have been plotted accurately; the data for posi- 
tive mesotrons were plotted normalized to those 
of the negative mesotrons so that both curves 
refer to the same number of positive and negative 
mesotrons stopping in the absorber. 

Figure 6 shows the disintegration curves with 
water used as absorber. The water was kept in a 
copper container of 0.5 g/cm?* wall thickness. 
When the mesotron stops in the vicinity of a 
hydrogen nucleus, the two particles form a 
neutral system and it is easily shown that within 
2 usec. this neutral system makes several thou- 
sand collisions with oxygen nuclei in which the 
mesotron may attach itself to the oxygen. Hence 
it may be safely assumed that all the disintegra- 
tion electrons observed aré due to mesotrons 
which disintegrated in the neighborhood of oxy- 
gen nuclei.? The mean life r_-=1.89+0.15 usec. 


therefore corresponds to the mean life of negative 
mesotrons stopping in oxygen. 
_ The sodium fluoride absorber used to obtain 


the decay curves of Fig. 7 consisted of NaF . 


powder pressed to a density of 1.3 g/cm’ in a 
Bakelite container of 0.25 g/cm? wall thickness. 
Fermi and Teller! have shown that the proba- 
bility that a mesotron stops in the neighborhood 
of any atom of a chemical compound is directly 
proportional to the atomic number of this atom. 
The mean life r_=1.28+0,12 usec: may there- 
fore be regarded as resulting when negative 
mesotrons are stopped in an absorber consisting 
of an element with Z=10.1. 

Figure 8 shows the disintegration curves of 
positive and negative mesotrons stopping in mag- 
nesium. From the disintegration curve of nega- 
tive mesotrons one obtains r_=0.96+0.06 usec. 

When the mean life of negative mesotrons 
was measured in aluminum and in sulfur, the 
inefficiency of the magnetic lens in barring meso- 
trons of the opposite polarity became noticeable. 
This can be seen by examining the upper sets of 


—Mg 


as 


%_=0.9640.06xI0~ sec. 


1.0 2.0 3.0% 
SECONDS 


Fig. 8. Disintegration curves of positive and negative 
mesotrons stopping in magnesium. The disintegration 
curve of negative mesotrons is plotted accurately; the 
disintegration curve of positive mesotrons is plotted 
normalized, such that both curves represent the same 
numbers of mesotrons stopping in the absorber. 
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points on the decay curves of negative mesotrons 
in Figs. 9 and 10; in both cases after a time 
interval of about 1.5 ysec. more mesotrons seem 
to remain than the original slope of the disinte- 
gration curve would require. In either case the 
departure from linearity is only slightly outside 
the statistical error; but the fact that this 
deviation is observed only in the two cases when 
the negative mesotrons disappear most rapidly 
strongly suggests a slight admixture of positive 
mesotrons as the cause. Consequently, from the 
decay curves observed ‘a decay curve was sub- 
tracted whose slope corresponded to 2.15 usec. 
and whose amplitude was adjusted such as to 
make the difference curve linear. The lower sets 
of points in Figs. 9 and 10 were obtained by such 
a subtraction and they yield z_=0.75+0.07 usec. 
for aluminum, and 7r_=0.54+0.12 usec. for 
sulfur. This procedure appears less arbitrary in 
the light of the facts (a) that for both aluminum 
and sulfur it was necessary to assume an ineff- 


Al 


0.82 uSec. 


SECONDS 


Fic. 9. Decay curves of positive and negative mesotrons 
stopping in aluminum. The curve whose slope corresponds 
to a mean life of 0.82 usec. was obtained for negative 
mesotrons. The curve below is the same curve corrected 
for an admixture of four percent of positive mesotrons. 
The disintegration curve rove Te mesotrons is plotted 
accurately; the disintegration curve of positive mesotrons 
is plotted normalized, such that both curves represent 
the same numbers of mesotrons stopping in the absorber. 


Ss 
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SECONDS 


Fic. 10. Disintegration curves of positive and negative 
mesotrons stopping in sulfur. The curve whose slo 
corresponds to a mean life of 0.66 usec. was obtained ie 
negative mesotrons. The curve below is the same curve 
corrected for an admixture of four percent of positive 
mesotrons. The disintegration curve of negative mesotrons 
is plotted accurately; the disintegration curve of positive 
mesotrons is plotted normalized, such that both curves 
represent the same numbers of mesotrons stopping in the 
absorber. 


ciency of four percent to make the difference 
curves linear, and (b) that a short measurement 
in which the aluminum was replaced by an 
equivalent amount of lead, in which no negative 
mesotrons should disintegrate also yielded an 
inefficiency of the magnetic lens of four percent. 
Finally, in these two cases, the errors of the mean- 
life values have been increased beyond those given 
by Peierls’ statistics such that they include the 
mean lives exhibited by the disintegration curves 
before the correction was applied. The mean life 
of negative mesotrons in aluminum is in good 
agreement with the result of Valley and Rossi,'* 
0.74+0.17 usec. The disintegration curve of 
negative mesotrons in magnesium has not been 
corrected for the inefficiency of the magnetic 
lens since here this correction is smaller than the 
statistical error; the correction was applied to 
the counting rate of disintegration electrons. 


18 G, E. Valley and B. Rossi, Phys. Rev. 73, 177 (1948). 
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Fic. 11, The measured probabilities for nuclear capture 
per unit time plotted as a function of the atomic number, 


and a least squares curve of the form kZ¢ fitted through | 


the points. 


For the mean-life measurements the sulfur was 
cast in a copper vessel of 0.5 g/cm? wall thickness. 
In this case it seemed very desirable to extend 
the time interval under observation into the 
region which was previously excluded because of 
the presence of natural counter tube lags. Hence 
the apparatus was operated without any absorber 
and the delays thus observed were subtracted 
from the disintegration curve before the correc- 
tion for the inefficiency of the magnetic lens was 
applied. The triangular point at 0.25 usec. repre- 
sents the result of this subtraction. 

In the course of these measurements the 
equipment was moved from one laboratory to 
another; furthermore, the sulfur measurement 
was performed with nine D counter tubes only. 
For these reasons the absolute counting rates in 
the various materials investigated cannot be 
compared. 


CONCLUSIONS 


From the mean-life values of negative meso- 
trons the capture probabilities A, mentioned 
earlier, were calculated for the materials investi- 
gated using 74 =2.15+0.07 usec. They are tabu- 
lated in column 9 of Table II and plotted in 
Fig. 11. The points have been fitted using the 
method of least-squares to a curve of the form 
kZ and the resultant constants are a=3.7+0.85, 
and k=56. In this fit the error in k is very large 
due to the power law character of the relation- 
ship. The result for a is in rough agreement with 
the prediction of Wheeler” that a should be 
approximately equal to 4. 

The ratios of the mean lives 74/7_ and the 
ratios of the corrected counting rates eNV,/N_ 
are listed, respectively, in columns 10 and 11 of 
Table II and plotted in Fig. 12. In all cases, 
except in that of magnesium, the two ratios are 
the same within experimental error, in agreement 
with Eq. (5) given earlier. The large difference 
between the two ratios in aluminum, reported 
by Valley and Rossi,!® has not been observed. 
This result also makes a completely different 
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Fic. 12. The ratios of the mean lives r,/r_ (empty 
points) and the ratios of the corrected counting rates 
eN,/N-_ (solid points) plotted vs. the atomic number of 
the absorber. 
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interpretation of the decay of negative mesotrons 
in the neighborhood of an atomic nucleus which 
was suggested by Epstein, Finkelstein, and 
Oppenheimer’? seem rather improbable. These 
authors have suggested that the change of the 
mean life may be due to an acceleration of the 
decay process by the intense electrostatic field 
of the nucleus. This hypothesis has two conse- 
quences of interest here: it follows that the 
counting rates of positive and negative disinte- 
gration electrons should be equal, and that the 
capture probability should increase with the 
fifth power of the atomic number. Neither of 
these two consequences was verified here. 

Although the ratios 74/7. and the ratios 
eN,/N_ are generally within statistical error, 
there seems to be a trend for eN,/N_ to be 
somewhat smaller than 7,/7_. Such a discrepancy 
would result if the nucleus, immediately after it 
captures a mesontron, could emit a particle 
which could discharge a counter tube. In such a 
case, of the equations discussed previously (4) 
instead of (5) would apply. Figure 13 shows 
curves for the ratio eN,/N_ for various values 
of c(Z) with c assumed constant for simplicity. 
The experimental results are not inconsistent 
with the possibility that a particle is emitted 
after capture. However, because of the errors 
involved here further experiments will be re- 
quired to decide this question. 

The writer wishes to express his gratitude to 


19S, T. Epstein, R. J. Finkelstein, and J. R. Oppen- 
heimer, Phys. Rev. 73, 1140 (1948). 
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Fic. 13. Ratio of the counting rates of positive and 
negative disintegration electrons as a function of the 
atomic number of the absorber with the ratio of observa- 
bilities of particles emitted by the nuclear upon mesotron 
capture, and disintegration electrons as a parameter. 


Professor Marcel Schein for his continuing 
interest and guidance throughout the course of 
these experiments. It is also a pleasure to 
acknowledge the assistance of Mr. Ivar Kalberg, 
who designed the automatic camera, and of Mr. 
David M. Haskin, who built the G-M counters 
used in this experiment. 
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An experimental investigation has been made of the thick-target production of x-rays by 
electrons from an electrostatic accelerator. Measurements were made with an ionization 
chamber for targets of beryllium, aluminum, copper, silver, tungsten, and gold. Various voltages 
from 1250 to 2350 kilovolts were used, and the angular range covered was from 0 to 140 degrees. 
The total radiation intensity, integrated over all angles, is found to be accurately linear with 
atomic number in this energy range. From these measurements, the efficiency of x-ray produc- 
tion has been calculated. For the case of 2.35-million-volt electrons on gold, a value of 7.4 























percent is obtained. This is in adequate agreement with theoretical predictions. 





I. INTRODUCTION 


HEN electrons having energies of several 
million volts are completely stopped in a 
thick target, an appreciable fraction of their 
energy is transformed into x-rays. In this energy 
range, these x-rays result principally from the 
deflection of the electrons in the electrostatic 
field of the nucleus, and the basic theory of the 
process has been developed by Bethe and 
Heitler.! The intensity of these x-rays is a func- 
tion of the electron energy, the atomic number of 
the target, and the angle between the direction 
of observation and the incident electron beam. 
Knowledge of the manner in which the intensity 
' depends upon these variables is useful, both 
because of its utility in the design of apparatus 
in which electrons are to be accelerated, or in 
which high-speed electrons may be produced as 
a result of other processes, and because it affords 
an experimental test of the theory developed for 
the process. 


II. APPARATUS — 


Certain essential features of the experimental 
arrangement are shown schematically in Fig. 1. 
A beam of electrons from an electrostatic ac- 
celerator was further focused by a magnetic lens 
so as to impinge cleanly upon a target placed in 


* An account of these measurements was presented at 
the New York Meeting of the Physical Society, January 
31, 1947, Phys. Rev. 71, 470 (1947). 

** Now at the High Voltage Engineering Corporation, 
Cambridge 38, Massachusetts. 

1W. Heitler, Quantum Theory of Radiation (University 
Press, Oxford, England, 1936). 
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the center of the vacuum chamber. This vacuum 
chamber is a steel cylinder 12 inches in diameter 
and 8 inches deep. The targets were mounted 
around the rim of an insulated aluminum wheel 
which could be rotated so as to place any one of 
six different targets at the center of the chamber, 
and which could be tipped at an angle about a 
horizontal axis passing through this center. This 
was accomplished by an arrangement of con- 
centric shafts passing through one of the flat 
lids of the vacuum chamber. Both motions were 
controlled independently by Selsyn motors. 
The targets used were slightly thicker than the 
maximum range of the electrons in the particular 
material. In order to avoid overheating of the 
targets, thé electron-beam currents were in 
general less than 20 microamperes. These currents 
were measured by a meter connected directly to 
the insulated target holder. In order to check the 
diameter and position of the electron beam when 
it struck the target, one of the target positions 
on the wheel was left open. Thus, the wheel 
could be rotated at any time to allow the beam 
to pass through and into a long extension, at the 
bottom of which was an insulated gold target. 
As shown in Fig. 1, an insulated diaphragm was 
placed at the entrance to this extension, and the 
absence of current to this diaphragm when the 
beam was passing through was a check on both 
its diameter and its position. The water-cooled 
gold target at the bottom of this extension 
provided a convenient source of intense x-rays 
for calibrating the generating voltmeter em- 
ployed for energy measurements against the 











threshold voltages for the photodisintegration 
of deuterium and beryllium. 

X-ray intensities were measured with an 
ionization chamber of cylindrical geometry that 
was locally shielded with lead except in the 
direction of the target. The use of this type of 
thimble chamber for intensity measurements has 
been discussed by Petrauskas, Van Atta, and 
Myers? and has been found satisfactory in this 
energy range. 

The ionization chamber currents were mea- 
sured with a Lindemann electrometer used with 
calibrated high resistors. The chamber was 
calibrated to read in roentgens by comparison 
with a Victoreen r-meter used under identical 
conditions, and by measurements made on a 
standard radium source placed at the target 
position. 

The chamber assembly was mounted on a disk 
attached to a shaft passing out through one of 
the chamber lids. The ionization chamber was 
filled with air at atmospheric pressure, and for 
this purpose a small tube was brought: out 
through the center of this shaft, together with 
the necessary electrical leads. The angle between 
the axis of the ionization-chamber assembly and 
the incident electron beam was also controlled by 
means of a Selsyn motor placed outside the 
vacuum region. In general, the angles @ and ¢, 
shown in Fig. 1, were kept equal so that the 
target thickness as seen by the ionization chamber 
was constant. Sufficient absorber was placed in 
front of the chamber to filter out soft components 
and to insure that substantially only the equi- 
librium distribution? was being measured. The 
final results were corrected for the effect of this 
filter as well as for absorption by the target 
material. 

Selsyns for the control of the targets and 
angles were located at the remote control desk, 
together with those for controlling the generator 
voltage and beam current. The continuous con- 
trol of the main experimental variables that these 
arrangements provided made it possible not only 
to take the measurements very rapidly and con- 
veniently, but also to keep a continuous check on 
the experimental conditions and on possible 
sources of error, such as background radiation. 





a9 ae Van Atta, and Myers, Phys. Rev. 63, 390 
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Ill. EXPERIMENTAL RESULTS 


Measurements were carried out on targets of 
beryllium, aluminum, copper, silver, tungsten, 
and gold. In each case, the angle of observation 
was varied from 0 to 140 degrees. These results 
are’ presented in Figs. 2 and 3 in which the radi- | 
ation intensity, reduced to units of roentgens 
per minute per milliampere at one meter, is 
plotted as a function of the angle of observation 
for various voltages and for various target 
materials. For each target material, the intensity 
scale has been adjusted to make the curves com- 
parable in area. It is evident that, for a particular 
target, an increase in electron energy results 
primarily in an increase of the x-ray intensity in 
the forward direction The intensities, as plotted, 
have been corrected for absorption in the target 
and in the filter used at the ionization chamber. 
The variation of intensity with angle is similar 
to that previously found by Petrauskas, Van 
Atta, and Myers? for the case of gold. 





Fic. 1. Schematic diagram of apparatus, 
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Fic. 2. X-ray intensity at various voltages as a function of angle for Be, Al, and Cu targets. 
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Fic. 3. X-ray intensity at various voltages as a function of angle for Ag, W, and Au targets. 


The dependence of the x-ray intensity at 
various angles upon the atomic number of the 
target is shown in Fig. 4, the data for which were 
taken with an electron energy of 2.35 Mev. From 
this figure it appears that the variation of 


intensity with atomic number is more rapid at 
90 degrees than at 0 degrees. In fact, in the 
forward direction the intensity from a tungsten 
target (Z=74) is somewhat higher than for one 
of gold (Z=79). At about 45 degrees the de- 
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pendence of intensity for atomic number is 
approximately linear. 


IV. DISCUSSION 


These measurements indicate that there is no. 


simple dependence of the x-ray intensity in a 
given direction upon either the-atomic number of 
the target or upon the bombarding electron 
‘ voltage. The formula derived by Bethe and 
Heitler for the radiative losses for fast electrons 
applies only to a single collision. In a target thick 
enough so that the electrons are completely 
stopped, the situation is very much complicated 
by the various scattering processes, both elastic 
and inelastic. The effect of these processes tends 
to increase the radiation intensity at the larger 
angles and is most important for the targets of 
higher atomic number. This can be noticed in 
the curves in Figs. 2 and 3. Hence, the theory 
cannot be compared with the results of these 
measurements directly. It is, however, possible 
to integrate over the total range of the electrons 
in the target to obtain an approximate expression 
for the total quantity of x-radiation produced in 
this case. The result of such a calculation indi- 
cates that the total energy radiated should vary 
linearly with the atomic number.*‘ In order to 
compare these results with this prediction of 
theory, we have integrated over the total solid 
angle surrounding the targét the intensities found 
for each target at each voltage. The results of 
these calculations are presented in Fig. 5. It is 
evident that for a given voltage the total radia- 
tion flux is quite linear with atomic number. 
To this extent, the measurements may be inter- 
preted as an experimental confirmation of the 
Bethe-Heitler theory; this confirmation being 
more rigorous than that provided by previous 
observers,* 4 whose measurements appear to have 
been limited in angle. _ 

The theory in its integrated form also provides 
a prediction of the fraction of the incident elec- 
tron energy that is radiated. This figure may be 
arrived at experimentally if the ionization 
chamber readings are converted into units of 
radiation energy. The incident energy per unit 
time is determined from the electron voltages and 


3L. A. Arcimovic and V. A. Chramov, Comptes Rendus 
Acad. Sci.,U.S.S.R. 18, 415 (1938). 
* Chien-Shiung Wu, Phys. Rev. 59, 481 (1941). 





30 
VOLTAGE - 2.35 MEV 


8 
8 
4 


Zz 
GOLD 79 
TUNGSTEN 74 
SILVER 47 
COPPER 29 
ALUMINUM 13 
BERYLLIUM 4 








: 

















RADIATION INTENSITY (noewreens/uim unciamPEne at 1 meren) 
$ 
Ss 








120 





Fic. 4. Variation of x-ray intensity with angle. 
Voltage = 2.35 Mev. 


the beam current. Using the figure of 33-electron 
volts as the energy required to produce an ion 


pair in air, we have followed the procedure of 
Petrauskas, Van Atta, and Myers? in making this 
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Fic. 5. Integrated x-ray intensity as a function 
of atomic number of target. 
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conversion. Such a calculation for gold, and an 
electron energy of 2.35 Mev, leads to a value of 
7.4 percent for the fraction of the incident power 
that is converted into radiation. The theory 
under these conditions predicts a value of 8.3 
percent. The agreement between the two figures 
is quite good, considering the uncertainties in- 
volved in the calculations from the experimental 
measurements and the approximations made in 


H. J. BHABHA AND S. 


K. CHAKRABARTY 


those in which the electrons are completely 
stopped. A similar agreement between experi- 
ment and theory has been found by other ob- 
servers in the case of copper,’ lead,® and gold.? 

We are happy to acknowledge the support of 
the Research Corporation, the Carnegie Cor- 
poration of New York, and the Office of Naval 
Research. 


5 Ivanov, Walter, Sinelnikov, Taranov, and Abramovich, 


applying a theory developed for thin targets to—J. Phys. U.S.S.R. 4, 319 (1941). 
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The paper summarizes the previous work, and briefly 
gives the steps by which the mathematical solution of the 
cascade equations given in our previous papers can be 
established rigorously. 

This solution has been used to calculate the number of 
shower particles for thicknesses between 0.25 characteristic 
unit and 20 characteristic units, and for primary energies 
from 2.7 times the critical energy (vo=1) to 2.7 X10" times 
the critical energy (yo=24). For this purpose, the second 
term of our series solution has also been calculated. The re- 
sults are given in Table III and Fig. 3 in a form suitable for 
comparison with, and analysis of, experiment. These show 
that the second and higher terms of our series are negligible 
compared with the first for thicknesses less than three to 
four times that at which the shower reaches its maximum. 

A method has been developed which allows the integrals 
to be evaluated at very small thicknesses where transition 


KNOWLEDGE of the generation of 

cascades by electrons and gamma-rays is 
of great importance in the interpretation of 
cosmic-ray phenomena. Since cascades are pro- 
duced so readily by the electronic component, 
they have often served to mask the effects of the 
other components of cosmic rays. For example, 
an accurate knowledge of the number of electrons 
to be expected in a cascade produced by an elec- 
tron of known energy in a plate of given thick- 
ness, of the fluctuations in this number, and of 


effects are still of importance, so that it is now possible to 
trace a shower from its very beginning to large depths. 
It is shown that for very small showers started by particles 
of two to three times the critical energy the shower must 
penetrate to depths which are three times the maximum 
depth to which a single particle could penetrate as a result 
of collision loss alone. This is possible because part of the 
path of the shower is covered by photons alone which then 
materialize at a subsequent depth. 

A simple formula has been given (37) which enables one 
to calculate with considerable accuracy the spectrum of 
shower electrons of energy much below the critical energy. 
It is proved that this spectrum increases monotonically 
with decreasing energy at all thicknesses. Its form is 
approximately that of a modified inverse square law at 
the maximum of the shower, the power of the law becoming 
higher with increasing depth. 


the energy spectrum of the electrons in the 
cascade, would enable one to decide by experi- 
ment whether the cascades in cosmic radiation 
conform entirely to the theoretical pattern, or if 
not, to unravel other effects which may be mixed 
up with them, such as, for example, the creation 
of mesons, or of particles having masses a few 
times that of the electron, as has been suggested 
by Auger and his co-workers.'! Knowledge of the 


1 Auger, Daudin, Fréon, and Maze, Comptes Rendus 
226, 169, 569 (1948). 
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spread of electrons in a cascade and of the fluc- 
tuations in the lateral density distribution of 
electrons would enable one to decide by an 
analysis of experiment whether intervening links 
other than electrons and gamma-rays play any 
part in the generation of large air showers. Per- 
haps the accurate numerical answers to some of 
these problems, particularly those connected 
with the lateral spread of showers, will be given 
only with the help of the new types of calculating 
machines which are now being developed in dif- 
ferent parts of the world. Nevertheless, a good 
deal can be done by analytical methods, and in 
some problems answers can be given which are at 
least as accurate as the experimental data 
available at present. For this reason we have 
though it desirable to push the analytical solu- 
tions as far as possible, and we believe that the 
results given in this paper are more accurate than 
any that have been given till now. 

There is one approximation which underlies 
all the treatments that have been given hitherto, 
namely, neglect of the lateral spread of a shower 
and its treatment as a one-dimensional phe- 
nomenon. Only very qualitative estimates of the 
lateral spread of showers have been made in some 
cases. With this universal underlying simpli- 
fication, the only complete and rigorous solution 
of the cascade problem has been given by K. S. K. 
lyengar.? He has treated- the collision loss of 
electrons as a constant independent of the 
energy, but he has taken the exact cross sections 
for radiation loss and pair creation as given by 
Bethe and Heitler for all energies and not only 
their asymptotic form for high energies. How- 
ever, it is not easy to derive numerical values 
from Iyengar’s solution, and it has therefore not 
been of use in interpreting and analyzing experi- 
mental data. Taking only the asymptotic forms 
of the cross sections for radiation and pair 
creation at very high energies, Snyder,* and later 
Serber,‘ have given solutions which if correct* 

2K. S. K. Iyengar, Proc. Ind. Acad. Sci. A15, 195 (1942). 

3H. Snyder, Phys. Rev. 53, 960 (1938). 

4R. Serber, Phys. Rev. 54, 317 (1938). 

* The difficulty is essentially the following. The solution 
depends on finding the value at the point r=—s of a 
function k(s, 7) which satisfies a difference equation (see, 
for example, Rossi and Greisen, Rev. Mod. Phys. 13, 240 
(1941), Eq. (A12)). The values of the function k(s, r) can 
be given explicitly as functions of s at all positive and 


negative integral values of 7, and from this the value of 
k(s, —s) is arrived at by graphical interpolation on the 
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would enable one to calculate the total number of 
particles in a shower with fair accuracy provided 
the depth of material is not too small. Their 
solutions, however, do not allow the number of 
electrons to be calculated for small thicknesses 
because of the circumstance that their boundary 
condition corresponds to a spectrum of lower 
energy electrons incident on the material in 
addition to the high energy electron whose effect 
we are investigating. They are also not suitable 
for calculating the energy spectrum of electrons 
in a cascade. 

With the same basic assumptions we gave a 
solution of the cascade problem in two previous 
papers® * which allowed the spectrum of electrons 
in a shower to be calculated with considerable 
accuracy. Although our solution was valid for all 
thicknesses, numerical data could be extracted 
from it previously only for thicknesses which 
were not too small. We have now found a method 
of overcoming this limitation, so that figures are 
given in this paper for the growth of a shower in 
thin layers of material. We can now trace with 
considerable confidence the course of a shower 
from its very beginning to thicknesses three to 
four times that at which it reaches its maximum, 
and calculate the energy spectrum throughout 
this range. Secondly, our- solution was in the 
form of an infinite series and it was shown that 
for most of the energies and thicknesses con- 
cerned, the first term alone gave almost the 
entire contribution. We have now extended these 
figures to higher energies and greater thicknesses, 
and, in addition, evaluated the next term of the 
series. This has thrown further light on the 
regions in which the first term is insufficient and 
increased our confidence in the figures which 
have been given in the rest of the range. For 


omnes that k(s, r) is a smooth function of r. However, 
it can be shown from the difference equation that provided 


ie —s)#0 then k(s, —s—1) must be infinite although 


k(s, r) is finite for the integral values of r on each side of 
the point r= —s—1. This alone casts some doubt on the 
validity of the assumption that k(s, r) is a smooth function 
of r in a finite range round the point r= —s. In any case, 
this assumption remains to be justified mathematically, 
and an estimate of the error in arriving at the value of 
k(s, —s) by the empirical method used needs to be given. 
Till this is done, one does not know what faith to place in 
the numerical figures obtained. 

5H. J. Bhabha and S. K. Chakrabarty, Proc. Roy. Soc. 
A181, 267 (1943), referred to in this paper as A. 

6H. J. Bhabha and S. K. Chakrabarty, Proc. Ind. Acad. 
Sci. A15, 464 (1942). 
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example, if the total number of particles is con- 
sidered, the second term of our series only 
becomes comparable with the first at depths 
which are three to four times that at which the 
cascade reaches its maximum. 

It is shown that the third and higher terms of 
our series are of importance only at large thick- 
nesses where the shower is being absorbed, and 
then too their contribution is mainly to the 
number of electrons whose energy is much 
smaller than the critical energy. But this is 
precisely the range where radiation loss and pair 
creation are badly represented by their asymp- 
totic forms for high energies. Thus it is a satis- 
factory feature of our solution that the neglect 
of the higher terms becomes serious precisely in 
the conditions in which the basic physical assump- 
tions are no longer sufficiently accurate. 

We have given a formula (37) which, with the 
help of the table we have given, allows one to 
calculate the low energy spectrum of electrons 
with considerable accuracy. As far as possible 
we have given our numerical results in the form 
of tables and graphs which would make them 
easily accessible for the experimenter who wishes 
to compare theory and experiment, or to use 
theory for an analysis of his experiments. 

It must be emphasized that there is a con- 
siderable range of the energy spectrum below the 
critical energy for which the use of the radiation 
and pair-creation cross sections for complete 
screening is fully justified, especially in sub- 
stances of low atomic number like air or water 
where the critical energy is of the order of a 
hundred million volts. In this range full con- 
fidence can be placed in our figures. Even in this 
range our figures differ considerably from those 
given by Arley,’ which must now be regarded as 
definitely erroneous. 


Il. THE MATHEMATICAL SOLUTION 


In our original paper we gave only a formal 
proof of the correctness of our solution, and its 
convergence was not demonstrated. This lacuna 
was filled by Iyengar, who established the con- 
vergence of our solution rigorously in the paper 
already quoted. Since Iyengar’s paper does not 
appear to be as well known ‘as it deserves and 


7N. Arley, Proc. Roy. Soc. A168, 519 (1938). 


BHABHA AND S. 


K. CHAKRABARTY 


some misapprehension exists about the rigor- 
ousness of our solution, we think it desirable to 
take this opportunity to sketch the steps by 
which it can be rigorously established. 

Denoting by P(E, t)dE the mean number of 
electrons, positive and negative, in the energy 
range E, E+dE to be found in a cascade at a 
depth ¢, and by Q(£,#) the corresponding ex- 
pression for the number of quanta, the funda- 
mental equations of the cascade theory are® 


OP(E,t) dP(E, t) 
ot F dE 





re) et mes 


E 
= f P(E’, t)R(E’, E' —E)———dE' 
E E’? 


/ U 


—PE,) f RUE, EB’) é 


2 7 E’' RE RA 
+2f a ORE, E)—, (1a) 


dQ(E, t) - EdE' 
contig Ae f P(E’, t)R(E', Ey — 
ot E Ez’? | 


" dE’ 
- ot,» f a (1b) 


The thickness of the substance ¢ is measured in 
radiation units of length, namely, 


Z2N —1 
[4 (= ~) log183Z- ] ; 
137 


Z being the atomic number of the substance, NV 
the number of atoms per cubic centimeter, and 
the other symbols having their usual meaning. 
The collision loss per radiation unit is denoted by 
8. The probabilities for radiation loss and pair 
creation are expressed in terms of the function 
R(E, U) defined by 


R(E, U)= (1-4 )ete)- x2, (2) 


x, and x2 being functions of a variable 
mc? U 


Be arena, 
Z! E|U-E| 
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Integrating (1b), remembering that Q(E£, t)=0 
at t=0 is the required boundary condition, and 
substituting the resulting expression for Q in 
(1a), we get 


U-E 
—-[f R(U, U- oe t)dU 


— P(E, t) f R(E, v)—aB 


+af ff Re, V)R(U, V) 


1 
Xexp(D(V)(t’—2))d V-—PU, t')dUdt', (4) 


where 


E R(U, E) 
D(E)= f Pt 


In the limit of very high energies ¢—>0 and then 
Xe 2a = (12 logi83Z-*)-1. (5) 


x1, 


(5) is the approximation which underlies most 
of the treatments. In the limit (5) 


D=(7/9) —(1/6)a. 
Let As, Bs, and Cs be those functions of the 
complex variable s defined by 
4 d 1 
As=(~+a)|— logr)+7-1+-} 
3 ds $ 
1 1 


tase , 6 
*; s(s+1) (6a) 


Bs=t|>—(++8) aaah 


com ——+(-4 “> 


y is the Euler-Mascheroni constant. Then the 
differential equation 


(6b) 


(6c) 


0? a 
|—+(4s+D)—+ (AsD—BsCs) vo(s,#)=0 (7) 
dt? ot 


has the solution 
D— xs 
Yol(s, t) - 
Ms—As 
As=3(Ast+D)—3{(As— 
us=3(Ast+D)+3{(As 


for any fixed value of s. The solution (8) satisfies 
the boundary conditions 


¥(s, 0) =1, (~**) =—As at t=0. 


Let ¥i(s, t), Wo(s, t), ---Wals, t), «++ be a set of 
functions defined by the recurrence formula 


—D)?+4BsCs}}, 
~D)?+4BsCs}} 


(9a) 
(9b) 


(10) 


v2(S, =f Wo(s+n, t—t')Wn_i(s, dt’. (11) 
0 


Then it can be shown without difficulty, as has 
already been done in the appendix of our previous 
paper A, that y, and Ynr_: satisfy the equation 


[+14 +D)- 
ai S+n at 
+ (AsinD —BsinCs+n) {vats t) 


oi (—+0) v.16 t). (12) 


This follows simply by substituting (11) in (12) 
and using (10). We now prove by induction that 
(11) is equivalent to a formula evolved by 
Iyengar, namely, 


du(s, = f dels, tPo-a(s+-2)¢—tdes (43) 


Let (13) hold for all integral » from 1 to n—1. 
Then submitting for yn: by (13) in (11) we get 


va(s, t) -{" Yo(s+n, U)ba-r(s, t—t')dt’ 


= J “yols-tm, £) | f ade 


XVn- o(s+1, t—t' —t;)dt, dt’, 
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and on changing the order of the #’ and 
integrations 


- J er H)| J is vo(s+n, ¢’) 


Xn—2(S+1, t—tr—2’)dt! fas 


- f Yol(s, tr) ¥na(S-++1, tty) dts 


0 


by (11). 
Now consider the expression 


sia a7 J (3) 
«8(-z) To” 


for E< Eo, where the contour C of integration in 
the complex plane runs along the straight lines 
from — © —ir to o—ir, then to o+%7 and then 


to —«-+i7, r being a large real number and 
o>1. It has been proved by Iyengar that 


n(S, t) a (14) 


n 


Wnl(s, t) <(1+e)"t! — (15) 
n 


for every value of s on C. Indeed (15) is simply a 
consequence of (13) and the inequality |yo(s, ¢) | 
<1i+e. It follows that the series in curly brackets 
in (14) is uniformly and absolutely convergent 
if E>t. Moreover, it follows from the inequal- 
ities for y,,(s, ¢) given by Iyengar that the integral 
on the contour C is convergent. P(E,t) is 
therefore a well defined function of E and t, and 
the absolute and uniform convergence of the 
series in curly brackets allows one to interchange 
the orders of summation and integration. We 
introduce (14) into the right-hand side of (4), 
interchange the orders of the E and s integra- 
tions, and carry out the £ integration first. 
Using the approximation for complete screening, 
namely, (5), and remembering the definitions 
(6), we find that it is equal to the left-hand side 
of (4) provided y,(s, ¢) and Wr_1(s, t) satisfy Eq. 
(12) for all integral ~20. It follows that (14) 
must be an exact solution of (4) for E> t. This 
restriction does not interfere with the proof 
since in (4) P(E, ¢) on the left is connected only 
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through the integral on the right with value of 
P(E’, t) for which E’ 2 E. 
Now introduce the functions 


Vvils, t) 
vols, t) 


n—1 


—1)! 
Write the integrand of (14) in the form 
I(s+n) ¥2(S, t) 

T(s) {(£E+8g)—Bg}"* 


vn < )j}—_—_—— 
T(s)  (E+Bg)"* 


o T(n+s+m) ( Bg ) 
x (18) 
m=0T'(m+1)I(n+s) \E+8g 


by expanding {(Z£+g)—Bg}*"+* in powers of 
Bg/(E+B8g). 

The double series is absolutely convergent 
because of (15) and its terms can therefore be 
rearranged. We therefore get 


sees I= S io | 


4 be hs t) las. (19) 


The restriction E> can be dropped now, since 
(19) exists for E 20. It follows from the principle 
of analytic continuation that (19) is the exact 
solution of (4) for all E20. It can be shown that 
the contribution to (19) from the parts of the 
contour C from —«-—ir to o—ir and from 
o+tr to — +47 tends to zero as Tr, The 
contour C can therefore be replaced by a line 
running from ¢—i to o+i with o>1. 

To get the total number of particles whose 
energy is greater than E we integrate (19) from 


E to Ep and get 
om So 1 sa 4 


ie 
" | a hl as, @°) 


g(s, = (16) 


+ -} (17) 


ful, 1)= Vols, t= — Wales) 
n! (n 





Eo r (—#)* 


n=0 


I(s 
=E,° 2 (—B)” 








N(E, == f 
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TABLE I. Values of g(s, ¢) as function of s and ¢. 








1.5 1.8 2.0 2.3 


Z 


2.5 2.8 3.0 3.5 





0.2205 0.2280 0.2312 
0.3673 0.4027 
0.4892 0.5965 


oe 
PAS SCALP HOS 
SoooooooNND 


8 


9993 1.059 


0.2367 0.2376 0.2391 
0.4441 0.4481 0.4555 
0.7565 0.7738 0.8054 
1.006 1.048 1.129 
1.010 1.037 1.066 
1.023 1.041 1.047 
1.043 063 


0.8846 
1.347 
0.9693 


0.8475 
1.239 
1.047 
0.9978 
1.020 
1.027 
1.080 
1.120 
1.350 


0.9156 


1.095 








the expression obtained by putting E = Eo, which 
has to be subtracted from (20), being exactly 
zero, as can be seen by deforming the contour C 
into an infinite semicircle to the right of the 
imaginary axis. 

It remains to determine the boundary condi- 
tions satisfied by P(E, ¢) at ¢=0. For this purpose 
it is more convenient to consider N(E, t). It 
follows from (10) that for small ¢ 


vo(s, 4) =1—Ast+---, 
and from (13) that 


(21) 


1” 
¥,(s, t) =—+0(t"t}). (22) 
n! 


Hence, for small ¢, 
g(s, t) =t+0(2) (23) 


as already proved in our previous paper. Thus, 


1 o+in 1 Eo s—1 
N(E, 0)=— f —(=) ds=1 
2n1 o—tco s-1\E 


for all E< Eo. Since we are then left with only 
the residue of the integrand at the point s=1. 
Our solution therefore corresponds to exactly one 
electron of energy Eo incident on the surface ¢=0. 
It similarly corresponds to no quanta incident 
on the surface ¢=0. This is automatically ensured 
by the substitution we made for Q(£,#) in 
deriving (4) from (1a) and (1b). 
Expression (20) can be written 


NE, ) => NalE, 2), 


n=0 


(25a) 


where 


1 1 Eo ae 
N.(E, »-— f—(-) 
2x1 J st+n—-1\8B 


8 stn—1 T'(s-+-m) 
) “~~ t)ds. 


E+6g 


It should be noted that by definition fo=yo and 
fils, t) =0, so that N,(E£, t) =0 always. The second 
term of the series (25) is N2(E,#), and it is 
already proportional to #6”. 

Multiplying Eqs. (1a) and (ib) by EZ, inte- 
grating with respect to E from 0 to , and 
adding the two equations, we get 


“| } ’ EP(E, t)}dE+ i) F EQUE, t)dE | 


--sf " P(E, )dE=—6N(0, 1), (26) 


which simply states that the change in the total 
energy of the shower is entirely due to collision 
loss. Integrating (26), with respect to ¢t, from 0 
to © we get, for a shower initiated by an elec- 
tron of energy E 


(27) 


f N(O, t)dt=Eo/B. - 


Since the solution (25) satisfies Eqs. (1) exactly, 
it must satisfy (27). This need not, of course, be 
true of the first term alone. Some misapprehen- 
sion appears to have existed on this point. We 
shall return to this point in the next section, 
where we show that No+N:2 together contribute 
between 70 and 85 percent of the whole primary 
energy. From the physical point of view, how- 
ever, Eq. (27) must be taken with caution, 
especially in substances of high atomic number 
where the critical energy is low. It is not true 
that all the energy of a cascade is dissipated by 
the collision loss of cascade electrons alone. A 
good deal of energy is lost in the form of quanta 
of energy less than 2mc? which are incapable of 
further pair creation. Thus the complete series 


8]. E, Tamm and S. Belenky, Phys. Rev. 70, 660 (1946). 
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(25a) for N(0,#) must give too many cascade 
electrons of low energy at large thicknesses, and 
the first two or three terms of the series may 
well give a truer picture of the physical process 
in substances of high atomic number. 


III. NUMERICAL RESULTS; ENERGY SPECTRUM 
OF SHOWER ELECTRONS 


It is next necessary to evaluate the first term 
of the series (25a), namely, No(E£, t). Now f(s, 4), 
which occurs in the integrand, is given by (8) and 
consists of a sum of two parts. As is well known, 
the coefficient \s is much smaller than ys for real 
values of s, so that for all but small ¢ the second 
part containing exp(—yst) makes a negligible 
contribution compared with the first. The first 
part can be evaluated with considerable accuracy 
by the saddle point method. The second part 
expressed the result of transition effects, and it 
is therefore necessary to evaluate it if one wishes 
to know what happens at small thicknesses. 
However, it cannot be evaluated in the same 
way as the first part since the integrand has 
no saddle point. We have now found a method 
of overcoming this difficulty. Our method is 
equally applicable to the higher terms N,(£, ¢), 
so that it will be developed in general. Let 


n(S, 1) = f ‘ e'fa(s,t)dt. (28a) 
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Then 


1 petio 
fa(s, 1) =— f ' eto, (s, r)dr,  (28b) 
21t J pico 


where p is a large real number such that all the 
singularities of ¢, lie to the left of the path of 
integration. Introducing this expression into 


(25b) we get 
a oy o+io as ar io 


o—io p—itco 


x(=)"( B T'(s+n) 
B E+8g I(s) 


Xexp(rt)dn(s, 7). 


N,(E, t) = 


(271)? prrroen 1 


(29) 


(29) is an exact expression and it has the ad- 
vantage that the double integral can be evaluated 
by the saddle point method. Writing the integral 
in the form expw,(s, 7), so that 


wn(s, 7) =(s—1)yo+(s+n—1) ne 
E+8g 


+ri—log(s+n—1)+logI' (s+) 
—logI'(s)+logdn(s, 7), (30) 


where yo= logE/B. We determine the double 


Fic. 1, g(s, ¢) as a func- 
tion of s. 
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TABLE II. yo as a function of ¢ and s as determined by Eq. (31a). The figures in line with each ¢ give the values of yo 
for the principal term »=0. Those below give ‘yo for the next term n=2. 
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saddle point s,, 7, through the equations The values of g(s, ¢) for different values of s and 
t are given in Table I. For this purpose we have 


sata 0 tata -0 used the exact expression for g(s, ¢) as defined by 


’ 


or Os (16) and given explicitly by formula (57) of our 

previous paper A, and not the approximate 

expression A (58). Table I is, in fact, an extension 

3 of Table 4B of A to cover a much greater range 

t-+— log¢,(s, 7) =0, of values of ¢ and a larger number of values of s. 

or We note that g(s, t) is a fairly slowly varying 

8 B og function of s of the order 1. For E >£8 the second 

swt | log —(s+n—1)——— ~| term in square brackets in (31b) is negligible 
E+8 E+Bg ds compared with the first. Its neglect means that 

a the variation of g(s,¢) with s plays no part in 
+—{logI'(s+m) —logI(s) } determing the saddle point. (See Fig. 1.) Thus as 
ds far as the high energy part of the spectrum, 
F) E >8, is concerned, the effect of collision loss is 
-+— log¢,(s,7)=0. (31b) simply to shift it to lower energies by a constant 
ds amount (sp, ¢). The spectrum is, however, not 
represented by a simple power law for high ener- 

gies, since the value of s, changes with the value 

exp(wa(Sn, 7n)) of E for a given Eo. Only if s, were fixed, would 
N,(E, t) = ao, 22 92 23° (32) the spectrum be of the form {E)/E+8g}*, and 
2r| = = ( = this is not so. Indeed, for fixed Ey and ¢ the saddle 

Orn? OSn>  \ Orn Sn point s, shifts to large values as E increases, so 


s+n-1 


We then get as usual 
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that the number of shower particles of high 
energy is greater than would be obtained by a 
simple power law. 

For low energies £ less than or of the order £, 
the second term in square brackets cannot be 
neglected. However, the saddle point s, changes 
very slowly with EZ, and one can therefore take 
for s, the value obtained by putting E=0. For 
small E (32) can therefore be written approxi- 
mately in the form 


exp (wn’ (Sn, 7n)) 


si = : ~() } 


Orn? OSn” 
8nt+n—1 
) , (33) 


where w,’ differs from w, defined by (30) only by 
the omission of the second term. This approx- 
imation is not permissible for primary energies 
E» of the order 8, and then we have to turn to 
the more exact expression (32). 

The contribution to the total number of elec- 
trons is obtained by putting E=0. We write 
N,(t) =N,(0, t) for brevity. (33) shows that for 





N,(E, t)= 





B 
5 errr 
E+Bg(Sn, ¢) 
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electrons below the critical energy 
Bg(Sn, t) 
E+ Bg(5n, t) 


and the contribution of the corresponding term 
to the low energy spectrum is 


ON,(E, t) satn-1 
OE Balsa, 2) 
Bg (Sn, t) 

Prom t) 


vB, =| ~ Nat), (34) 





P,(E, )=— 


8ntn 
N,(t), (35a) 


the total energy spectrum being 


=> P,(E, t). 


n=0 


P(E, 2) (35b) 


This double saddle point method is particularly 
easy to apply to the main term N,(£, ¢). In- 
serting fo, given by (8) (28a) yields 


D-+r 
(r-+Xs)(r-tus) 





go(s, 7) = (36) 


An insertion of (36) into the right-hand side of 
(28b) obviously leads to (28a), since we are left 
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Fic. 2. s as a function of yo for different values of «. Numbers indicate values of 4. ————relation 


between s and +o for the first term No(é); 


relation between s and yo for the second term N3(t), 
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with only the residues of the integrand at the eS 28 
points r= —As and r= —ys. 

From the point of view of numerical calcula- 
tion it is easiest to proceed as follows. We 
assume a value of ¢ and s,. We then determine r,, 
by Eq. (31a), and yo by Eq. (31b). One can then 
determine N,(t) by (32). In this way we obtain 
yo and N,,(¢) as functions of s, for different values 
of t. From these figures it is easy to obtain N,(t) 
as a function of yo. The upper figures of Table II 
give Yo for different values of ¢ and so, that is, the 
corresponding value of yo for the principal term. 
The lower figures give yo as determined by (31b) 
for the second term Ne, of the series (25). 
The values of s at the head of the table are then 
to be understood to denote sz. The same results 
have been given graphically in Fig. 2. Here so 
and s2 have been plotted as functions of yo for 
different values of ¢. 

The values of No and N» calculated from (25) 
are given in Table III for different values of yo 
and ¢#, the upper figure in each space giving No 
and the lower figure N2. The space for Ne has 
been left a blank, whenever the number is quite 
negligible compared with No. In Fig. 3 both No 
and N2 are plotted logarithmically as functions 
of ¢ for four typical values of yo. Table III as 
well as Fig. 3 show that N2 becomes equal to No 
only at thicknesses which are three to four times 
those at which the maximum number of particles 
occurs in the shower. One may be sure that as 
long as Ne is less than No, N; and the higher 
terms will be still smaller. Their contribution is 
significant only at the tail end of a shower, and 
that only to electrons of very low energy. 

The spectrum of electrons whose energy is of 
the order of the critical energy 8, or less, is given 
by (35). Whenever N2<N, the spectrum is 
determined almost entirely by the first term of 
(35b) and is of the form of a modified power law 
{Bg/(E+6g)}*. Here g is a quantity approxi- 
mately equal to 1, the exact value of which can 
be read from Table I, for any given value of ¢ 
and so. The value of s» can be obtained from Fig. 
2 for any ¢ and yo. At the maximum of the 
shower so ~2, while before the maximum So 
moves from about 1.3 to 2 with increasing t. 
This means that the power of the modified power 
law gradually increases with thickness, cor- 
responding to an increasing concentration of 
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electrons at the low energy end. The spectrum 
is nearly a modified inverse square law at the 
maximum of the shower. The effect of V2 and the 
higher terms is to still further accentuate this 
tendency. For as shown by Fig. 2, so and sz do 
not differ very much in the region where WN» is 
comparable with No. Hence according to (35), 
Ne makes a contribution to the spectrum of the 
form of a modified power law with a power 2 
higher than No. Indeed, keeping only the first 
two terms of (35), we get roughly 


PCE, 1) ~const| (60—1)( x )™ 
E+ 6g 


Be ane 
Hot) 
E+8g 


ma}. (37) 
Thus, even if V2 isa little less than No the effect of 
the factors so—1 and so+1 is to make the con- 
tribution of the second term greater than the 
first for energies lower than those determined by 





(—*) Soti Ne 


Bg aod No 


As a concrete example, take t=20, y=10. Then 
So=2.58,. $2= 2.50, No=70.0, N2=38.7, g=1.01. 
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Fic. 3. No and Ne as 
functions of t. Numbers on 
the curves indicate the 
value of yo. 


We therefore see that N2 makes a larger con- 
tribution than Np to the spectrum of electrons of 
energy less than a tenth of the critical energy. For 
any given thickness and primary energy, the 
contribution of the first two terms to the low 
energy spectrum can be calculated easily by 
using the tables and figures of this paper. As we 
have already stated, the contribution of the 
higher terms is negligible, except for the very 
tail end of a shower and low energies. 

Electrons below the critical energy arise by 
electrons of high energy emitting large quanta, 
and by pair creation, and not only by electrons 
of energy above the critical energy coming into 
regions of lower energy by collision loss, as has 
been assumed by Arley. Indeed, for any thick- 
ness before the shower reaches its maximum the 
former processes certainly predominate. Iyengar 
has proved that for thickness t<1/((4/3)+a) +} 
there is still a trace left of the delta-function 
representing the original electron, but for 
t>1/((4/3)+.a) this completely disappears. For 
t<1 the form of the spectrum was given by us 
in A. For t>1/((4/3):+a@) formula (37) shows 
that the spectrum increases monotonically as E 
decreases, contrary to the results of Arley. 





CASCADE THEORY 


Iyengar has shown that this result remains true 
even if the variation of the radiation and pair 
creation cross sections with energy is taken into 
account. 

Table III brings out an interesting feature of 
cascades started by low energy electrons cor- 
responding to, say, yo<2. Take, for example, 
yo=1, that is, Ho=2.78. The first column of 
Table III shows that Nz becomes comparable 
with No only when ¢>2, and here Np has already 
fallen to about one-tenth of its value at the 
maximum. Thus the contribution of. No to the 
left-hand side of (27) can hardly be greater than 
1.5. In order that (27) should be satisfied the 
cascade must have a long tail of height <0.2, 
say, extending to t~6. Now it has already been 
remarked that the critical energy is in fact the 
collision loss in characteristic units, so that 
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because of collision loss alone a particle of energy 
E,)=2.78 cannot travel more than a distance 2.7. 
The mean number of particles can therefore be 
other than zero at a distance greater than 2.7 
only if no energy has been lost by collision loss 
for part of the distance. This is possible only if 
no particles have traveled along some of this 
distance. Thus, for showers produced by low 
energy primaries, at certain thicknesses there 
may only be quanta but no electrons present in 
the shower, and at a greater distance quanta may 
materialize into a pair of particles. For small 
showers, the whole path of the shower is not 
covered by ionizing particles, as is the case for 
larger showers. This result is simply a rather 
interesting case of the fluctuation phenomenon 
which may be of considerable importance in 
interpreting the experiment. 
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If the meson disintegrates into a photon and an electron, 
the stopping of a meson and its subsequent decay should 
give rise to a delayed 50-Mev photon. Delayed coincidences 
were sought between the stopped meson and the photon, 
detected by its materialization in a Pb sheet (calculations 
are presented of the photon detection efficiency for various 
lead thicknesses and photon energies of 20, 40, and 60 Mev; 
the electron range-energy curves used in the calculation 
are also shown). In 477.4 hours, nine apparent delayed 
photon coincidences were found. The measured inefficiency 
of the anticoincidence arrangement leads us to expect five 
spurious delayed photon coincidences in this time, so we 


conclude that the number of true delayed photon coinci- 
dences is small, if not zero. If the hypothesis under test is 
correct, the expected number of true delayed photon 
coincidences, computed from the rate of delayed electron 
coincidences (as measured with the same geometry) and 
the calculated photon detecting efficiency, is of the order 
of 100. The negative result of this test argues not only 
against decay into a photon and an electron, but also shows 
that if-meson decay leads to a neutral meson which then 
decays into two photons, the mean life against the latter 
process must be greater than about 107” sec. 





I. INTRODUCTION 


HILE it is well established that the sea 

level cosmic-ray meson disintegrates spon- 
taneously with a mean life of about 2.2 micro- 
seconds, one of the decay products having, very 
approximately, the mass and charge of an elec- 
tron,” the exact nature of the disintegration proc- 
ess has not yet been determined. One possibility 
is that the meson disintegrates into a photon and 
an electron. There is some indirect evidence 
against it;? but in view of the current uncer- 
tainties in the physics of elementary particles, it 
seemed worth while to make a more direct test.* 
If the meson does disintegrate in this fashion, 


* This experiment was reported at the New York meeting 
of the American Physical Society, Jan. 29, 1948 (R. D. 
Sard and E. J. Althaus, Bull. Am. Phys. Soc. 23, 2, 20 
(1948); (Phys. Rev. 73, 1251 (1948)). The present paper 
gives a more detailed account and includes additional data 
obtained since Dec. 8, 1947, confirming the result already 
published. 

1B. Rossi and N. Nereson, Phys. Rev. 64, 199 (1943); 
M. Conversi and O. Piccioni, Phys. Rev. 70, 859 (1946); 
R. Maze, R. Chaminade, and A. Fréon, J. de Phys. et Rad. 
7, 202 (1945). These papers give references to earlier work. 

2E. J. Williams and G. Roberts, Nature 145, 102 
(1940); R. P. Shutt, S. De Benedetti, and T. H. Johnson, 
Phys. Rev. 62, 552 (1942). See also the work of Anderson 
and his collaborators [Phys. Rev. 72, 724 (1947)]. 

* L. Nordheim, Phys. Rev. 59, 554 (1941); G. Bernardini, 
Colloque sur les Rayons Cosmiques (Union Internationale de 
Physique Pure et Appliquée, Paris, 1947), p. 43 et seq. of 
Document R.C. 48-1. 

a a Hincks and B. Pontecorvo, Phys. Rev. 73, 257 
(1948) have independently performed an experiment very 
similar to our own, with the same negative result. The two 
experiments complement each other, as the meson ab- 
sorbers are different (graphite as against brass), the lead 
materialization sheets are of different thickness (0.21 as 
against 0.86 cm), and the circuits are different. 


the photon and the electron have equal and 
opposite momenta of about 50 Mev/c in the rest 
system of the meson,’ which practically coincides 
with the laboratory system in the case of mesons 
slowed down in a dense absorber. A 50 Mev 
photon has a relatively high probability, in pass- 
ing through an appropriate thickness of material, 
of being converted into an electron pair of which 
at least one electron has sufficient range to 
emerge from the material (see Section III below). 
We have made use of this property to detect the 
hypothetical photon. Our apparatus was de- 
signed to detect delayed coincidences between 
the arrival of a meson that gets stopped in a brass 
plate. and the subsequent emission of a high 
energy photon detected by its materialization in 
a lead sheet. In order to permit comparison of 
the time distribution of the delayed photons with 
the known time distribution of decay electrons, 


5W. B. Fretter, Phys. Rev. 70, 625 (1946). Anderson 
and his collaborators have recently obtained two cloud- 
chamber’ pictures at 9200 meters altitude [Anderson, 
Adams, Lloyd and Rau, Phys. Rev. 72, 724 (1947); Adams, 


Anderson, Lloyd, Rau, and Saxena, Rev. Mod. Phys. 20, 
334 (1948)] that can be interpreted most directly as show- 
ing the disintegration of a meson with emission of a 25-Mev 
electron. This result is incompatible with the photon- 
electron hypothesis if the rest mass of the disintegrating 
meson is 100 Mev/c*. In view of the evidence now available 
for the existence of different types of mesons, it is not 
certain that the two mesons observed by Anderson é? al. at 
high altitudes are of the same kind as those which form the 
bulk of the hard component of the cosmic radiation at 
sea-level. The negative result of the present experiment is, 
however, perfectly consistent with Anderson’s suggestion 
that his mesons do have mass 100 Mev/c*, disintegrating 
into an electron and a neutral particle of mass 70 Mev/c?. 
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SEARCH FOR DELAYED 


the delayed coincidences were measured in four 
adjacent time intervals covering in total the 
range from 1.2 to 8.0 microseconds after arrival 
of the meson. 


II. EXPERIMENTAL ARRANGEMENT 


The experiment was carried out in the sub- 
basement of the Physics Building, at an elevation 
of about 30 meters above sea level. The floors and 
roof overhead amounted to approximately one- 
half meter of reenforced concrete, and there was 
some earth outside the walls of the sub-basement 
that was in the solid angle of the meson-selecting 
telescope. Figure 1 shows the arrangement of 
Geiger-Mueller tubes and absorbers in the two 
configurations used. 

The G-M tubes were of 2.4 cm inside diameter 
and 25 cm (A, B, D, E) and 50 cm (C) effective 
length. They were filled with a 9:1 mixture of 
argon and ethyl alcohol to a pressure of 10 cm 
Hg, and were operated at 950 volts, 80-100 volts 
above threshold. They were grouped in parallel 
as shown. The walls of the tubes of groups A and 
B were of 0.8 mm brass; those of the tubes of C, 
D, and E were of 0.4 mm brass. The individual 
counter groups were enclosed in boxes made of 
1.6 mm aluminum;,the boxes for D and E were, 
however, open over the effective areas so that an 
electron moving downward from the lead sheet 
had only to penetrate the 0.8 mm steel plate 
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Fic. 1. The two experimental configurations. In both we 
are interested in mesons that pass through A and B and 
stop in the brass plate. The photon detection arrangement 
is designed to detect downgoing photons resulting from the 
decay of the stopped mesons. C is in anticoincidence with 
(AB). The lead slab serves to materialize the photons; one 
or both of the pair of electrons may pass through D and E, 
giving rise to a delayed coincidence of (DE) with respect 
to (AB). The electron detection arrangement is designed 
to detect downgoing decay electrons. There is no high- 
voltage on C and the lead slab is absent. Delayed coinci- 
dences of (DE) with respect to (AB) result from these 
decay electrons. 


> 


PHOTONS 


COINCIDENCE 
CIRCUIT 


ANTI- FIVE CHANNEL 


CIRCUIT tall 


COINCIDENCE 
CIRCUIT 


Fic. 2. Block diagram of the circuit. 


supporting the lead, and the brass counter walls 
of D and E, in order to be counted. 

Referring to the ‘‘photon detection” arrange- 
ment, shown in Fig. 1, trays A and B, separated 
by 12.7 cm Pb, defined a cone of incident mesons, 
some of which stopped in the 21.6 g/cm? brass 
absorber. Tray C more than covered the incident 
cone, and was connected in anticoincidence with 
the coincidences of A and B. To detect photons 
produced in meson disintegrations, a 9.75 g/cm? 
Pb sheet was placed beneath C. Its function was 
to produce electrons from high energy photons 
(mainly by pair production), the electrons being 
detected by coincidences between D and E. The 
lead sheet was supported by an 0.8 mm steel 
plate. 

In order to determine how many delayed 
photon coincidences were to be expected, we took 
data with the “electron detection” arrangement 
also shown in Fig. 1. This differed from the 
photon detection arrangement only in that the 
lead sheet was removed and the high voltage was 
not applied to the G-M tubes C. In this case, 
decay electrons emerging downward from the 
brass were detected. Since the decay of stopped 
mesons is isotropic, and the angular divergence 
in pair-production by a 50-Mev photon is small, 
the geometrical factors in the photon detection, 
and electron detection arrangements were essen- 
tially the same. If the hypothesis being tested is 
correct, the ratio of delayed photon coincidences 
to delayed electron coincidences should be equal 
to the chance that an incident photon produces 
in the Pb sheet at least one electron capable of 
actuating D and E (as shown in Section III, the 
chance of the decay photon emerging from the 
brass is very nearly equal to that for the decay 
electron). An alternative electron detection ar- 
rangement was also used, different only in that 
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C was physically removed. The two arrangements 
gave essentially identical results. 

The coincidences were counted with a circuit 
identical with that used previously at the Massa- 
chusetts Institute of Technology. It was de- 
signed by M. L. Sands, and built by the M.I.T. 
Research Laboratory of Electronics. The anti- 
coincidence unit was of our own design. Figure 2 
shows schematically the mode of operation of the 
circuits. The pulses from A and B went into a 
coincidence circuit, giving an output whenever 
the two input pulses were within 1.3 micro- 
seconds of each other. The circuit was designed 
so that the output pulse occurred at a fixed in- 
terval of time (1.3 usec.) after whichever of the 
two input pulses was the earlier. The purpose of 
this was to reduce the effect of spontaneous lags 
in the G-M tubes, as it is very unlikely that both 
tubes will have large delays when actuated by 
the same particle. Trays D and E fed an identical 
circuit, producing a pulse 1.3 ywsec. after the 
earlier of D and E provided that they discharged 


RANGE vs ENERGY 
of ELECTRONS 


ENERGY IN UNITS OF 


Fic. 3. Calculated range-energy curves for electrons. 
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within 1.3 wsec. of each other. The two output 
pulses (AB) and (DE) went to a five channel 
double-coincidence circuit. The first channel, ac- 
tuating the electromechanical counter R3, meas- 
ured prompt coincidences in which (DE) oc- 
curred between 1.0 usec. before and 1.5 usec. 
after (AB). The remaining four channels, actu- 
ating R4, R5, R6, and R7 respectively, measured 
delayed coincidences of (DE) with respect to 
(AB) in successive time channels, the first cover- 
ing delays from 1.2 to 2.9 yusec., the second 2.9 
to 4.6 usec., the third 4.6 to 6.3 usec., and the 
fourth 6.3 to 8.0 usec. The distribution of counts 
between these four channels indicated whether or 
not the delayed coincidences were due to the 
2.2 usec. decay process. Our anticoincidence cir- 
cuit passed (AB) whenever tray C did not dis- 
charge between 1.0 usec. before and 10.0 usec. 
after the time of occurrence of (AB). Its output 
turned on the recorders R3, R4, R5, R6, and R7. 
Thus the delay discriminator proper recorded 
counts if and only if C were not discharged. In 
the photon detection arrangement, this pre- 
vented counting of charged particles emerging 
downward from the brass, as these could not 
reach D and E without tripping C. It did not do 
so in the electron detecting arrangement, because 
there was then no high voltage on C. 

The M.I.T. unit contained a monitoring cir- 
cuit, which could be switched to record any one 
of the following: (AB), A+B, D+E, (DE). 
A+B means the sum of the A and B counts as 
passed through a mixer insensitive for about 
15 usec. after each pulse that reached it; simi- 
larly for D+-E. The monitoring circuit was con- 
tinually switched between the four pamitinne 
while data was being taken. 


Ill. THEORY OF THE EXPERIMENT 


If the hypothesis under test is correct, an elec- 
tron and a photon, each of about 50 Mev, fly off 
in opposite directions from the point at which 
the stopped meson disintegrates. Our test of the 
hypothesis was based on the assumption that the 
formulas of Bethe and Heitler for pair creation 
by photons and energy loss by electrons are at 
least approximately correct for energies up to 
50 Mev. This assumption can be considered to 
be well verified experimentally. 

It was necessary to know first of all the relation 
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between energy and mean range for electrons. 
One of us (R.D.S.) has computed it for a number 
of materials; the results for Al, Cu, and Pb are 
plotted in Fig. 3. For total energies above 10 mc’, 
the theoretical expressions for the mean radiative 
loss’. and the loss by non-radiative collisions® 
were used ; the reciprocal of the rate of energy loss 
so computed was integrated numerically to give 
the range down to a total energy of 10 mc’. As 
scattering was neglected, the range obtained was 
actual path length rather than thickness of ma- 
terial. The result for 100 mc? electrons agrees to 
within one percent with the result of Bethe and 
Heitler’ for Cu and of Heitler® for Pb. At energy 
10 mc?, the curves were joined to the theoretical 
points calculated by Widdowson,’° diminished by 
0.4 g/cm? to bring them into closer agreement 
with experimental data on §-ray ranges. 

The efficiency of the lead slab in making pho- 
tons detectable depends on the probabilities of 
pair production for various partitions of the 
energy in the pair and on the range-energy rela- 
tion for the electrons. In our. calculation we used 
the Bethe-Heitler formulas’ for pair creation and 


7H. A. Bethe and W. Heitler, Proc. Roy. Soc. A146, 83 
(1934), Radiation probabilities for materials other than 
Pb, Cu, and H:O were obtained by interpolation in Fig. 3 
of this reference. 

8B. Rossi and K. Greisen, Rev. Mod. Phys. 13, 240 
(1941); formula (1.12) with J=11.5Z ev. 

*W. Heitler, Quantum Theory of —, on edition 
(Oxford University Press, London, 1936), p. 
10 E. E. Widdowson, Proc. Phys. Soc. 51, ry (1939). 


THICKNESS OF LEAD (g /cm*) 


the range-energy curve for Pb of Fig. 3. The 
major approximations were neglect of electron 
scattering and neglect of fluctuations in the rate 
of radiation by electrons. The same range-energy 
relation was applied to negatrons and positrons, 
and their angular divergence was taken to 
be zero. 

The results are shown in Fig. 4. For small 
thicknesses, the calculation is elementary. In 
effect, one of the pair electrons is bound to emerge 
so long as the thickness of the Pb is less than the 
range of an electron of half the photon’s energy, 
R(W/2). The required probability is therefore 
simply the probability of pair production: 


1—exp(—o,(W)T), 


where o,(W) is the probability of pair production 
per unit thickness and T is the thickness. At 
large thicknesses (T>R(W)) the dependence on 
thickness is again simple, as 


exp(—o.(W)(T—R(W)), 


where o;(W) is the sum of the probabilities of pair 
production and Compton scattering. This de- 
pendence expresses the fact that only the lower 
part of the slab is effective. At intermediate 
thicknesses, R(W/2)<T<R(W), the emergence 
or not of at least one electron depends on the par- 
ticular mode of division of energy in the pair, 
and a numerical integration over the various 
partitions was carried out. It is in this inter- 
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TABLE I. Calibration of the circuits. 








(AB) Coincidence circuit: either A or B within 1.30 usec. before or after the other. 
(DE) Coincidence circuit: either D or E within 1.28 ysec. before or after the other. 
Note: In the remainder of this Table we mean by the time of occurrence of (AB) or (DE) the time of occurrence of the 


earlier of the two pulses A and B or D and E. 


(AB—C) Anticoincidence circuit: C from 1.0 usec. before to 10.0 usec. after (AB). 
(AB: DE) coincidences 


Prompt channel 
First delay channel 
Second delay channel 
Third delay channel 
Fourth delay channel 


(DE) from 1.1 
(DE) from 2.8 
(DE) from 4.5 
(DE) from 6.2 


(DE) from 1.04 usec. 


7 sec. 
5 msec. 
7 psec. 
7 psec. 


before to 1.46 usec. after (AB) 
after to 2.91 usec. after (AB) 
after to 4.62 usec. after (AB) 
after to 6.33 usec. after (AB) 
after to 8.04 usec. after (AB) 








mediate region that the maximum detection 
efficiency is found. 

For photon energies of 40 and 60 Mev, the 
Compton effect was ignored. At 20 Mev, where 
it amounts to 12 percent of the total cross section, 
the photon attenuation through the Compton 
effect was taken into account, but the contribu- 
tion of the Compton electrons to the photon- 
detection efficiency was neglected. This under- 
estimation is no doubt more than compensated 
by our neglect of scattering. 

For the 9.75 g/cm? thickness used in the ex- 
periment, the calculated probability is 52 percent 
for a 40 Mev photon and 58 percent for a 60 Mev 
photon. Interpolation gives 56 percent for a 
50 Mev photon. It is to be noted that for a 
photon energy as low as 20 Mev, the calculated 
probability is as high as 26 percent; of course, 
the neglect of scattering makes our calculation 
less reliable the lower the energy. 

It was also necessary to know the relative 
probabilities of a decay electron and a decay 
photon emerging from the brass meson stopper. 
We calculated each probability only for 50 Mev 
energy, but for various thicknesses of brass. The 
chance of an isotropically emitted photon’s 
emerging unconverted and unscattered from the 
bottom of the brass plate involves only o; and uy, 
the meson absorption coefficient. The chance of 
an isotropically emitted electron’s emerging in- 
volves » and the mean range, for which the value 
for Cu of Fig. 3 was used. Both integrals could 
be evaluated in closed form. At no thickness do 
the two probabilities differ by more than 25 
percent; at the thickness of 21.6 g/cm? used in 
the experiment, the photon probability is 1.04 
times the electron probability. The ratio of the 
two is essentially independent of y; the error in- 


volved in assuming the brass slab infinite should 
also be practically cancelled out in the ratio. 

Taking our numerical results literally, we con- 
clude that if the photon-electron hypothesis is 
correct, the delayed coincidence rate with the 
photon detection arrangement ought to be 1.04 
X0.56=58 percent of the delayed coincidence 
rate with the electron detection arrangement. 
This number is, as already remarked, somewhat 
of an overestimate, but it is difficult to believe 
that it is wrong as to order of magnitude. 


IV. RESULTS 


The apparatus was used between the end of 
August 1947 and March 1, 1948. Data obtained 
during periods of known or suspected malfunc- 
tioning of the equipment were discarded, leaving 
data from about 1475 hours in the period October 
2, 1947 to March 1, 1948. All the G-M tubes were 
checked at least once every two weeks. Complete 
calibrations of the circuits were made three 
times, near the beginning, middle, and the end 
of the October to March period. In these calibra- 
tions we employed artificial pulses having the 
same general shape as the G-M tube pulses and 
adjusted in amplitude to match the G-M tube 
tray being simulated; their relative times of oc- 
currerice were continuously adjustable by means 
of helical wire-wound potentiometers." The dials 
of the potentiometers were calibrated in 0.4 usec. 
steps by means of marker pips derived, like the 
artificial pulses, from a 2.5 Mc crystal-controlled 
oscillator; one scale division on the dial corre- 
sponded to 0.01 usec. The calibrations never 
differed by more than a few hundredths of a 
microsecond. The average of the first and third 


i ‘Helipots,’ obtained from The Helipot Corporation, 
South Pasadena, California. 
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TABLE II. Raw data on electron and photon delayed coincidences. 








Counts in 


Duration Rate 





First delay 
chann 


el el c 


Second delay Third delay Fourth delay Sum of delay 
chann hannel chan: hann 


Counts per 


nel c els Hours hour 





Photons 
(AB:DE)—C 5 2 


Electrons 
(AB: DE) 


C in place 
C removed 


Combined 


0 0.019 +0.006 


199 0.58+0.04 
186 0.56+0.04 


0.57+0.03 


385 








calibrations, which we considered the most re- 
liable, were used in analyzing the data. The 
numbers are given in Table I. The regions of un- 
certainty at the channel edges never exceeded 
0.03 usec.; the numbers given are the half-way 
points between the fully off and fully on settings. 

Table II gives the accepted delayed coinci- 
dence data. As already remarked, two alternative 
arrangements were used for decay electron detec- 
tion. In one, C was disconnected; in the other, 
physically removed. It is thought that the former 
is perhaps slightly better suited for comparison 
with the photon detection arrangement, but 
since the two gave the same rates within sta- 
tistical uncertainties the results were combined. 
The uncertainties assigned to the rates are esti- 
mated standard deviations. 

Certain corrections had to be made to the raw 
data. The data needed in making these correc- 
tions are given in Table III. For the photon 
detection configuration, the most important cor- 
rection was that for the inefficiency of the anti- 
coincidence arrangement. This inefficiency ap- 
peared to be due mainly to the non-zero thickness 
of the counter walls; for vertically incident par- 
ticles the walls filled 3 percent of the area of C. 
Our data gave us a measured value of the ineffi- 
ciency. In effect, decay products made a negli- 
gible contribution (<5X10-‘) to the prompt 
coincidence rates, so that the ratio of the prompt 
coincidences (AB:DE)—C obtained with the 
photon arrangement to the prompt coincidences 
(AB:DE) obtained with the Pb in place but no 
high voltage on C was the anticoincidence ineffi- 
ciency. From the first two rows of Table III we 
found this ratio to be 2.66+0.02 percent. This is 
perhaps a slight underestimate, as it refers mainly 


to the central portion of C; a rough: check, in- 
volving comparison of (AB)—C with (AB) and 
(ABC) gave a value of about 3 percent. Because 
of the inefficiency, mesons could occasionally slip 
through tray C without discharging it, stop in 
the lead sheet, and produce decay electrons actu- 
ating D and E. Also, a few decay electrons from 
the brass could slip through C, penetrate the 
lead sheet, and actuate D and E. Both these 
effects are comprised in the delayed coincidence 
rate obtained with the Pb in place but C not 
sensitive, given in the third row. Multiplying this 
rate by 2.7 percent we obtained 0.010+0.001 per 
hour as the expected spurious delayed photon 
rate. For the 477.4 hours of delayed photon re- 
cording, the expected number of spurious delayed 
coincidences is therefore five. Actually, nine 
counts were obtained; the chance is not too small 
(~4 percent) that all nine were of spurious 
origin. It is seen that the number of delayed 
photons detected is essentially zero. 

We had also to consider the effect of accidental 
delayed coincidences. As the anticoincidence 
“gate” extended beyond the end of the last de- 
lay channel, the expected accidental rate was 
[(AB)—C][(DE) —C]r, where 7 is the channel 
width. Using the rates of the fourth and fifth 
rows of Table III and the value 7.04 usec. for the 
sum of the delay channel widths, we obtained 
for the expected accidental rate (1.167+-0.008) 
X 10-4 per hour, or 0.0557 +0.0004 in 477.4 hours. 
This correction could therefore be neglected. 

For the delayed electron coincidences, the only 
correction applied was for accidentals. These oc- 
curred when one event triggered A and B but 
neither D nor E£, and a subsequent unrelated 
event triggered D and E,* The expected acci- 
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TABLE III. Data used for corrections. 








Number of counts 


Duration Rate 





. Prompt (AB:DE)—C 
(Photon arrangement) 


. Prompt (AB:DE) 
(Pb in, no H.V. on C) 


. Delayed (AB:DE) 
(Pb in, no H.V. on C) 


first channel 
second channel 
third channel 
fourth channel 


sum 


. (AB)—C 
(Photon arrangement) 


. (DE)—C 
(Photon arrangement 
with D and E leads con- 
nected to circuit inputs 
normally used for A and B.) 


. (AB:D or E) 
(Electron arrangements 
using D+E instead of 
(DE)) 


. (AB) 
(Electron arrangements 
using D+E instead of 
(DE)) 


. (AB) 
(Electron arrangements) 


. (DE) 
(Electron arrangements) 


17,762 


334,669 


43,549 


28,868 


74,176 


781,824 


2,983,456 


28,644 min. 0.620+0.005 per min, 


14,368 min. 23.29 +0.04 per min. 


50 
20 239.6 hr. - 
10 

7 


87 


0.36 +0.04 per hr. 


28,644 min. 1.520+0.007 per min. 


2,646 min. 10.91 +0.06 per min. 


2,533 min: 29.28 +0.11 per min. 


1,172 min. 42.87 +0.19 per min. 


18,375 min. 42.55 +0.05 per min. 


16,639 min. 179.3. +0.1 per min 








dental rate was, therefore, {(AB)—(AB:D or 
E)}(DE)r, where (AB:D or E) was the prompt 
coincidence rate between (AB) and D or E, 
measured by throwing a switch so as to feed the 
(AB:DE) coincidence circuit with D+£ rather 
than (DE). The expression in curly brackets is 
the rate at which A and B but neither D nor E 
were triggered; the data of lines 6 and 7 of 
Table III give the value 13.59+0.22 per min., 
or a fraction 0.317+0.004 of the (AB) rate. Ap- 
plying this factor to the (AB) rate of row 8, 
multiplying by the (DE) rate of row 9, and finally 
multiplying by the sum of the delay channel 
widths (7.04 usec.), we obtain 0.0170+0.0002 per 
hour for the accidental delayed coincidence rate. 
This gives an expectation of 11.4 accidental de- 
layed coincidences in 671.6 hours, or about 3 per 
delay channel. Row 1 of Table IV gives the 
(combined) results of the last row of Table II, 
with 3 counts subtracted in each channel. The 


corrected decay electron rate is seen to be 
0.55+0.03 per hour. For an over-all photon de- 
tecting efficiency of 58 percent, there should have 
been 152 delayed photon coincidences in 477.4 
hours. Only an overestimate of the photon de- 
tecting efficiency by a factor of the order of 40 
could bring our result into agreement with the 
photon-decay hypothesis. Another way of de- 
scribing the result is to say that less than 5 per- 
cent or so of the mesons decaying in the brass 
could give rise to a high energy photon. 

The second line of Table IV shows the ex- 
pected distribution of 373 counts, calculated for 
a meson mean life of 2.2 usec. The observed dis- 
tribution (first line) is seen to agree with it 
within the statistical uncertainty. This agree- 
ment is an added indication that the observed 
delayed electron coincidences are not of spurious 
origin, 
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TABLE IV. Delayed electron coincidences. 














Counts in Duration ? Rate 
First delay Second delay Third delay Fourth delay Sum of delay Counts per 
channel channel channel channel channels Hours hour 
Corrected data on de- 196 97 55 25 373 671.6 0.55+0.03 


layed coincidences 
caused by electrons 


Expected decay elec- 211 97 44 
tron distribution for 
2.2 sec. mean life 


21 373 








V. CONCLUSIONS 


Our results indicate that the bulk of.the sea 
level cosmic-ray mesons which disintegrate after 
stopping in brass do not have a photon of energy 
above about 15 Mev as a disintegration product. 
This seems to be clear-cut evidence against the 
hypothesis that the u-meson splits into an elec- 
tron and a photon. It is also evidence against the 
suggestion” that the yu-meson disintegrates into 
an electron and a neutral meson, the latter 
immediately (~10-" sec.) disintegrating into 
two photons of about 35 Mev. One can conclude!’ 
from our result that the neutral meson’s mean 
life against this process would have to be greater 
than about 10-° sec.; in fact, ascribing to the 
neutral meson a mass of 70 Mev/c? and a kinetic 
energy of 4. Mev, the lower limit on the lifetime 
is about 3X 107" sec. 


2 For example, R. E. Marshak, Bull. Am. Phys. Soc. 22, 
6, 14 (1947) (Phys. Rev. 73, 1226 (1948)). 
18 The same conclusion has been drawn by E. P. Hincks 
and B. Pontecorvo, Phys. Rev. 73, 1122 (1948). 
4 C, D. Anderson et al., reference 5. 


Since very few negative mesons disintegrate 
in brass,® our results refer primarily to positive 
» mesons. The independent experiment of Hincks 
and Pontecorvo,‘ in which graphite was used as 
the meson stopper, leads to the same negative 
result, for mesons of both signs. 

Piccioni!® has recently reported an experiment 
designed to detect photons resulting from meson 
capture. His experimental arrangement was such 
as to detect decay photons as well. Here also, a 
negative result was obtained. 
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The energy matrices of the configurations d*sp, d*p and d’p are calculated in terms of 
Slater’s F* and G* integrals for Russell-Saunders coupling. The calculations are based on 


Racah’s method of tensor operators. 





INTRODUCTION 


HE analysis of complex spectra meets with 
difficulties if the spectrum is due to more 
than two or three electrons outside closed shells. 
In these cases intensities and selection rules 
seldom provide satisfactory evidence for a 
complete classification of the observed levels. For 
this reason it seems desirable to obtain the energy 
levels on theoretical grounds. 
_ However, only the simplest configurations 
have been calculated thus far. Slater’s method of 
diagonal sums! which forms the basis of most 
of these calculations does not permit a separation 
of multiply-occurring terms. This difficulty was 
finally removed in a satisfactory way by the 
method of tensor operators proposed by Racah? 
and based to a certain extent on earlier work by 
Condon, Shortley, and others.’ : 

In this paper we shall apply Racah’s method 
to the configurations d’sp, d*p and d’p occurring 
in Ti, Fe JZ and their isoelectronic sequences. 
In the succeeding paper we shall use the results 
obtained here for the spectrum of Ti J. This will 
then enable us to confirm and partly correct the 
existing configuration assignments in this spec- 
trum. 


d’sp 


The calculation of this configuration can be 
simplified significantly by the following pro- 
cedure. Starting from the known‘ configuration 


*Now at Harvard University, Cambridge, Massa- 
chusetts. 

1J. C. Slater, Phys. Rev. 34, 1293 (1929). 

2G. Racah, Phys. Rev. 61, 186 (1942); 62, 438 (1942); 
63, 367 (1943). These papers will be referred to in the 
following as I, II and III. 

* See: E. U. Condon and G.-H. Shortley, The Theory of 
Atomic Spectra (Cambridge University Press, Teddington, 
1935), where also further references are given. 

4 See reference 2, II, p. 457. 


d*p we use Dirac’s vector model® and add an s 
electron. The result will be the energy matrices 
of d*ps labeled by the terms of its parent con- 
figuration d?p. A unitary transformation will then 
lead to the scheme of dsp where the terms of d’s 
label the matrices. Both schemes have of course 
the same energy terms, but since the s electron 
is in general more strongly bound to d? than is 
the ~ electron, the matrices of d?sp will be ‘‘more 
diagonal” than those of dps. This is of im- 
portance in numerical applications. Also, the 
series limits are the terms of d’s rather than of 
d*p. 
The energy of d*ps is 


W(d*ps) = W(d?p) +2F)(d, s) 
+ Fo(p, 8) +gaGatgnGp, 


where y 


F,(d,s)=F°(d,s), Fo(p, s)=F°(p, s), 
Ga= (1/5)G*(d, 5), Gy= (1/3)G'(p, S). 


As in reference 3, the F* and G* are defined 8°. 
By ga and gp, we mean the matrices of the 
operators 


fa= —(1+2S,°s,), 


where Sz is the resultant spin of d’, i.e., either 0 
or 1. In the first case gg= —1, the spin of d*9 is 2, 
and the matrix of g, is simply 1 or —1, according 
to whether S, the total spin of d*ps, is 0 or 1. 
In the second case we find from an easy cal- 
culation that (.S’ s, S|ga|S’’ s, S) has the fol- 
lowing values: 


3 > Olgald 3 
3 2\gal$ 


&p= —($+28,°8,), 


0) =1, 
2) = —2, 


5P, A. M. Dirac, The Principles of Quantum Mechanics, 
third edition (Oxford University Press, London, 1947), 
Chap. [X. J. H. Van Vleck, Phys. Rev. 45, 412 (1934). 
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CONFIGURATIONS OF d?s}, 


—5/2 —(2/3)24 
(S' 5 1]galS” 3 = aye 23 f 


Here S’ and S” denote the resulting spin of d?p. 
Similarly one obtains for g, 


(3 4 Olg|3 2 0)=—1, 
(3 % 2|gel% 2 2)=—1, 


(S’ 3 Algy|S” 3 =} pl -_ 


These results enable one to write down the 
complete energy matrix of dps. Since dp 
involves the terms ?4SPDFG, *H, the configura- 
tion d?ps will consist of the terms +*5SPDFG 
and 4377, 

It is not necessary to give these matrices here. 
We shall rather proceed and carry out the 
similarity transformation leading to d*sp. This 
transformation will diagonalize the matrix ga. 
Obviously, the transformation is non-trivial 
only for the case S=1. In this case, however, the 
resulting diagonal matrix gq is 


(S’ sp 1|galS” sp y=ie hel | 

as can be seen from the known® energy terms of 
d’s. The quantum numbers S’ and S” refer here 
to the total spin of d*s. The required trans- 
formation matrix for S=1 which brings gq into 
the above diagonal form is now uniquely deter- 
mined. Numerically it is identical with the 
matrix g, above and it will therefore leave g, 
invariant. The same result could have been ob- 
tained from the general formula for the elements 
of this transformation matrix.’ 

When we carry out the transformation of the 
matrices of d*ps we obtain finally for the energy 
terms of d?sp the matrices in Table I. 

The parameters Gz and G, have been defined 
above. The others were given by Racah (see 
reference 2, II), but will be repeated here for 
completeness. 

A(@sp) = F°(d, d)+2F°(d, p) +2F°(d, s) 
+F°(p, s)—(1/9) F*(d, d), 
B=(1/441)(9F°(d, d) —5F*(d, d)), 
C= (5/63) F4(d, d), 
F,= (1/35) F°(d, p), 
G1=(1/15)G'(d, ), 
G3= (3/245)G*(d, p). 


6 See reference 3, p. 203. 
7 See reference 2, III, p. 368. 


d*p, AND d'p 


d®p and d'p 


These configurations have to be calculated by 
Racah’s method.* With the above definitions 
each matrix element will be given by* 


W(d*p) = W(d*) +3Fo(d, p) + foF2+2:1Gitg3Gs. 


The coefficients fe, gi and gs are the matrix 
elements of sums of scalar products of tensor 
operators. 


f.=10(21)U® -u,®, 
gi= —(3+4S-s,+(9/2)540-u, 
+ (5/2)(21)40® -u,+18(5)#Van .yan 
+10(21)#VO2.ya2), 
gs= —((21/2)+14S-s,—(21/2)540® -u,@ 
+ (5/2) (21)4U® -u, —42(5)#van. yan 
+10(21)#VG2.yar), 


The operator S refers to the resultant spin of d*. 
The other operators are 


UM= Du, VM=F sa, vi) =—s,u,, 


where the summation is extended over the three 
equivalent d electrons. The tensor u) is defined 
by 

(2|[u™ |[2’) = du. 


In the same notation 
(2||1[2’) = [2 2+1) (22+-1) Feb, 


and we conclude, therefore, that the matrix of 
U® will be diagonal. One finds in general 


(*SL||U™ ||/"SL) = *SL]|u ||2"SL) 
("SL||L||2"SL) ey 
(I"SL]|1\|\J"SL) 1(1+-1)(27+-1) 

independent of S. The matrices of U®, V@) and 

V“) are calculated in reference 2, III. The scalar 

product is defined in reference 2, II. The calcu- 

lation is therefore perfectly straightforward and 


one finds for the matrices of d*p those in Table 
IT’, 





*Note that the parameter A differs of course for all 
three configurations. It gives the energy of the “center” of 
each configuration. 
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The two 2D terms of d* are distinguished by 
their seniority numbers which indicate in which 
configuration of the chain d, d?, ---d" the term 
occurred first. This distinction is made possible 
by the operator Q, defined in reference 2, III, 
which is diagonal simultaneously with S and L, 
and which gives a unique relation between 
terms of equal S and L belonging to configura- 
tions /" and /]"-*, respectively. Such a relation- 
ship, however, exists only for non-vanishing Q. 
One can show that the lower of the two 2D 
terms of d* gives Q=0 and has therefore seniority 
number 3, whereas the higher one is related to 
the ?D of d and has seniority number 1. We 
thus write 7,D and *;D instead of 2D+ and 2D-, 
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or a*D and 0D as is sometimes used in the liter- 
ature. 

It is clear that the general formula for d*p 
given above can be used to calculate d7p, since 
d* and d’ are conjugate configurations, the 
maximum number of equivalent d electrons 
being ten. In order to obtain the energy of the 
conjugate configuration we simply have to 
change the sign of all the tensors of even degree 
(reference 2, II, Eq. (74)), i.e., of the constant 
matrix, U® and V“@”, With this recipe one finds 
for d’p the matrices given in Table III. 

In conclusion, I wish to thank Professor G. 
Racah for suggesting this problem to me and for 
many helpful discussions. 






















PHYSICAL REVIEW 


VOLUME 74, NUMBER 10 


The Classification of the Odd Terms of Ti J 


F. ROHRLICH 






NOVEMBER 15, 1948 


Lyman Laboratory of Physics, Harvard University, Cambridge, Massachusetts 


(Received June 22, 1948) 


The odd configurations 3d*4s4p, 3d*4p and 3d4s*4p of Ti J are calculated using the results 
of the preceding paper. Numerical values for the F* and G* integrals are found by comparison 


with the observed levels in a method of successive approximation. A correction is applied for 
configuration interaction which improves the general agreement. 

Explicit formulae are given for the multiplet strengths of transition arrays involving 
equivalent electrons. They are applied to the transitions d*sp—d*s and d*sp—d?*s* of Ti J. 
Tables of multiplet strengths are calculated corresponding to interaction energies diagonal 
in first-order and second-order eigenfunctions, respectively. 

On the basis of these calculations and known measurements of line intensities and gf values, 
a new classification of the odd terms of Ti J is proposed. Of the 83 observed odd terms, 76 were 
classified. In 74 cases the calculated terms fit with a mean deviation of +1023 cm™ on a range 
of about 30,000 cm-. Although the experimental data on multiplet strengths are rather scarce, 


they seem to be in better agreement with theory when based on the new classification. 





I. INTRODUCTION 


HE spectra of Ti J and Ti JJ were analyzed 

in 1927 by Henry Norris Russell.! His clas- 

sification is based to a large extent on the inten- 

sity estimates by A. S. King.? He was able to 

“identify 142 terms in Ti J and 50 terms in Ti JJ, 

and thus accounted for 1394 and 529 lines, re- 
spectively. 

However, whereas the spin, orbital, and total 
angular momenta of a level can be identified 
experimentally in a rather reliable manner, it is 
sometimes very difficult to specify the con- 
figuration and the series limit. A number of 
terms, therefore, were classified on admittedly 
doubtful arguments, especially in the spectrum 
of Ti J. 

The classification of the even terms of Ti J 
was shown by Many’ to be in satisfactory agree- 
ment with theory. The odd terms will be con- 
sidered in this paper. Most of the odd terms arise 
from the configurations 3d*4s4p, 3d*4p, and 
3d4s?4p. In these configurations the # electron is 
bound more weakly than the s electron, so that 
the excited configurations are of the form 
3d*4smp, 3d’mp, and 3d4s*mp (m=5, 6, ---) and 
have as their series limit the even configurations 
of Ti JI. These latter configurations, 3d4s, 3d’, 
and 3d4s?, were also found to be in agreement 


1H. N. Russell, Astrophys. J. 66, 347 and 283 (1927). 
(1928) S. King, Astrophys. J. 39, 139 (1914) and 59, 155 
24). 
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with theory.’ The only doubtful point in the Ti JJ 
spectrum was the assignment of the two lowest 
terms, a*F and b*F, which Many assigned to 3d? 
and 3d*4s, respectively, contrary to Russell’s 
original assignment. This question remained open 
until recently when Russell showed conclusively‘ 
that the lowest term of Ti JZ has the configuration 
d’s, in agreement with his original assignment. 

Since the calculated energy terms are not 
always conclusive for the purpose of configura- 
tion assignments, we had to make use of the ex- 
perimental data on intensities and line strengths.* 
It was necessary, therefore, to calculate the 
multiplet strengths of the most important 
transition arrays. 

The next section will give a brief outline of 
the numerical methods adopted to find the 
values of the F* and G* integrals which are here 
simply regarded as parameters. Section III will 
deal with the resulting term energies and the 
correction for configuration interaction. Inten- 
sities and line strengths are discussed in Section 
IV, and tables of multiplet strengths are given 
which are calculated by means of the general 
formulae derived in the appendix. The last 
section is devoted to a discussion of the most 
important aspects of the proposed new classi- 
fication. 

% A. Many, Phys. Rev. 70, 511 (1946). 

4H. N. Russell, Phys. Rev. 74, 689 (1948). Kindly com- 


municated by letter before publication. 
5 A. S. King and R. B. King, Astrophys. J. 87, 24 (1938). 
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TABLE I. List of parameters for Ti J. Columns 1 and 2 
give the parameters as calculated on the basis of the 
current assignment for d*p and d*sp, respectively. Column 
3 gives the results under the assumption that some con- 
figuration assignments have to be interchanged. Column 4 
gives an estimate; columns 5, 6, and 7 list the parameters 
as found in steps by the method of successive approxima- 
tion. 








1 2 3 4 5 6 7 


39,240 —— 36,732 38,000 38,410 38,290 37,972 
28,291 29,456 29,800 30,651 30,729 30,491 
— 45,000 —— — 45,241 

$22 577 600 570 573 563 
2,555 2,400 2,193 2,108 2,122 

40 300 295 293 281 

256 280 332 315 306 

17 20 9 2 0 

0 1,300 938 1,344 1,381 

4,624 4,000 5,628 5,145 4,834 





A(d*p) 








II. CALCULATION OF THE PARAMETERS 
Fk AND G+ 


The matrices for the term energies of the con- 
figurations d’sp and d*p were calculated in the 
preceding paper.* The terms of ds’p follow im- 
’ mediately from the well-known’ terms of dp, 
since these two configurations eed only by a 
constant. 

In the Ti J spectrum the iansitain interaction 
is small compared to the electrostatic interaction, 
and the decomposition of each term into the 
multiplet levels is in general well represented by 
Lande’s interval rule. We expect, therefore, that 
Russell-Saunders coupling is a good approxima- 
tion and that the above mentioned theoretical 
term energies should fit the experimental values. 

We can further assume that the integrals B, 
C, F2, G: and G; occurring in the matrices of the 
three odd configurations are the same for all 
cases where the principal quantum number is 
the same. The configurations 3d*4s4p, 3d*4p and 
3d4s*4p are therefore determined by the ten 
parameters 

A(@sp), A(d*p), A(ds*p), 
B, C, Fo, Gi, Gs, Ga, Go. 


Under these conditions one can easily show 
that the current assignment of the odd Ti J 
terms cannot be completely correct. For this 
purpose we equated the traces of the matrices of 
d*p to the corresponding sums of observed terms, 
leaving out those traces which involve unob- 
served terms. The resulting set of ten weighted 


6 F. Rohrlich, Phys. Rev. 74, 1372 (1948). 


7E. U. Condon and Gy: H. Shortley, The Theory of 
Atomic Spectra (Cambridge 1935), p. 200. 
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linear equations for the six parameters involved 
in d*p were then solved by the method of least 
squares. The same was done for d’sp. The 
results are listed respectively in Table I, columns 
1 and 2. We see that the parameters do not at all 
agree in the two configurations. Also, from con- 
siderations of related spectra like Ti JJ, V JJ, 
etc., one can estimate the values of the parameters 
of Ti J. These estimates are given in the same 
table in column 4. A comparison with the © 
parameters listed in columns 1 and 2 shows 
rather poor agreement. A negative value like 
that of G; of d’sp (column 2) is of course already 
excluded by virtue of the postiveness of Slater’s 
integrals. 

The odd terms '}*SPDFGH occur in both con- 
figurations, d°p and dsp. It seems, therefore, 
possible that some of these terms have a wrong 
configuration assignment and that they should 
be interchanged. We recalculated, therefore, the 
parameters, this time by equating the sum of the 
traces of d* and d’sp to the observed values for 
each of the above terms. The result is given in 
column 3 and is seen to be in much better agree- 
ment with the estimates (column 4). The per- 
sisting disagreement of F; and of Ga, however, 
indicates that further corrections will be neces- 
sary in addition to interchanges of configuration 
assignments. On sdlving the secular equations 
with the parameters of column 3 we did not 
obtain satisfactory agreement with the experi- 
ments. However, when these secular equations 
were solved with the parameters of column 4 the 
agreement was much improved. 

We used, therefore, the estimated parameters 
as a first approximation and tried to improve 
these values by a method of successive approxi- 
mation. This method is essentially a repeated 
application of Schrédinger’s first-order pertur- 
bation :theory. One finds the transformation 
matrix (or eigenvectors) which diagonalizes the 
energy matrix when the estimated set of param- 
eters is used. This transformation matrix is then 
used to diagonalize the energy matrix with 
unspecified parameters. The diagonal elements 
of the resulting ‘‘nearly diagonal’”’ matrix are 
then equated to the corresponding observed 


, Hand- 


8 For the standard procedures employed see, e.g 
_ +" ones (Julius Springer, Berlin, 1928), Vol. III, 
ap 
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terms, and the obtained set of linear equations 
for m (m<n) parameters is solved by the method 
of least squares.* One finds an improved set of 
parameters with which the whole procedure may 
be repeated. In our case this process yielded the 
set of parameters listed in Table I, columns, 5 
6 and 7. For column 5 only those terms were 
taken into account which involve matrices of 
order one or two in d*p and d’sp. In the calcula- 
tion of the parameters of column 6 all terms of 
d’p and d’sp were used® and finally the con- 
figuration ds*p was included and the resulting 
parameters (column 7) were regarded as final. 
A further improvement of the parameters A, 
as a result of the interaction of the parent con- 
figurations, will be discussed in Section III. 
From Table I we see that the convergence of 
the method of successive approximation seems 
satisfactory and that the final set of parameters 
is not too far off the estimated: values. We think 
that the improvement caused by one further 
iteration will hardly justify the great amount of 
work involved. 
_ The least square method involved the solution 
of 25, 32, and 41 simultaneous weighted linear 
equations for 9, 9, and 10 unknowns, respec- 
tively. This could easily be done on an ordinary 
calculating machine. For the diagonalization of 
the matrices of order 4, 5, and 6, and for the 
evaluation of the eigenvectors, however, we used 
the Electric Network for the Solution of Secular 
Equations of R. H. Hughes and E. B. Wilson.’° 
With its aid symmetrical secular equations up to 
order six can be solved and the eigenvectors can 
be measured. For our purpose the accuracy of the 
instrument had to be improved from 1 percent to 
about 0.1 percent for the roots. More precisely, 
the final accuracy obtained was an average error 
of 0.1 for all roots up to about 250, on an 
arbitrary scale. Proper scaling enabled us to 
have most of our roots lying between 100 and 200 
or more. The improvement in accuracy was 
achieved by better calibration of coils and con- 
densors, and by exact determination of correc- 
tions for stray capacities. The latter was done 
by solving quite a number of test problems. 


* Single terms with doubtful assignment were omitted. 
For closely spaced terms whose assignment may have to 
be interchanged, the sy average was used. 


10R, H. . Wilson, Rev. Sci. Inst. 18, 


, ughes and 
103 (1947). 
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TABLE II. Odd quintet terms of Ti J. All energy values 
are in units of cm™. Columns A and B refer to calculations 
without and with configuration interaction, respectively. 








Calc. B 
Term Ai Term Ai 


—284 16072 —130 

a‘F 17396 350 
18598 a‘F 19239 641 
25103 bP 24892 —211 
bP 25353 —444 
—634 

bP —673 


Limit Calc. A 


3d%4s 3d 


Observed 
term 





16202 
17046 


1487 
A= +682 


w= +1365 w=+1651 








Also, the routine calibration of the small coils 
which changed their inductance by about 0.1 
percent per week was vital to this accuracy. The 
eigenvectors were measured with an electronic 
voltmeter which limited the accuracy to a 
maximum error of 2 percent. Actually, however, 
the accuracy of the eigenvectors was about 1 per- 
cent in most cases as could easily be checked by 
their orthogonality relations. 

Ill. TERM ENERGIES AND CONFIGURATION 

INTERACTION 

The term energies calculated with the final 
set of parameters are listed in Tables II, III, and 
IV (column A) for the quintet, singlet and 
triplet system, respectively. The corresponding 
terms and their limits are shown in the first two 
sections of Table II for the quintet system, and 
in the first and third sections of Tables III and 
IV (assignment JJ) for the singlet and triplet 
systems, respectively. Russell’s assignment! of 
limits is given in the second section of each table 
(assignment J). For the quintet system assign- 
ment J and assignment JJ are identical, i.e., 
Russell’s assignment is completely confirmed by 
the above calculations. In the other two systems 
quite a number of terms show differences in the 
two assignments, some in the parent term, some 
in the parent configuration, and some in both. 

We define, as usual, the mean deviation and 
the mean error in terms of the deviation A; of 
each term 


A= PA?/n, w= LA?/(n—m), 


where m is the number of terms and m is the 
number of parameters which were used to fit 
these terms. 
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TABLE III. Odd singlet terms of Ti J. The current assignment (due to Russell) is given as I, the proposed assignment 
as II. The deviations A; are calculated with respect to assignment JZ. Columns A and B refer to calculations without and 
with configuration interaction, respectively. All energy values are in units of cm™. 








Assignment I 


* Obs. term 3a3 3d%4s 


3d4s? 


Assignment II 
3d 3d4s? 


Calc. B 
Term AG 


Calc. A 
Term Ai 





a?F 
a?F 
a? F 
b2P 
b?P 
aD 


22081 
22405 
24695 
27907 
32858 
33661 
34700 
34947 
35035 
36000 
37623 
38201 
38960 
39078 


21972 — 109 
21621 — 784 
24054 —641 
25771 —_ 
31293 (3386) 
35211 2353 
33329 —332 
36490 1790 
‘35477 530 
36827 1792 
36817 817 
37289 —334 
37192 — 1009 
38629 —331 
40477 1399 
38387 —879 
42260 1957 
40791 471 
40669 —214 
39859 —1181 
43075 1490 
43413 485 
42305 — 1405 
44236 436 
41707 — 2456 
47499 — 
47613 —752 
49624 
49655 
51105 
56546 
60527 
61299 
65211 
A=+1195 
w= +1624 


21919 — 162 

21523 — 882 

23964 —731 

26127 — 

31861 (3954) 

35385 2527 

33753 

36756 

35749 

37356 

37350 

37533 

36776 

38036 

40400 

37610 

42323 

40885 

40763 

39728 

42771 

42929 

42356 

44912 

41606 

47514 

47639 

49139 

49685 

51143 

56392 

60043 

61181 -« 

65146 
A=+1358 
w= +1846 








* This term is believed to be 1D°. 


If we take assignment JJ as a basis, we obtain 
the differences between observed and calculated 
term energies as stated in the above-mentioned 
three tables. We then find for the mean devia- 
tions +682, +1358 and +1033 cm™, and for 
the mean errors +1365, +1846 and +1225 cm—, 
corresponding to the quintet, singlet, and triplet 
system. All three systems together fit with a 
total mean deviation of +1105 cm and with 
a total mean error of +1189 cm—. In these cal- 
culations only 74 of the 76 classified terms have 
been taken into account. The two terms y'!D° and 
v®F° show much larger deviations than any of the 
other terms and were therefore omitted in the 
least-square calculation. 

When we consider the interaction between the 
parent configurations d*, d’s and ds* which we 


have neglected so far, we may expect improved 
agreement. The corresponding matrix elements 
were calculated by Ufford." He found that the 


interaction integral 
H,=(1/35)R?(dd, ds) 


is 192 cm~ for Ti JJ whereas Many® found by 
the least square method 172 cm~ for Ti JJ and 
153 cm— for V JJ. Since Ti J and V JJ have the 
same electron configurations, but the latter has 
a higher nuclear charge, we expect a still smaller 
configuration interaction in Ti J. A rough 
estimate of H,=100 cm turned out to be not 
much too small. 

With this value for the interaction parameter 


11C, W. Ufford, Phys. Rev. 44, 732 (1933). 
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TABLE IV. Odd triplet terms of Ti J. For explanation see Table III. 








Assignment I 


Obs. term 3d24s 3d 3d4s? 3d*4s 


Assignment II 


3a3 


Calc. A 


3d4s* Term ai 





a?F 
a?F 
a?F 
b4P 
a?D 
a?D 
a?D 
a‘F 


2°F° 19463 
28D° 20048 
2°G° 21619 
28S° 24921 
yF° 25268 
23 F° 2551013 
yD°  —- 255104 
x3 F° 26929 
x8D° 27434 
yG?  —- 27640 
w*D° 29814 

29984 
v’D° 31197 
31516 
31766 
31930 
33103 
33683 
34109 
35439 
35580 
37249 
37631 
37769 
38037 
38576 
38685 
38721 
39161 
39695 
40429 
40729 
40844 
41268 
41500 
41936 
42244 
43625 
44130 
44858 
45134 


a’F 
a?F 
b?P 
a‘F 
b?P 


b?P 
a‘F 
a‘F 
b°G 
b?P 


bP 
BG 


19473 
20368 
21208 
24672 
25734 
26009 
26452 
29137 
27527 
27524 
30137 
29470 
30391 
29379 
30407 
30052 
34997 
30376 
33069 
35428 
35253 
38466 
37444 
37557 
38118 
38955 
38799 
38872 
39529 
40856 
40404 
42297 
40423 
43051 
41229 
44012 
44322 
43727 
46804 
47329 
47893 
48338 
50291 
58765 
60014 
61735 
A=+ 996 
w= +1182 


—99 
—504 


19364 
20279 
21115 
24632 . 
25761 
26039 
26478 
29029 
27635 








the corrections to the previously calculated term 
values were found approximately. The correc- 
tions are larger for S and P terms. The *P°(?P) 
term of d*p has the largest correction, viz., 686 
cm-!. It is clear that configuration interaction 
causes in general a shift of the centers of the 
configurations. These shifts are found by cor- 
recting the parameters A so that the sum of the 
deviations vanishes for each configuration. In the 
previous calculation the vanishing of this sum 
was guaranteed by the method of least squares. 


The new values for the A’s are 
A(d*p) 37,878 cm=, 
A(d*sp) 30,645 cm7, 
A (ds*p) 45,130 cm. 


Using these values instead of those of Table I, 
column 7, and adding the corrections resulting 
from configuration interaction to the terms listed 
in the Tables II, III] and IV, column A, one 
obtains the improved term energies listed in 
column B of the same three tables. We see that 
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TABLE V. Observed intensities and multiplet strengths 
of Ti IJ (quintet system). The columns M and KK list 
intensities (strongest line of each multiplet) and multiplet 
strengths, respectively. Estimated values are in brackets. 
The symbols 1, m, n, tr, r, and R indicate infra-red, masked, 
fuzzy lines, trace, narrow, and wide self-reversal, respec- 
tively . (See Tables VI and VII.) 








ey: 
Limit Term \, 
3d*4s4p 
25° 
z5P° 
y®D° 


25D° 
25F° 
25G° 





bP 


ysS° 

yr" 

w5D° 4 
x5D° 60 


y'F° 80 
5G? 60 


637 
802 
(910) 








the improvement is considerable. The quintet 
system is affected only indirectly (by the change 


of the A’s), since there is no interaction between 
the ‘F terms of the parent configurations." The 
mean deviations are now reduced to +674, 
+1195 and +996 cm-, and the mean errors to 
+1651, +1624 and +1182 cm“ for the quintet, 
singlet, and triplet systems, respectively. The 
total mean deviation is +1023 cm~, and the 
total mean error is +1109 cm—. 


IV. INTENSITIES AND LINE STRENGTHS 


It is well known that the theoretical formulae 
for the multiplet and super-multiplet analysis 
are based on relative line strengths whereas the 
experimenter measures in general intensities. The 
two differ by the fourth power of the frequency 
and the Boltzmann factor, which corresponds to 
a correction to infinite temperature. For mul- 
tiplet analysis these two corrections can be 
neglected and one can work with intensities as 
well as with line strengths. For super-multiplet 
analysis this is generally not the case, since the 
separation of the terms which have the same 
limit is not necessarily negligible with respect to 
the lines of the transition array, and these lines 
are not always excited at the same temperature. 
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However, it seems difficult to find the appro- 
priate corrections for A. S. King’s original in- 
tensity measurements.? On the other hand, more 
recent experiments by A. S. King and R. B. King® 
are much more reliable, both as to homogeneity 
and to accuracy. Unfortunately, they measured 
only the strongest multiplets. Their list of gf 
values has to be multiplied by the wave-lengths 
to obtain line strengths. 

In Russell’s intensity tables! the strongest line 
(principal line) of each multiplet is given as an 
indication of the intensity of the total multiplet. 
In many cases this gives a good relative estimate, 
but it is not always reliable, and in some cases it 
seems to distort the picture considerably. In the 
following, we used, therefore, the sum of the 
strengths of all the lines of a multiplet to cal- 
culate its multiplet strength. If some weak com- 
ponents were not known experimentally, they 
could easily be estimated from theoretical inten- 
sity tables.!2 Usually, this amounted to a cor- 
rection of not more than 10 percent. In a few 
cases, however, most of the multiplet strength is 
due to estimates. These values are given in 
brackets in Tables V-VII. The columns M of 
these tables list the multiplet intensities, as in 
Russell’s paper, in terms of their principal lines. 
They include some intensity measurements which 
were not known to Russell at that time, and 
some values which are corrected measurements. 
All these are taken from the Multiplet Tables 
compiled by Moore,’* and are due to various 
investigators. The multiplet strengths as cal- 
culated from the measured gf values® are given 
in the columns KK of the same tables. The main 


differences between the columns M and KK 


have to be attributed, therefore—apart from a 
scale factor—to frequency and temperature cor- 
rections. The tables are arranged according to 
the new assignment. 

These Tables (V-VII) of observed multiplet 
strengths must be compared with Tables VIII- 
XIII which give the calculated multiplet 
strengths. The latter are obtained by the fol- 
lowing procedure. 

The calculation is carried out in two steps. 
Firstly, we regard the quantum numbers of the 


12 See reference 7, p. 241. 
1%C, E. Moore, A Multiplet Table of Astrophysical In- 
terest (Princeton University Press, Princeton, 1945).' 
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TABLE VI. Observed intensities and multiplet strengths of Ti J (singlet system). In this table the proposed classification 
is adopted. The meaning of the various symbols is indicated in Table V. 





















3245? 3d44s 
\ Limit a*s aD 9G ap 8D beF aG aH 
Term als aiD alG - aiP BID alPF BIG alH 
Limit Term \, M M KK M KK M KK M M M KK M 









3d*4s4p 










p2P zip? (1) 

, yD? 28 © 22 i 
yiP? i @ (1) 

aD x1D 15 (0) 





yl F° 


z!D° 
a?F 2 f° 12 1 25 t 
2'G° ; 
vi f° 
b°G x1G° 20 127 8 
y'H° 
3d34¢ 
2lS° 
a?P vip? 1 15 
wip* 

























Mw bd 
-~o_- 
dN 
~~ 










x1P° 
b?D viD° 6 4 7 
wi f° 
xl Fe t (0) 
aG y'G? 25 1 18 
3\H° 40 20 










186 


NR Ww 







wiG? m 2 
aH x'H° 15 
3I° 


NNT 






3d4s°*4p 









cD w'iD° 15 5 
u!F° 


Unclassified 
v'G° 2n (0) 2n 5n 
u!G° 






















* This term is believed to be a !D° term. 








parent configurations as “good quantum num- to a group of equivalent electrons in one of the 
bers,” and neglect, therefore, the interaction configurations. For those cases general formulae 
between multiply-occurring terms in each con- are derived in the appendix. With their aid the 
figuration. This amounts to neglecting the off- multiplet strengths of transitions involving 
diagonal elements in the energy matrices cal- equivalent electrons can be calculated from the 
culated in the preceding paper.* The matrices are Kronig strength for transitions not involving 
then diagonal in ‘first-order eigenfunctions” as equivalent electrons and the coefficients of frac- 
defined by Ufford." The multiplet strengths can tional parentage.'®'® The results for the im- 
then be calculated with the well-known formulae portant transition arrays of Ti J are listed in the 
of Kronig.“ These formulae are not sufficient, columns 1 of Tables VIII—XIII. 
however, in case the jumping electron belongs ~48R. F. Bacher and S. Goudsmit, Phys. Rev. 46, 948 


(1934). 
16 G. Racah, Phys. Rev. 63, 367 (1943). 
















4 Kronig, Zeits. f. Physik 33, 261 (1925). 
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TABLE VII. Observed intensities and multiplet strengths of Ti J (triplet system). In this table the proposed classification 
is adopted. The meaning of the various symbols is indicated in Table V. 








3d24s% 
Limit BP, b'P a*F, atF 
Term atP a*F 


Limit Term \, M KK M KK 


3d*45 
BD 
a*D 
M 





3d24s4p 
235° 20 10 

bP wa? 12 46 
usp? 15 52 


w®D° 20 24 
x3 F° 
yG° 


ye 
xP? 
vD° 


2'P° 
yD* 
yF 


28D° 
23 F° 
3°G° 


vF° 
BG § 2xG° 
2H? 


3d*4p 

ws? 
xP? 
s8D° 


x*D° 
wi F° 
wG° 


x3S° 
veP° 
r8D° 


ueP° 
g*D° 
sF° 


#F° 
v8G° 
9H? 


u®G? 
x*H°? 
2° 


3d4s*4p 
#P° 
o®D° 
ad 


Unclassified 
#D 
u®F° 


atP 


a?P 


BD 


a*G 


a’H 


e@D 


(1) 
9 


10n 
25 =(156) 
20 8 (334) 


4 
12 15 








In the second step we do take into account 
the off-diagonal matrix elements of the multiply- 
occurring terms of each configuration, but we 


still neglect configuration interaction. The energy 
matrices are now diagonal in ‘‘second-order 
eigenfunctions.’’ The latter are linear combina- 
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TaBLe VIII. Calculated multiplet strengths d’sp—d's, 
(quintets). 
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TABLE IX. Calculated multiplet strengths d*p—d's, 
(quintents). 
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tions of the first-order eigenfunctions; the cor- 
responding coefficients are the eigenvectors 
which were measured on the secular equation 
solver described in Section II. Unfortunately, we 
do not have these eigenvectors for the even con- 
figurations. We have to assume that the first- 
order eigenfunctions are good enough for them. 
Under these conditions we obtain the results 
given in Tables VIII—XIII, column 2. It is 
important to note that these values are only 
very rough approximations, since the interactions 
between the multiply-occurring terms of d*s are 
certainly not all negligible (especially in the *P 
and *F terms). Also, we had available only the 
eigenvectors corresponding to the parameters of 
Table I, column 6, rather than to the final set of 
parameters. 

Configuration interaction was taken into 
account only as a correction to the energy terms 
(cf. Section 3). Therefore, no third-order eigen- 
functions are available which would diagonalize 
all electrostatic interactions, including configura- 
tion interaction. It is for this reason that no cal- 
culations of apparent two-electron jumps could 
be made. This affects the transitions d*p—d?s? 
and ds*p—d's. 


V. THE NEW CLASSIFICATION 


On the basis of energy terms and multiplet 
strengths it should be possible to classify all the 
observed terms of the three deep odd configura- 
tions of Ti J. It is mainly due to the relatively 
small number of measurements of gf values that 
several assignments remain still uncertain. 

The bulk of the classification is based on the 
calculated terms (Tables II-IV, column 8B). 
Although these terms do not always fit the 
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-- 15 
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25 
5Fe° 35 
5G° 45 
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experimental data very closely, the deviations in 
most cases are small enough for the identification 
of the experimental terms, which alone is the 
final aim of this investigation. On the other hand, 
there are quite a number of cases where even 
better agreement would not help very much, 
because the terms are so closely spaced that the 
possibility of an interchange of the assignment 
is not outside the error of the calculation. In 
these cases one has to rely upon the tables of 
multiplet strength. For many multiplets, how- 
ever, only the intensities are measured (columns 
M of Tables V—VII), whereas no data on multi- 
plet strengths are available. When we compare 
the intensities (principal lines) with the calculated 
multiplet strengths we cannot expect more than 
a rough qualitative agreement in many cases. 
Only within the theoretical approximations-dis- 


TABLE Xa. Calculated multiplet strengths d*sp—d?*s* 
(singlets). 
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TABLE Xb. Calculated multiplet strengths d*sp—d’s (singlets). 
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cussed in the last section can we expect quan- 
titative agreement, when the measured line 
strengths are compared. It should be noted that 
the theoretical and experimental multiplet 
strengths are in general related by different scale 
factors for different transition arrays, as is ex- 
plained in the Appendix. 

In order to facilitate the comparision between 
the observed and the calculated terms, the 
energies are plotted in Figs. 1-3, for the quintet, 
singlet, and triplet system, respectively. All 
terms which have the same S and L value are 


TABLE XI. Calculated multiplet strengths, d*p—d*s 
(singlets). 
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plotted in the same column, so that one can 
easily interchange the configuration assign- 
ments. Each column shows the observed terms 
together with Russell’s limit assignment to the 
left, and the calculated terms with their limits to 
the right. The limit assignment gives the term 
of the parent configuration in brackets, and bears 
TABLE XIla. Calculated multiplet strengths, d*sp—d?s? 
(triplets). 
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TABLE XIIb. Calculated multiplet strengths, d*sp—d*s (triplets). 








‘Pp. 
3p 


4D 
8D 
1 2 


%D 


°F 
3F 
1 





72.000 67 


3.375 
1.125 


13 
6 


27.000 
9.000 
7.875 

13.125 
1.500 
7.000 
3.500 


56.000 
28.000 


40.500 


3X54 5 X54 


3 
s 


SR 
38 8 


115.714 


16.875 
10.125 


— 


S88 
wo RRS 
338 835 


135.000 
81.000 


32.411 
81.675 
13.200 


9X54 


SE who one 
$38 


DAs 
RNa 
aan 








a subscript 1, 2, or 3, which indicates the con- 
figurations of the parent ion, 3d*4s, 3d’, and 
3d4s?, respectively. In all those cases where 
Russell’s assignment and the proposed assign- 
ment are identical, the limit is written in the 
middle between the observed and the calculated 
term. 

As an example, we see from Fig. 3 that the 
two *P° terms based on ‘P of d* and d?s, respec- 
tively, have to be interchanged in their con- 
figuration assignment. Although the calculated 
terms do not fit very accurately, this identifica- 
tion seems fairly certain. Similarly, the two *S° 
terms of .d’sp have to be interchanged in their 
assignment of the parent terms ?P and ‘P, re- 
spectively. The same is true for the two *S° 
terms of d*p. Here the calculated terms alone 
permit a unique assignment. When we now look 
for these terms in the tables of multiplet strength, 
we find these assignments completely confirmed 
(see especially the super-multiplet d?s(#P) p> SPD° 
—d*s?*P, Tables VII and XIla). In many cases 
the assignment is not so obvious as in the exam- 
ples given above, but finally only a few doubtful 
assignments remain. After long and careful con- 
sideration the assignments indicated in Figs. 1-3 
were adopted. It should be noted that the off- 
diagonal matrix elements of the configurations 
d’sp and d*p (see reference 6) are sometimes so 
large that a unique assignment of limits becomes 


rather meaningless. This is the case in most of 
the multiply-occurring terms based on ?P and ‘P, 
or ?F and ‘F, respectively. If the line strength 
tables give no indication for the identification of 
these terms with one or the other limit, we assign 
them so as to conform with Russell’s classification 
as closely as possible. In the following we give 
some of the important points in which the 
proposed assignment differs from the current 
one. The details are seen from the figures and 
tables. 

The current assignment of the quintet system 
is completely confirmed. Both energy terms and 
multiplet strengths are in satisfactory agreement 
(Fig. 1 and Tables V, VIII, and IX). 

In the singlet system the most important 
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Fic. 1. The deep odd quintet terms of Ti J. 
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TABLE XIII. Calculated multiplet strengths, d*p—d*s (triplets). 
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change seems to be the reassignment of the w!P° 
term as 1D°. The limit assignment, ?P and 4d’, 
remains unchanged. There is a very weak line 
(intensity (1)) which seems to be due to a 
transition to a!S of d*s?, and which would con- 
tradict this assignment; but this line is not listed 
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in the new tables,” and the a!S term is probably 
spurious.‘ 

At this point one should remark on the huge 
multiplet strength (859) observed for the transi- 
tion a!P—w'P®, in the notation of the current 
assignment (Table VI). Theoretically, this line 
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Fic. 2. The deep odd singlet 
terms of Ti J. The 'J° term and 
the calculated terms above the 
ionization limit (55,138 cm) 
are omitted to save space. 
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Fic. 3. The deep odd triplet 
terms of Ti J. The *J° term and 
the calculated terms above the 
ionization limit (55,138 cm) 
are omitted to save space. 
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should be weak, in agreement with the measured 
intensity of 5. Closer inspection shows that this 
line overlaps with a very strong line of Cr J and 
is no doubt mainly due to the presence of a small 
amount of this element.* One cannot exclude 
the possibility, therefore, that other abnormally 
strong lines which do not compare with theory 
might be caused by similar experimental errors. 

The assignments of z and y'P° are somewhat 
doubtful and may have to be interchanged 
restoring the original assignment. The prediction 
of the 1.S° term of 3d?4s4p seems to be of interest. 

In both the singlet and the triplet system, the 
terms based on ?F of d? are calculated to lie much 
higher than was assumed by Russell, and have 
not been found experimentally, as far as is known 
to the writer. The inclusion of these terms in the 
traces for the calculation of the parameters of 
Table I, columns 1-3, seems to have been the 
main reason for the large discrepancies. 

For the triplet system some reassignments 
were discussed above. In addition to this, one 
should note the interchange of the *P and ?D 
limits of the *P° and *D° terms, and especially 
the reassignment of all the terms based on ‘F 
of d* and d’s. The latter assignment seems some- 
what doubtful in view of the bad fit of some of the 
terms and multiplet strengths with ‘F limits. A 
check from an other source seems, therefore, 
desirable. It is found in the lines connecting 
related terms in the Fe group. Such lines were 
first given by Russell.!7 He showed that one 


* I am indebted to Prof. D. H. Menzel for pointing this 


out. 
17H. N. Russell, Astrophys. J. 66, 184 (1927). 
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obtains smooth curves if one plots the differences 
between the lowest terms of d*sp and d*~s?, 
and d*'p and d"~'s, respectively, against ». This 
is done in Fig. 4, which is taken from Russell’s 
paper with the substitution of the new assign- 
ment for Ti J. Russell’s assignment is also indi- 
cated. The new assignment is seen to give 
smoother curves. In addition, these curves indi- 
cate that some of the lowest terms of the con- 
figurations d‘p and d*sp of VJ have wrong 
assignments. 
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APPENDIX 


Multiplet Strengths for Transitions Involving 
Equivalent Electrons 


Let W(J/"JM) be the normalized anti-sym- 
metric wave function of the configuration given 
in the brackets. The complete set of quantum 
numbers is indicated by a typical angular mo- 
mentum characterized by J and M. We write 
VP" I)ITM) > (le J'M’) 

mM’ 
XW (jm) (J'j7M'm| J'7JM), 
WIT M) => VP I)IIM) (PIT J). 
J’ 


Here y is anti-symmetric only in the group of 
equivalent electrons. 





(a+b—e)!(b+e—a) !(e+a—))!(c+d—e)!(d-+e—c) !(e+c—d)!(a+c—f)! 
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The above equations define W(/") in terms of 
W(/"-') and the coefficients of fractional parent- 
age (/"—/]/"). Tables of these coefficients for p” 
and d” were given by Racah."® 

Consider now the transition ]/*—J’-]/’—1"-1’, In 
order to express its multiplet strengths in terms 
of the multiplet strengths of the transition 
J»—]’.]/’—]»—]'.1 which can be calculated by 
means of Kronig’s formulae,'* we need the uni- 
tary transformation!® 


(29-11) VT | be '(T 2) 1S) 
=[(2Si+1)(2J2+1) }W(Sij’j Jo; JJ’). 


This transformation changes the order in which 
the last two electrons are coupled to the rest. 
The dot separates the groups of electrons which 
are coupled last. The letters j, 7’, and J’ denote 
the typical angular momenta of /, 1’, and /"—. 
The function W is defined as follows :!* 
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X (c+f—a)'(ft+a—c)(b+d—f)\(d+f—b)'(f+b—c)! 





W (abcd ; ef) = 
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(a+b+c+d+1i-—=z)! 





x2(—1)* 


Combining this transformation with the coef- 
ficient of fractional parentage we obtain 


U(I"(J;) JM) 
=(n+1)—-? Yi p(—1)?p(l(J1) 1p’ TM) 
=(n+1)—* Dip(—1)?t! Do pry’ (J2) 1M) 

x ni (Jo) II W"(Jy) IJ), 
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TABLE XIV. 3(d*s(S2L2) -d2L }d9(S,L;) -s2L)*. 
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18 G, Racah, Phys. Rev. 62, 438 (1942). 
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The groups /" and /"—l consist of the electrons 
1, 2---p—1, p+1, ---m+1, and P is the parity 
which exchanges p with n+1. 

A typical matrix element of the electric dipole 
moment, 
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is therefore 
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TABLE XV. 3(d*s(S2L2) -dOL }d*(SiL1) - sOL)?. 
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TABLE XVI. 3(d*s(S2L2) -d1L }d*(S,L1)-siLZ)*. 
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The wave function y* is anti-symmetrical in the 
group /*“ consisting of the electrons 1, 2,---q—1, 
gti, ---r—1, r+1---n+1. The parities of the 
permutations which exchange g with n, and r 
with +1 are denoted by Q and R, respectively. 
The matrix element vanishes unless the two 
configurations differ by one electron only, and 
unless all corresponding electrons have the same 
parity. It follows, therefore, that 


P=Q+1, J:’=J2, t=r=n+1. 
Since there are n ways of realizing this, we obtain 
(e- (Je) 1’ | P| 1"(J1) J) 
= nil! (Jo) dng’ | Pnga|l™—W’ (Jo) LngrJ) 
XK (19- (J2)1I Yn (Sil J). 
The multiplet strength Pind Teer elone 
S(l9- (Je) WI"; (Ji) VS) 
=nS(1°-U! (Jo) lI”; (Ja) 1S) 
X (ie! (Jo) 1 Yn(J1) ’J)?. 


The multiplet strength on the right hand side is 
for a transition which does not involve an™ 
equivalent electron, and can be calculated, 
therefore, from Kronig’s formulae. The transi- 
tion /*—1j’-/’—]"-l’ occurs in the Fe group as 
d*sp—d"s, 
Similarly, one finds easily for the transition 
array /»—]"—!.]! 
SII" (Fi); POS VS) ; 
=nS(lP-(S lS! POT UD) (PS ld’ Wes’)?, 
and for /*/’-1/’—]"-1” 
Sl (Sy) VT; (Si) «V2 T 2) J) 
=2S(1l' (Si) WS! ; (Si) VS) 
X (Ll! (Si) UT | I(T’) VV (2) J)?. 


The unitary transformation occurring in the last 
equation can again be expressed in terms of the 
function W; one obtains!® 


(j1j2(J’) -jsJ |j1-Jojs(J”’) J) 
=[(2I' +1) (2 +1) PW GjoSia; JI”). 


From these formulae one can readily calculate 
the multiplet strengths of the transition arrays 
d"—d""'» and d*sp—d*s? occurring in the Fe 
group. 

It is convenient to measure the absolute 
multiplet strength in units of the square of the 
radial integral over the electric dipole moment 


o = —|e|[(2/+1)(2/’+1)}# f 4 rR(nl)R(n'l’)dr 


where R(nl) and R(n’'l’) are r times the nor- 
malized radial parts of the one-electron wave 
functions of the initial and final state of the 
jumping electron. Since these functions differ for 
different configurations, the values of S are not 
comparable between different transition arrays. 
With this normalization 


DD Slr (S2L2) USL”; I"(SiL;) -I’SL) 
SeLeL’’ 
= (n/2)(2S+1)(2L+1)(0+1" +1) (20” +1). 


These sums are indicated in Tables VIII—XIII. 

As a numerical example we may calculate the 
array d’sp—d'*s of Til. The parentage coef- 
ficients of multiplet strength 3(d?s(S2L2)-dSL} 
d*(S,L1)+sSL)*, which result from the above 
equations that are listed in Tables XIV—XVI for 
the quintet, singlet, and triplet system, respec- 
tively. They agree with those calculated by 
Menzel and Goldberg.’® However, these authors 


19D. H. Menzel and L. Goldberg, Astrophys. J. 84, 1 
(1936) 















1396 


were not able to separate the parentages of 
multiply occurring terms. The formulae derived 
above overcome this difficulty. 

Kronig strengths for a great number of transi- 
tions were calculated by Goldberg.” His tables 
have to be multiplied by suitable factors to 
comply with the normalization adopted above.”! 
From the Kronig strengths for d’s-p—d?’s-d and 


201. Goldberg, Astrophys. J. 82, 1 (1935). 
%1L. Goldberg, Astrophys. J. 84, 11 (1936). 
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the parentages of Tables XIV-XVI we then 
obtain the multiplet strengths for d?s-p—d*-s as 
listed in Tables VIII, X, and XII, column 1. 
When these values are summed over the mul- 
tiply-occurring terms of both configurations one 
obtains the multiplet strengths listed by Gold- 
berg.?° 

In the same fashion other tables of multiplet 
strength relevant to Ti J are calculated and are 
given in Tables IX—XIII, column 1. 
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A microwave cavity spectroscope is described, which possesses a high sensitivity and resolu- 
tion for the observation of the Zeeman effect of molecular absorption lines in the microwave 
frequency range. The theory of operation for this spectroscope and the criteria for sensitivity 


are formulated. 


The Zeeman effect of a number of microwave spectral lines has been measured for the gas 
molecules N“H3, N15H3, and CH;Cl*5 and observed for CH;Cl*” and SOx. All the experimental 
results obtained so far can be satisfactorily explained by the combined magnetic contribution 
due to nuclear and molecular g factors, if there exists a spin-rotation coupling, or solely by the 
magnetic contribution due to molecular rotation, if there is no such coupling. Thus, further 
knowledge of the nuclear and molecular magnetic properties of molecules can be obtained 
through the examination of the Zeeman effect in microwave absorption spectra. 


I. INTRODUCTION 


HROUGHOUT the history of atomic spec- 

tra, the study of the Zeeman effect has 
provided an exceedingly powerful tool in eluci- 
dating the mechanism of the emission and ab- 
sorption of radiation energy. It gave a great 
impetus to the early electron theory by empha- 
sizing the important role of the electron in the 
radiation process. It laid a physical basis for the 
theory of space quantization, which is an im- 
portant feature of the quantum theory. Then, 
the unassailable evidence of the ‘anomalous’ 
Zeeman effect which had puzzled physicists for 
a quarter of a century finally led, together with 
the phenomenon of multiplet structure, to the 


* The research reported in this document was made 
— through support extended Cruft Laboratory, 

arvard University, jointly by the Navy Department 
(Office of Naval Research) and the Signal Corps, U. S. 
Army, under Contract N5ori-76, T. O. 1. 


introduction of the electron spin hypothesis. 
It soon became clear that an analogous situation 
existed in the atomic hyperfine structure, where 
the nuclear spin played a role similar to that of 
the electron spin in the atomic fine structure. 
The Zeeman effect became again instrumental 
in clarifying the situation through the effect of 
the magnetic moment, associated with the nu- 
clear spin, in an external magnetic field. 

The advent of microwave techniques in recent 
years has given rise to a new branch of spec- 
troscopy. It has been found that a microwave 
system used as a spectroscopic instrument is 
capable of a very high resolving power, essen- 
tially because the frequency is directly measur- 
able. Such a property can be used to great ad- 
vantage for investigating the Zeeman effect, 
since measurements are possible with hyperfine 
line splittings in a fairly weak magnetic field, 





ZEEMAN EFFECT IN MICROWAVE SPECTRA 


whereas similar measurements in optical atomic 
spectra would require enormously high fields. 
Moreover, the fact that microwave frequencies 
fall mostly in the range of molecular rotational 
frequencies means that some of the molecular 
properties can also be studied through the Zee- 
man effect. 


II. A MICROWAVE CAVITY SPECTROSCOPE 


There are essentially two requirements that 
must be satisfied for a microwave spectroscope 
to be used in connection with experiments on 
the Zeeman effect. First, the spectroscope must 
fulfill the usual function of exhibiting the in- 
tensity of a spectral line as a function of fre- 
quency. In so doing, it must possess the desired 
degree of sensitivity and resolving power. Second, 
a magnetic field of sufficient strength and uni- 
formity must be applied to the absorbing speci- 
men. A consideration of these requirements has 
led to the adoption of a resonant cavity as the 
absorption cell in the present experiment. 


A. Theory of a Gas-Filled Resonant Cavity 


The resonant property of a cavity may be 
characterized by a loss factor 6, which is the 
ratio of the energy lost per radian to the stored 
energy, and a resonant frequency vo. If there is 
only one coupling hole between the cavity and a 
wave guide as in the case of a reflection cavity, 
then the reflection factor I’) of an empty cavity,! 
defined as the ratio of the complex amplitude of 
the reflected wave to that of the incident wave, 
is, for the case v= v0, 


261 
To= ; —1, 
51+ 50 +72[(v— v0) /vo | 


where 59=6-factor due to energy loss in the 
cavity wall, 5,=6-factor due to energy loss 
through the window, v=frequency of the in- 
cident wave, v=resonant frequency of the 
empty cavity, and =(—1)4. If the cavity is 
now filled with a low pressure gas, then the re- 
flection factor Ty, would be the same as in Eq. 
(1), except that v) should now be replaced by 
vo/(e)#, where e=e’—7e’’, the complex dielectric 
constant of the gas. In the case of resonance 
absorption, the real and imaginary parts of « 


1C. K. Jen. J. App. Phys. 19, 649 (1948). 
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Fic. 1. Theoretical curve’ of a spectral line in 
cavity resonance. 


are given as follows? (v= y,): 
e' =1+(Av,/2)[(»,—»)/((Av)?+(v—»,)*)], (2) 
e”’ = (Av,/2)[Av/((Av)?+ (»—»,)*) ], (3) 


where v,=resonant frequency of a gas molecule, 
Av=“half-breadth”’ of a spectral line, A =dimen- 
sionless constant dependent on the nature of 
gas, pressure, temperature, etc. We can assume 
for most gases at a low pressure ¢’Ke’ +1. 


’ Hence, the reflection factor I, for a gas-filled 


cavity is 


261 
r,= my 
51+ dote”’ +72[ ((€’)*y—v0)/v0 ] 


It may be seen from Eq. (1) that |1+To|? asa 
function of v is representable by a simple reso- 
nance curve, while Eq. (4) indicates that |1+TI,|? 
is representable by a ‘‘double-hump”’ resonance 
curve with a dip in the middle, if »,=vo and 
Av/vgK(61+50)/2 (i.e., the spectral line breadth 
is much narrower than the breadth of the cavity 
response curve). A spectral line can thus be 
shown in the midst of a cavity resonance curve, 
as illustrated in Fig. 1. 





(4) 


B. Spectroscopic Sensitivity © 


As a measure of the spectroscopic sensitivity, 
the minimum detectable absorption coefficient 
will now be derived. The largest change of the 
reflection factor resulting from the introduction 


2P. Debye, Polar Molecules (Reinhold Publishing Cor- 
poration, New York, 1929), Chap. V. 
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Fic. 2. A schematic diagram of the complete system for 
measurements of microwave Zeeman spectra. 


of the absorbing gas occurs at v=vp=vy. Let Vo 
represent the voltage amplitude of the incident 
wave, then the change in voltage caused by 
resonance absorption is, according to Eqs. (1) 
and (4), with e’«&6:+ 60, 


AV= Vo(To— T,)» =19 =Vg 
=[261/(61+60)? Je’Vo. (5) 


Maximizing AV relative to the parameter 46; 
leads to the condition 6; = do. Let 61+69=65=1/Q, 
where Q is the “‘loaded’’ Q factor of the cavity, 
then the maximum value of AV is 


(AV) max = Qe’’ Vo. . (6) 


For minimum detectability, this voltage should 
be equated* to the r.m.s. voltage associated 
with thermal noise (V,?)#=(4R7NAfZ»)*, where 
k=Boltzmann’s constant, T =absolute tempera- 
ture, V=“‘noise figure,” Af=band width of the 
receiver, and Z =characteristic impedance of 
the wave guide. Using the usual relation 
a = (2/d)(e'’/(e’)*) = (22/d) e’, where a =absorp- 
sion coefficient due to gas and \=free space 
wave-length, we have for the minimum de- 
tectable a 


(a) min = (4kT NAf/Po)*(24/QX), (7) 


in which Po=V?/Zo, the incident power. It is 
well known that the factor QA/2m in Eq. (7) is 
the cavity equivalent of the absorption path 
length in free space. Thus a high Q cavity is 
required for high spectroscopic sensitivity. 

As a numerical example, assume T=293°K, 
Q=10', \=1.25 cm, and the following two cases: 


3R. V. Pound, Proc. I.R.E. 35, 1414 (1947). 
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(a) N=100, Af=3000 c.p.s., P3=10-w, then 
(a) min =0.35 X10-§ cm; (b) N=31.6, Af=30 
c.p.s., Po =10-*w, then (@) min =0.62 KX 10-"* cm, 
Case (a) represents very nearly the condition of 
the present experiment, while case (b) may per- 
haps be achievable with further improvement of 
technique. 


C. Cavity Design 


It was shown in Eq. (7) that for use in a 
sensitive spectroscope, a cavity must possess a 
high Q-factor, while maintaining the condition 
of “match,” 6:=69. Yet, this Q-factor should 
be smaller (e.g., ten times) than what might be 
described as the Q-factor of a spectral line, 
v/2Av. This latter condition is to allow almost 
the whole of a spectral line to be well within the 
most sensitive portion of the cavity resonance.‘ 
Thus, for a microwave frequency v of about 
24,000 Mc/sec. in the K-band, and a spectral 
line breadth Av of about 0.12 Mc/sec., then the 
cavity Q-factor should be of the order of 10*. A 
cavity with this Q would be equivalent to about 
20 meters of absorption path and would have 
the sensitivity mentioned in the preceding sec- 
tion. However, it has been found difficult to 
attain such a Q-factor, with the linear dimensions 
of the cavity comparable to one-half of the wave- 
length in the cavity. One should therefore use 
the resonances occurring at higher modes in a 
larger cavity, since the Q-value of such a cavity 
would increase almost in proportion with the 
linear dimensions. A larger cavity is also more 
favorable from the standpoint of “intensity 
saturation’”’ of spectral lines (cf. the following 
section). 

In view of the above discussion, we have 
adopted for use in our K-band spectroscope a 
cylindrical cavity of the size ordinarily used as 
an X-band wave meter. This cavity has an inner 
diameter of 4.952 cm and a tunable length 
roughly 2.1 to 3.4 cm. At any particular fre- 
quency, the cavity can be tuned to any one of 
approximately twenty modes which have Q- 
values varying from twice 10‘ to many times less. 
This situation is conveniently adaptable to meet- 
ing various requirements of observation. 

‘The other alternative is to make Q>>v/2Ay and thus 
“trace out” a spectral line with the cavity resonance. This 


will call for exceedingly high cavity Q-factors for narrow 
spectral lines. ; 
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For the study of the Zeeman effect, the end 
plates of the cylindrical cavity serve as pole 
pieces for the electromagnet. They are made of 
magnetic steel, silver-plated on the inside to 
maintain high conductivity. In terms of the 
classical Zeeman effect, one observes the z- 
components, when the microwave electric field 
is parallel to the steady (axial, in this case) 
magnetic field, or the o-components when the 
two fields are perpendicular. 


D. Microwave Circuit 


The choice of the microwave circuit, together 
with the methods of modulation, detection, and 
amplification, should be consistent with the im- 
plications contained in Eq. (7). The objective is 
obviously to keep the factor NAf/Po as low as 
possible for high sensitivity. There is, however, 
an upper limit for the incident power on account 
of the effect of “intensity saturation.” This 
means that the gas absorption coefficient will 
drop and the spectral line will broaden, if Po 
exceeds a limiting value, which is essentially a 
direct function of the total number of absorbing 
gas molecules. With a given cavity size and an 
operating pressure, which determines a desired 
line breadth, the limiting incident power is a 
well defined quantity. The noise figure is a re- 
sult of random disturbances from many sources: 
klystron, crystal detector, amplifier, etc. It is 
currently believed that a major portion of this 
noise, particularly that arising from the crystal 
detector, is an inverse function of frequency. 
This suggests the desirability of using a modula- 
tion technique so that the signal can be de- 
tected and amplified at an intermediate fre- 
quency. The band width Af should be narrow to 
minimize noise, but, if we are going to use a fre- 
quency modulation such as that produced by a 
saw-tooth voltage on the repeller plate of the 
klystron, Af has to be wide enough to secure a 
complete representation of a spectral line. Let 
D=maximum microwave frequency displace- 
ment caused by a modulation voltage, f, = repeti- 
tion or sweep rate of the frequency modulation, 
n=a number large enough to include many 
Fourier harmonic terms for accurate repre- 
sentation of the spectral line, and Av=half- 
breadth of the spectral line; then we can derive 


the following expression 
fe=AfAv/nD. (8) 


Eq. (8) shows that, for a given Av, the quantity 
f.D must be kept low enough as to achieve a 
satisfactorily small Af. 

Figure 2 gives a complete schematic diagram 
of the microwave circuit adopted for the present 
experiment, including arrangements for the mag- 
netic field and measurement of frequency dif- 
ferences to be discussed later. Klystron No. 1 
(a 2K33 tube) sends a radiation along a K-band 
wave guide through two attenuators. The wave 
splits into two components at the “‘magic tee,”’ 
one going toward the resonant cavity and the 
other toward the tuning plunger. The vector 
difference of the two reflected waves will go 
through the E-plane arm of the magic tee and 
finally to the crystal. If the two wave guide 
arms are exactly equal, the amplitude of the 
voltage received at the output crystal, Vr, is then 


Ve=(\{1+T|/2) Vo, (9) 


which shows that we now have an experimental 
representation of the factor |1+TI|, already 
theoretically discussed in Eqs. (1) and (4). 
Since it has been shown above that crystal 
detection is more favorable at an intermediate 
frequency from the point of view of low noise 
figure, we have adopted a frequency-modulation 
scheme first suggested by Hershberger.’ The 
repeller plate of the Klystron is modulated by a 
sinusoidal voltage with a frequency around 100 
kc, in addition to the saw-tooth voltage sweep. 
Reception at this frequency or a higher harmonic 
is, in this instance, accomplished by an HRO 


{ Fic. 3. Oscilloscopic pattern for a spectral line in 
cavity resonance. 


5 At the Symposium on Molecular Structure and Spec- 


troscopy,"Ohio State University, Columbus, Ohio (June 


9-14, 1947). 





Fic. 4. Zeeman splitting of a spectral line in cavity 
resonance at H =700 oersteds. 


receiver, and the output is applied to the ver- 
tical plates of an oscilloscope. The horizontal 
plates of the oscilloscope are driven by the same 
saw-tooth voltage that sweeps the klystron at a 
rate of about 20 c.p.s. Some characteristics of 
this system are typified by the numerical ex- 
ample in case (a) in Section B of Part II. 

Figure 3 is an experimental curve for a spec- 
tral line (N“H;)(JK =88) in the middle of a 
cavity resonance curve (at a pressure of about 
10-? mm Hg), a verification of the theory il- 
lustrated in Fig. 1. 


E. Zeeman Splitting and Frequency 
Measurement 


The Zeeman effect of the microwave spectral 
lines can now be very readily studied by: apply- 
ing an axial magnetic field as shown in Fig. 2. 
Only a weak field, continuously variable from 0 
up to 1670 oersteds, has been used thus far in 
this experiment. The field strength is measured 
by means of a small search coil connected in 
series with a Rawson fluxmeter, and the mean 
field inside the cavity is estimated from the 
results of probing another similar but cut-away 
cavity. The maximum non-uniformity of field 
has been found to be about four percent from the 
mean value. 

Figure 4 shows a typical Zeeman doublet 
pattern for the N“H; JK =88 line in a field of 
about 700 oersteds, and Fig. 5 shows the split- 
ting at about 1200 oersteds. The spectral resolu- 
tion is partly limited by the natural breadth of 
the spectral line and partly by the non-uni- 
formity of the magnetic field. The limit of 
resolution for the present apparatus is roughly 
of the order of 250 kc. 

The method of measuring frequency differ- 
ences for the Zeeman splitting is also shown in 


Fic. 5. Zeeman aplitting of a spectral line in cavity 
resonance at H = 1200 oersteds. 


Fig. 2. The radiation from Klystron No. 2 forms 
a variable beat frequency with that of Klystron 
No. 1, which is being linearly swept, as a result 
of the mixer action of the crystal situated just 
before the second attenuator. The f-m receiver 
selects a beat frequency that is coincident with 
its own tuning and presents a pip on the scope. 
If frequency modulation is applied to Klystron 
No. 2, then there is an evenly spaced line spec- 
trum on each side of the pip, with the spacing 
between any two adjacent lines equal to the 
modulation frequency itself. Thus the difference 
frequency between any two Zeeman components 
can be measured by matching the variable 
measuring pips to the Zeeman components. This 
procedure is shown in Fig. 6.° 


Ill. ZEEMAN SPECTRA AND INTERPRETATION 


The Zeeman effect in the microwave region 
was first observed by Coles and Good’ in the 
inversion spectrum of ammonia. They applied 
a magnetic field of 6600 oersteds to a coil of 
wave guide containing the absorbing gas and 
found a doublet splitting when the magnetic 
field was perpendicular to the microwave elec- 
tric field. No interpretation of the effect was 
given in their paper. 


POSITION OF 


MEASURING PIPS 


Fic. 6. Measurement of frequency difference for 
Zeeman splitting. 


6 The use of this modulation spectrum as a frequency- 
difference indicator instead of the single pip movable with 
the tuning of the f-m receiver is to obviate any difficulties 
arising from the inherent instability of the Klystron No. 2. 
(1946) K. Coles and W. E. Good, Phys. Rev. 70, 979 
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In this paper, the Zeeman effect for the micro- 
wave spectra of several gases,® * including N"4Hs, 
N'5H;, CH;Cl*®, CH;Cl??, and SO, has been in- 
vestigated, using a resonant cavity as the ab- 
sorption cell and a weak but perhaps more uni- 
form magnetic field. On the basis of quantitative 
data obtained for the first three of these gases, 
satisfactory interpretations of the phenomena 
can be made in terms of nuclear and molecular 
magnetic moments, which will be explained in 
the following sections. 


A. Zeeman Spectra of N'“H; Inversion Spectrum 


The inversion spectrum of NH; has the dis- 
tinction of being historically the first and so far 
the most attractive subject of investigation in 
microwave spectroscopy. In. particular, it was 
in this spectrum that the hyperfine structure of a 
microwave spectral line was first discovered by 
Good” and later successfully explained by Van 
Vleck and his collaborators" and by Coles and 
Good’? in terms of the nuclear quadrupole mo- 
ment coupling. More recently, Hendersen and 
Van Vleck” have introduced an additional coup- 
ling term due to the nuclear magnetic moment 
interacting with the magnetic field set up by the 
molecular rotation. This term, though smaller 
than that of the nuclear quadrupole coupling, 
appears to be a necessary inclusion for closer 
agreement with experiment. 

To study the Zeeman effect of this spectrum, 
we have here applied a magnetic field perpen- 
dicular to the microwave electric field for a TE- 
mode in the cavity. It was found that each line 
in the hyperfine structure was split in the manner 
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Fic. 7. Zeeman splitting of an N"‘H; line and its 
satellite lines. 


8 C. K. Jen, Phys. Rev. 72, 956 (1947). 

®C. K. Jen, Bull. Am. Phys. Soc. 23, May; No. 3 
(April, 1948); Phys. Rev. 73, 1237 (1948). 

10 W. E. Good, Phys. Rev. 70, 213 (1946). 

1B. P. Dailey, R. L. Kyhl, M. W. P. Strandberg, J. H. 


nee and E. B. Wilson, Jr., Phys. Rev. 70, 984 
2. S, Hendersen and J. H. Vleck, Phys. Rev. 74, 
106-107 (1948). 
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Fic. 8. Zeeman splitting of N'H; inversion lines. 


shown in Fig. 4 or 5. Figure 7 shows the Zeeman 
pattern for each group of such lines characterized 
by the same JK value (J=quantum number of 
the total angular momentum, and K =quantum 
number of the component of the angular mo- 
mentum about the figure axis). It is seen that 
each line is split into a doublet. Measurements 
have further shown that the doublet separation 
is essentially the same for the central line as for 
any one of the satellite lines. 

When the Zeeman effect of the central line is 
studied at a constant magnetic field from one JK 
line to another, it was found that the doublet 
separation is approximately independent of the 
quantum numbers (see Fig. 8). 

The variation in the doublet separation as a 
function of the magnetic field follows very nearly 
a linear relationship. A typical curve is shown in 
Fig. 9 for the JK = 33 line, with the result 2Av/AH 
=0.718 Mc/sec. per 1000 oersteds. It is evident, 
therefore, that we are dealing with a first-order 
Zeeman effect. 


B. Discussion of the NH; Zeeman Spectrum 


The standard interpretation of the Zeeman 
effect is based upon the existence of a permanent 
magnetic moment along the direction of the 
magnetic field. For the first-order Zeeman effect, 
the frequency separation between the Zeeman 
components is proportional to the magnetic 
field and another factor which is related to the 
permanent magnetic moment. Thus we may have 


Av =g(uo/h)H, (10) 


where Av=difference between the frequency of a 
Zeeman component and that of the undisplaced 
line (} of the frequency separation between 
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Fic. 9. Zeeman splitting of an N"H; line as a 
function of the magnetic field. 


two symmetric doublet components), po=nu- 
clear magneton=eh/4rMc, M=proton mass, 
h=Planck’s constant, and g=gyromagnetic ratio 
or the g-factor. We see from Eq. (10) that the 
experimental result for a given Zeeman splitting 
may be concisely stated in terms of the corre- 
sponding g-factor. Referring to Figs. 8 and 9, 
the g-factor for most of the NH; lines is of the 
order of 0.47. It follows that any plausible inter- 
pretation of the Zeeman spectra for NH; must 
be able to account for the correct magnitude of 
the g-factor, the doublet structure of the Zeeman 
pattern and also the approximate independence 
of this g-factor as a function of the quantu 

numbers. ; 

There are at least three possible sources of 
permanent magnetic moments for an NH; 
molecule: the N‘ nuclear nuclear magnetic mo- 
ment, the nuclear magnetic moments due to the 
three H nuclei and the molecular moment due to 
rotation. The last one is understood here to in- 
clude all the magnetic contributions due to orbi- 
tal motion of all nuclei and electrons in the mole- 
cule. The contribution due to the three H nuclei 
may be ruled out, because the g-factor for a 
proton, about 5.6, is much to high for any agree- 
ment with the experimental g-factor, which is 
approximately ten times smaller. 

It is only necessary now to deal with the inter- 
actions between the external magnetic field and 
the two remaining magnetic moments, one due 
to N“ nuclear spin and the other due to molecular 
rotation. In the absence of an external field, 
there exists a spin-rotation coupling, as men- 
tioned above, which gives rise to the hyperfine 
structure. If, in the presence of the field, the 
Zeeman splitting is less than the hyperfine 
structure spacing, the spin-rotation coupling is 
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still in effect. Such a field is usually described by 


the term ‘‘weak,”’ a common restriction in the 


study of the Zeeman effect. However, as the 
field is raised beyond this range, the spin- 
rotation coupling begins to break down gradu- 
ally, until the field is strong enough to break up 
the coupling completely (Paschen-Back effect). 
In the following, a general theory of the Zeeman 
effect will be developed for the coupling between 
the spin of a single nucleus and molecular 
rotation. 


C. Theory of Zeeman Splitting for 
Spin-Rotation Coupling 


When the Zeeman effect is smaller than the 
spin-rotation interaction, we can start with the 
unperturbed Hamiltonian 3) describable by a 
diagonal matrix in the system of representation 
labeled by JIFM, where J=angular momentum 
quantum number of the molecule, J=nuclear 
spin quantum number, F=J+T/, J/+J—1, ---, 
J-—I+1, J-I, and M=F, F-—1, ---, —F+1, 
—F, The eigenvalues of 3p, Wo, are the energy 
levels of the unperturbed states labeled in the 
same way, except that the energy is now inde- 
pendent of M (i.e., each JIF state has a (2F+1)- 
fold degeneracy). The total Hamiltonian &, in- 
cluding the interactjons of the external field with 
the nuclear and molecular magnetic moments, is 


(11) 


where Zmoie=g-factor of the molecule along J, 
gw=g-factor of the nucleus coupled with the 
molecule, swo=nuclear magneton, J,I=vector 
operators of J, J, and H=external magnetic field. 
The solution for Eq. (11), with the aim of finding 
its eigenvalues, is almost exactly the same as 
the case of the Russell-Saunders coupling in 
atomic, spectra. The only essential difference is 
that while the g-factors for electron spin and 
orbital motion are definitely related (ratio =2:1), 
the g-factors here, gmoie and gw, are not related 
at all. We can therefore follow the same pro- 
cedure of solution," while preserving the identi- 
ties of the g-factors, and arrive at the following 
results, which can also be obtained from vector 


KH = Ho — Lmoieto) *-H—gyuol-H, 


1%E. U. Condon and G. H. Shortley, The Theory of 
¢ we Spectra (Cambridge University Press, 1935) Chapter 
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model considerations." 
W = Wo(JIF) — MuoH {a sgmote+ orgy}, - (12) 
where 
ay =[F(F+1)-+J(J+1)—1(1-+1)/2F(F +1) 
and 
a =[F(F+1)+1(I+1) —J(J+1)]/2F(F+1). 


It is worth noting that in Eq. (12), if we let 
£t=QyLmole+@]2,y We May say g; is a total 
g-factor, which is a linear combination of gmoie 
and gy with the combination coefficients a, and 
a, as functions of the quantum numbers. 

The frequency displacement of any Zeeman 
component relative to the zero-field position of 
a hyperfine line can be readily calculated from 
the following 


Av(JiFiMi—J2F2M2) 
= (uolT/h) {(Mg:)2—(Meg:)1}, 


where the change of quantum numbers has to 
obey the usual selection rules: AJ=0, +1; AF 
=0, +1; AM=0, +1. It is understood that the 
nuclear spin remains constant (AJ=0), and the 
axial quantum number K suffers no change 
(AK =0) for transitions in linear and symmetric 
molecules. 

The intensity of any Zeeman component can 
be calculated from the standard formulas used 
in atomic Zeeman spectra with only slight 
changes in notation.” 


(13) 


D. Interpretation of the N'“‘H; Zeeman Spectra 


For the Zeeman splitting of the NH; inver- 
sion spectrum, Eq. (13) takes the following form 
for AJ=0 and AM=+1 (¢ components, nor- 
mally observed in this experiment). 

(a) Central line Zeeman components (AF=0): 


Mol | Zmote+ Zn 
——— 
J(J+1) —I(I+1) (gmote— gw) 
F(F+1) 2 


Avo = 





(14) 


(b) Satellite line Zeeman components (AF 


4S, Goudsmit and R. F. Bacher, Zeits. f. Physik 66, 
13° (1930). 


= +1) for satellites closer to central line: 


os 
h Gea 
OF cb he (2mote — Zv) 
J+1 2 





Av, = Avo + 





(15) 


where, —J<M<J, for satellites further from 


eis —I(I+1) (gmote— gw) 
i 





Av,’ = Avo+ 


(16) 





where —(J—1)<M<J-—1. It is commonly ac- 
cepted ‘that J(N™“)=1, and it follows that 
F=J+41, J, J—1. We note that the theoretical 
Zeeman pattern may generally be quite compli- 
cated and much dependent on the quantum 
numbers. There is, however, one important spe- 
cial case, namely J=I, for which the equations 
reduce simply to 


poll 2mole t+ ZN 
h 4 


(17) 


Avo = Av, = Ap,’ = 


This means, for the /K=11 line of NH, the 
Zeeman splitting is strictly a doublet and has 
the same doublet separation for the satellite 
lines as for the central line. We can thus deter- 
mine a value for gmoie from the expression 
(Zmolet+ gv) /2=gi1, where gi: is the experimental 
g-value for the JK=11 line. Using gy(N") 
=0.403 from published nuclear resonance data 
and gi:=0.44 from the present experiment, we 
arrive at the result gmoie(N“H;) =0.48+0.03, 


CENTRAL LINE SPLITTING 


Fic. 10. Calculated Zeeman spectrum for N“Hs; 
lines with gy=0.403 
Lmole = 0.48. 
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Fic. 11. Calculated Zeeman spectrum for the satellite 
lines of NH; lines with gy=0.403 and gmor=0.48 and 
H=1670 oersteds, (C) that satellite close to central line, 
(F) that satellite further from central line. 


taking into account the inhomogeneity of the 
magnetic field and other experimental errors. 
While gmoie may itself depend upon the values 
of J and K, we can at least temporarily assume 
that the same g-value holds true for higher JK 
values and examine the theoretical results from 
Eqs. (14), (15), and (16). It is clear from these 
equations that the departure from the strict 
doublet relationship is proportional to gmote— gw, 
with the coefficient of proportionality a function 
of the quantum numbers. However, the fact 
that gmoie, in the case of NHs3, is so close to gy 
makes the contribution from the gmoie—gnw term 
sufficiently small so that the experimental Zee- 
man pattern appears to be a doublet within the 
limits of resolution and the frequency separation 
is sensibly independent of the quantum numbers. 
This. statement is well supported by the theo- 
retical results calculated from Eqs. (14), (15), 
and (16). Figure 10 shows the calculated split- 
tings for the central line bearing various J=K 
designations and Fig. 11 the same for the satel- 
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Fic. 12. Zeeman splitting of N15H; inversion lines. 


lite lines. It can thus be concluded that within 
the limits of resolution, the calculated patterns 
are in good agreement with experiment and that 
Zmole does not depend strongly on the J and K 
values. ‘ 


E. Experimental Results and Interpretation 
for N 15H; Zeeman Spectra 


Since it is known that J(N") =3, there cannot 
be any nuclear quadrupole coupling by theory 
and no trace of hyperfine structure has been 
found in experiment." The Zeeman splitting in 
this case should therefore depend exclusively on 
the molecular g-factor, 


Av==+2' moie(uoll/h), (18) 


where g’ mole = Zmole( N!®H3). Now, g(N?*Hs3) should 
be slightly less than g(N™“H3) because of the 
somewhat larger reduced mass resulting from 
the heavier isotope. A calculation shows, how- 
ever, that this difference is quite negligible 
relative to the accuracy of the present experi- 
ment. Thus we may take g(N'°H;)=g(N*Hs3). 
This indicates the prospect of verifying the 
calculated result for N'*H; by the experimental 
result for N!5H3. 

Experiments have been performed on the 
Zeeman splitting of the N!5H; inversion spec- 
trum, following published frequencies.!® A doub- 
let splitting has been found for all the lines ob- 
served in this experiment and the separation is 
indeed sensibly independent of the quantum 
numbers for the case J/=K. Figure 12 shows a 
plot of these results and also a comparison of the 
experimental g(N'5H;) with the calculated gmote 
(N“H;). The agreement between the two is 
seen to be quite satisfactory, thus furnishing a 
further: evidence for the interpretation of the 
N"“H; Zeeman spectra. 


F. Zeeman Effect of the Rotational 
Spectra of CH;Cl 


The Zeeman effect of methyl chloride has been 
studied because this molecule combines the de- 
sirable features of a very strong nuclear quadru- 
pole coupling with the simple structure of a 
symmetric top. Moreover, its first rotational lines 
corresponding to J=0—>1 for both CH;Cl** and 


16 W. E. Good and D. K. Coles, Phys. Rev. 71, 383 
(1947). 





ZEEMAN EFFECT IN MICROWAVE SPECTRA 


CH;CI*’ occur very conveniently near the upper 
end of the K-band.'* These lines have been found 
here in a resonant cavity and their positions de- 
termined. Figure 13 shows an energy level dia- 
gram including the effects of the nuclear quadru- 
pole coupling and the three possible transitions 
in zero-field. The nuclear spin J for either Cl* 
or Cl’ has to be 3/2 to get very close agreement 
with the hyperfine structure. This confirms 
Townes’ assignment for J(Cl) in CICN.!” Also, 
it seems that the nuclear electric quadrupole 
coupling accounts very accurately for the sepa- 
ration of the energy levels. The theoretical ratio 
between the frequency difference v(F = 3/2—+5/2) 
—v(F=3/2-+3/2) and the frequency differ- 
ence v(F=3/2-31/2) —v(F=3/2-45/2) is 1.250, 
whereas that determined experimentally is 1.252. 
If there is‘some other kind of coupling present 
(e.g., the magnetic dipole interaction), it will 
have to bear the same ratio (which is not prob- 
able), or else it must be negligibly small. 

Figure 14 shows a comparison between the 
calculated and experimental spectra for the 
J=0-—1(K =0) transition of CH;Cl* before and 
after Zeeman splitting. Calculations were per- 
formed by putting the known quantities [(Cl**) 
= 3/2, g(Cl**) =0.547 and H=1670 oersteds (ex- 
perimental) into Eq. (13) to see what value of 
Zmole Will best fit the experimental pattern. This 
amounts to an experimental determination of 
Zmole( CH;Cl**), which is the only unknown factor. 
It turns out that the best fit occurs when we 
assuMe€ ZmoleKgn(Cl**). While it is not possible 
to observe experimentally all the theoretical 
Zeeman components because of insufficient reso- 
lution and sensitivity, the general agreement 
seems to be good. This may be taken as further 
evidence supporting the general theory devel- 
oped in Section C of Part III. 


G. Zeeman Effect of SO, 


Since SO, has no known nuclear magnetic 
moment, the only contribution toward the Zee- 
man effect should come from its molecular 
moment. This molecule is different from NH; 


16 W. Gordy, J. W. Simmons, and A. G. Smith, Phys. 
Rev. 72, 344 ti947). 
7C, H. Townes, A. N. Holden, J. Bardeen, and F. R. 
Merritt, Phys. Rev. 71, 644 (1947). 
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splitting for 


in that it is an asymmetric top and it has a 
larger reduced mass. The Zeeman effect of such 
a molecule has been investigated at the known 
frequencies published by Dailey and others.!* It 
turned out, at H=1670 oersteds, that all the 
lines tested showed an incipient Zeeman effect in 


’ the form of a very marked reduction of the line 


intensity and accompanying broadening of the 
line. The splitting is, however, in no case re- 
solvable in this weak field. It is hoped that com- 
plete resolution can be achieved with a stronger 
field. These results will be interesting from the 
standpoint of the size of the molecular g-factor 
and also as an aid to the assignment of quantum 
numbers to the spectral lines through the in- 
dividual characteristics of the Zeeman patterns. 
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Fic. 14. The J=0-—+1 lines of CH;Cl®* with and without 
magnetic field, [(Cl*) = }, g(Cl**) =0.547, gmoteKgw(Cl*). 


18 B. P. Dailey, S. Golden and E. B. Wilson, Jr., Phys. 
Rev. 72, 871 (1947). 
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IV. CONCLUSION 


From the above preliminary studies on the 
Zeeman effect in the absorption spectra of gas 
molecules, it is seen that a knowledge of the 
nuclear and molecular g-factors can be obtained 
from the analysis of Zeeman splitting, if there 
exists a spin-rotation coupling. If one g-factor is 
known, the other g-factor can be determined from 
the experimental data, on the basis of known spin 
and rotational quantum numbers. By studying 
the Paschen-Back effect at strong fields in con- 
junction with the analysis of the Zeeman effect, 
it will be possible to evaluate the two g-factors 
separately. 

If the spin-rotation coupling is absent, the 
Zeeman splitting of the spectral lines of a mole- 
cule will yield direct information on the mo- 
lecular g-factor. This information bears a close 
relationship to the charge distribution in a 
molecule and may throw some light on the nature 
of molecular bonds. The same knowledge should 


be particularly useful for the study of the inter- 
action between the nuclear magnetic moment and 
the magnetic moment resulting from molecular 
rotation. Also, if the spectral lines of a molecule 
differ among themselves in their characteristic 
Zeeman patterns, the Zeeman studies can lend 
much help to the identification and assignment 
of molecular lines. 

A new magnet-cavity assembly has now been 
built which is capable of yielding a magnetic 
field of the order of 10,000 oersteds. It is planned 
that more intensive investigations will be carried 
out for a large class of molecules in both the Zee- 
man and Paschen-Back spectra. 
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A method has been worked out for correcting distortions which affect the apparent shape 
of a continuous f-ray spectrum. Internal conversion lines are studied in the 6-spectrometer 
and found to have a finite width and in the case of 180° focusing an unsymmetrical shape. 

On the assumption that these conversion lines are actually monoenergetic, it is possible 
to calculate the distortion produced by the spectrometer and source, and thus to determine 
the approximate true shape of the continuous 8-ray spectrum from the experimental data. 

The Kurie plots for a continuous §-ray spectrum corrected in this way are, in general, 
straight over a greater‘range than the plots of the uncorrected data. The correction has been 
applied to the ratio of the number of positrons to the number of negatrons in Cu“ and gives 
results in better agreement with the Fermi theory than if there has been no correction. 


1. INTRODUCTION 


N recent years one of the most important 
problems in the investigation of the shapes 
of the continuous §-spectra has been the study 
of their low energy regions. In the course of 


* Assisted by the joint program of the Office of Naval 
Research and Atomic Energy Commission. 
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such study, discrepancies have been reported 
between experiment and the Fermi theory,” in 
particular, for the supposedly allowed Bt- and 
B--spectra from Cu! In the present note a 
systematic method is described for .correci g 


1C. S. Cook and L. M. Langer, Phys. Rev. 73, 601 
(1948); J. Backus, Phys. Rev. 68, 59 (1945). 
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CONTINUOUS SPECTRA 


the directly observed shapes of the continuous 
spectra for distortions of various kinds that 
occur in a given spectrometer with a given 
source. These distortions, arise from various 
factors, e.g., the finite width of an actually 
monoenergetic line due to the focussing proper- 
ties of the spectrometer, the elastic and inelastic 
scattering of beta-particles in the source and its 
backing, by the slits, chamber walls, and residual 
gases, etc. 
The nature of the corrections is based upon a 
study of the apparent shapes of monoenergetic 
internal conversion lines taken with the same 
spectrometer and with sources of the same 
thickness as used in the continuous spectrum 
work.? The magnitude of the corrections is in 
general not negligible, and is in a direction 





StH) | (p/p) ads 
HAp ~ php/p p 


(p/p) 
pAp/p 








where Hp=p, Hp=p”. 

_ Thus, it is seen that the directly observed 
9(H)/HAp, the quantity usually considered to 
give the electron momentum distribution and so 
compared with theory by means of the Kurie 
plot, is not equal to the true momentum distri- 
bution N(H@§) unless P(p’, p’’) =6(p’ —p”’)* and 
Ap/p~0, i.e., unless the scattering and focusing 
distortions are absent and the counter slit is 
very narrow. In the presence of such distortions, 
one is first confronted with the physical problem 
of discovering the probability function P(p’, p’’) 
or rather the integral 


P(p’, p”’)dp”, 


£ 
Hp—HAp 


aid then with the mathematical problem of 
d-ducing 
N(Hp) = N(b), 
Corrections to the apparent shapes of 8-spectra as 
fry qa the theoretical focusing properties of 180° 
*rometers have been discussed by W. H. Sesion, 
~amb. Phil. Soc. 31, 285 (1935) and by J. L. Lawson and 


A. W. Tyler, Rev. Sci. Inst. 11, 7 (1940). 
‘8 § is the usual Dirac delta-function. 
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tending to decrease the above mentioned (low 
energy) discrepancies. 


Il. METHOD OF CORRECTION 


Let 91(H) be the number of electrons recorded 
by the detector (counter) of the spectrometer* 
from some continuous 6-spectrum at a magnetic 
field setting H, The maximum electron path 
radius of curvature and the counter slit width 
are p and Ap, respectively.5 Then, if N(p’)dp’ is 
the number of electrons emitted by the nuclei of 
the source with magnetic rigidity between p’ 
and p’+dp’,* and if P(p’, p)dp is the probability 
that, because of the various distortions, an 
electron emitted with magnetic rigidity p’ ap- 
pears at the counter slit at a field H appropriate 
to a magnetic rigidity between p and p+dp, 
one has, 


do| f N(e)P(e", pap’ 
(1) 


-f a d pno| — f De p'nap"|, 





with 
Hj 
f P(p', p")dp” 
Hp—HAp 


and 9(H) being considered known. Now 
Hp 
fo Pe. ena” 
Hp—HAp 


may, for a given spectrometer and source geometry 
and thickness, be found by studying the observed 
shapes of monoenergetic lines (with sources of 
the same geometry and thickness as used in the 
continuous spectrum work); thus for a mono- 
energetic line with momentum fo, one has 
Npo(p) = C(bo)5(b — o),’ whence, from Eq. (1), 


4 To fix ideas, a 180° focusing spectrometer, provided 
with a fixed source and counter, is envisaged. It will be 
clear from the ensuing discussion in this and the following 
sections that the considerations developed apply, with 
obvious changes, to other types of spectrometers as well. 

5 ® is the distance from the center of the source to the 
far a e of the counter. 

‘)dp’ is the true magnetic rigidity or momentum | 
distribution of the continuous 6-spectrum. 

7 No is the true momentum distribution of the .mono- 
energetic line; one has C(po) = fo” Np0(p)dp = total number 
of electrons emitted in the conversion. 
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Th(B+C) F line 
a= IIlHp 
resolutions 3.8% ~ 
2 0.Img/cm*® 
420.2mg/em*® =o. 
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Npo(H) ys No( p/p) 
HAp pAp/p 





C(bo) 8 7) 
oi f Plbo, b")dp". (2) 
HAp “y5-—HAp 


Combining Eqs. (2) and (1), one has, 
(p/p) * Np (p/p) 
[awn zee 
pAp/p J ies C(p’)pAp/p 


so that if the shapes of a sufficient number of 
monoenergetic lines are observed, one needs only 
to solve the integral equation, 


M(p)= f dp'N(p)K(p", P), 
ae p) Np (p/p) " 
M(p)= : Kp’, aicseetinc os, 
awe ei 


in order to find the true momentum distribution 
N(p). This last can always be done, at least 
formally, by writing, 


N(p)= f dp/M(p)L(’,~), (8) 


with, L, the ‘‘kernel’’ reciprocal to the ‘‘kernel’”’ 
P, satisfying, 


f apK (p’, p)L(p, p’") = 5(p'—p") 


“a f dpL(p’, p)K(p, p”). (6) 


A 


n 7 1 és 1 1 
2600 3000 3200 3 


Thus in principle, and in simple cases in practice 
(see below) the true momentum distribution of 
the continuous spectrum, N(p), may be found 
from the observed number of counts (as a 
function of Hp) divided by HAp, and from the 
observed shapes of a sufficient number of mono- 
energetic lines. An example of the procedure is 
given in the next section. 


Ill. APPLICATION TO A SMALL 180° FOCUSING 
SPECTROMETER: 


In this instrument the monoenergetic internal 
conversion lines of Cs'*’7 (3380 gauss cm) and 
Th B+C (1385 gauss cm) were studied. The 
sources were mounted upon a Formvar backing 
of 0.03 mg/cm? and covered with a Formvar 
film of 0.005 mg/cm?. The total source thickness 
was 0.2 mg/cm?. It was found that the apparent 
shape of the Thorium line was independent of 
the thickness below 0.2 mg/cm? by comparing 
the line shapes for sources of 0.1 mg/cm? and 
0.2 mg/cm? thickness. Comparable backing and 
source thickness were used in a companion study 
of the 6t- and 6--spectra of Cu, the Cu® being 
prepared by an (n,p) reaction on Zn™.° The Cu 
was separated chemically and was found to 
have a very high specific activity. 

The observed shapes of the monoenergetic 
lines could be reasonably well fitted by a con- 


8 This instrument was constructed in the Washington 
University Physics Department under the direction of 
F. N. D. Kurie and F. Rasetti. It has =5.72 cm and 
Ap=0.2 cm. 

® Suggested by F. N. D. Kurie. 




















venient empirical formula, 
Nvo(H) _l | 3 (po— P) 
C(po)HAp a 





(7) 


a 


where a is the average spread in Hp=p. In 
Fig. 1 the experimental points of the Cs"? line 
and the Th F line are given with the exponential 
fit: , 
, Thorium a=111 gatss cm, 
Cait? a=138 gauss cm. 


As a very rough approximation, one may then 
consider three limiting forms for K(p’, p). 


(p’—) 


a 





1 
Kp’, p)=—exp| 2 , if p’>p, 


, : , (8) 
K(p', p)=0, if p’<p, 
for all p’ and p, and with 


I: a(p’) =const., 
II: a(p’) =(const.)p’+const., 
III: a(p’) =(const.)p’. 


Using Eq. (8) for K(p’, p) and I for a(p’) the 
integral Eq. (4) for N(p) can be solved easily by 
Fourier analysis. Writing 


+00 
M(¢) = f u(q) exp(2mipg)dg, 


+0 
N(p) = f v(q) exp(2mipq)dg, 


“ip 


2.0r 


Fic. 2. Momentum distribution 
of the negatrons from Cu, 
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and substituting into Eq. (4), one gets 
u(q) = »(q)[1 —2miag }" 


N(p) = M(p) —a(dM()/dp). (9) 
The form of Eq. (9) maintains equal areas under 


the N(p) and the M(p) momentum distribution 
curves. 

Using II and III for a(p’), Eq. (9) (with 
a=(const.)p+const., or a=(const.)p) is still a 
valid approximation provided that 


da(p’)/dp’<1. 





so that, 












The true momentum distribution NV(p), given 
by Eq. (9), may now be compared with experi- 
ment. Calculations have been made for all three 
cases of a(p’). The corrections for cases I, II, 
and III are based on the following a(p’): 


I: a(p’) =(111+138)/2 gauss cm 
= 125 gauss cm, 
II: a(p’) =[0.0135p’ +92 ] gauss cm, 
III: a(p’) =0.05p’ gauss cm. 









Corrections based on I, II, and III give 
essentially the same results down to the low 
energy region below 200 kev. Since the experi- 
mental measurement of the internal conversion 
lines gives a(p’) =[0.0135p’ +92] gauss cm as a 
rough approximation, this a(p’) of case II is used 
for the graphical presentation of the correction.’ 

We use first in Eq. (9) the directly observed 
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10 One might expect the a(p’) to be of case II for 180° instruments since the apparent width of a monoenergetic 
line is the sum of a contribution arising from the focusing which is proportional to p’, and a contribution arising 
from the scattering which may be roughly independent of 9’. 
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~~ experimental curve 
—— corrected curve 





Fic. 3. Momentum distribution of the positrons from Cu. 


(A) /HAp= M(p) and then take the correction: 


dM(p) 
a(p’)rr ‘ 
dp 


Figures 2 and 3 show that the experimental 
momentum distribution is shifted in the direction 
of the higher momenta after this correction is 
applied. 

Figures 4 and 5 then show the Kurie plots for 
the B+- and @--spectra of Cu™. An apparent 
decrease in the number of particles in the low 
energy region as a result of the correction is 


Vt 
1.5r 





observed in both cases. In Figs. 6 and 7 the 
logarithm of the ratio of the number of positrons 
to the number of negatrons is given for the 
experimental data (M(p)) and the corrected 
data (N(p)).! The superior agreement of the 
latter with the theory is apparent. The limiting 
cases I and III are shown in Fig. 8 and it is 
noted that for a(p’) =const.=125 gauss cm, the 
best agreement with theory is obtained. 

A shift in the end point of about 5 percent to 
a higher energy is noted on the corrected Kurie 
plots. In principle this corrected end point is no 
more dubious than the uncorrected one since 
both involve theoretical extrapolations of experi- 
mental data. 

From the present discussion it is evident that 
these corrections have no meaning in the region 
where Geiger window distortions are present. 
A study of window transmission characteristics 
is planned in order that corrections for the 
entire spectrum can be applied. 


IV. DISCUSSION 


It is clear that while the corrections to the 
observed momentum distribution discussed in 
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Fic. 4. Kurie plot of the nega- 
trons from Cu, 
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4 Qualitatively, our uncorrected 6+- and 8--distributions agree with those of Cook and Langer, reference 1, though 
the deviations from the Fermi theory in our original experimental data are greater than in theirs. This is no doubt due 
to the poorer resolution and greater scattering of our instrument. 
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Fic. 5. Kurie plot of the posi- 
trons from Cu®, 
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the present note always exist, it is possible that 
with low scattering and high resolution instru- 
ments they may be quite negligible. For example, 
if in Eq. (9), a(p’) =0.005’, the Kurie plots 
constructed from the M(p) and the N(p) distri- 
butions are very similar. On the other hand, 
considerable caution must always be exercised in 
ensuring that the difference between the directly 
observed M(p) and the corrected N(p) distribu- 
tion is indeed small with a particular instrument 
and source; this should be done by an investiga- 
tion of the apparent shapes of a sufficient number 
of strategically situated monoenergetic lines” 
and by the subsequent application of Eqs. (4) 
and (5). 
One remark should be added in conclusion. 
It may be expected (and has indeed been ob- 
served in this laboratory)" that a thin magnetic 
lens $-spectrometer gives monoenergetic line 
shapes which are much more symmetrical in 





Using sources of the same geometry and stopping 
power as in the continuous spectrum work. 

18]. Townsend, Washington University, St. Louis, 
Missouri. 





p’—p than those given by a 180° focusing 
spectrometer. The line shapes given by the thin 
magnetic lens spectrometer are roughly repre- 
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Fic. 6. The log of the ratio of the number of positrons 
e the number of negatrons in the low energy region for 
u%, 
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————according to the correctionz 
——-—according to the FERMI THEORY 





Fic. 7. The log of the ratio of the number of positrons 
= the number of negatrons in the low energy region for 
u®%, 


sentable by a Gaussian error function: 


exp| a ameay (10) 


1 
K(p', p) = 
(p ey 


a\Tr 


In such instruments, using Eq. (4), 


a? d?N(p) 
=N +— ’ 
oS 


C) e722 
M(p)= f deN(p+08)— 


—p/a Tv } 


whence 
a dM (p 
N(p) = M(p) -— ; 
()~Me)-T 


(11) 
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Fic. 8. The log of the ration of the number of positrons 
to the number of negatrons in the low energy region for 
Cu®, 


so that, in general, a much smaller difference 
between WV and M (for a given a) is to be expected 
for a thin magnetic lens spectrometer than for a 
180° spectrometer. It would therefore be highly 
interesting to carry out a study of the Cu 
spectra with a thin magnetic lens spectrometer. 
Experiments along these lines are to be under- 
taken in this laboratory. 

We are grateful to Professor F. N. D. Kurie 
and Professor A. L. Hughes for their stimulating 
comments and discussion ; we also wish to thank 
Mr. David Moe for his aid in obtaining experi- 
mental data. 
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The spectral emissivity at \=0.6674 has been determined for an 18 percent W-Fe alloy 
and a 40 percent Fe—Co alloy. Changes have been detected at the peritectoid and peritectic 
reaction temperatures for W-Fe and at the A; point for Fe-Co. Emissivity changes found 
at 1044°K and 1292°K in Fe—Co are attributed to the order-disorder transition and the ferro 
to paramagnetic transformation, respectively. The resistivity of 40 percent Fe-Co has been 


determined as a function of temperature. 





INTRODUCTION 


HANGES in spectral emissivity at phase 
changes in iron and cobalt have been 
reported by Wahlin and Wright! and by Wahlin 
and Knop.? This is a report on the extension of 
these investigations to alloys. 


APPARATUS AND PROCEDURE 


The spectral emissivity at \=0.667y of an 
18 percent W-Fe alloy and a 40 percent Fe-Co 
alloy was determined in the following manner. 
From a flat strip of the alloy 12 cm long, 1 cm 
wide, and 0.009 cm thick a hollow cylinder was 
formed, the overlapping edges being spot-welded 
in several places. A hole 0.5 mm in diameter 
was drilled through the side of the cylinder 
equidistant from the ends. The radiation from 
this hole was taken as blackbody radiation. The 
cylinder was mounted in a glass tube which was 
sealed to a vacuum system capable of evacuating 
the tube to a pressure of 3X 10-§ mm of mercury. 
The cylinder was heated by an alternating con- 
duction current of from 50 to 100 amperes taken 
from the secondary of a-110-volt primary 5-volt 
secondary transformer. 

The glass tube was equipped with a flat glass 
window through which temperatures could be 
determined pyrometrically. A disappearing fila- 
ment optical pyrometer equipped with a lamp 
having a 1.5-mil filament, and calibrated by 
sectoring up and down from the gold point, was 
used in the measurements. 

The procedure in taking data was to match 
the pyrometer with radiation from the hole and 
1H. B. Wahlin and Rufus Wright, ‘The spectral emis- 
aes of the iron group,” J. App. Phys. 13, 40 (1942). 


B. Wahlin and H. W. Knop, Jr., ‘Spectral emis- 
sivity of iron and cobalt,” Phys. Rev. 74, 687 (1948). 


from the metal above and below the hole. The 
pyrometer currents were determined from the 
voltage drop produced by them across a standard 
ohm. A sufficient number of pyrometer settings 
was taken at each temperature so that a reliable 
mean could be found. A confusion resistance, 
which was adjusted unknown to the observer 
after each reading, was placed in series with the 
pyrometer lamp. The spread in current readings 
obtained corresponded to less than a degree. 
From the pyrometer currents the true and 
apparent temperatures were determined. The 
spectral emissivity was calculated using the 
formula 


log exp(Z, = C2/X(1/T1—1/T>2)), 


where 7; is the true temperature corresponding 
to radiation from the hole, 7; is the apparent 
temperature corresponding to radiation from the 
surface of the cylinder, and C2/A=21,500°K. 
All of the data was taken with hydrogen at a 
pressure of about 5 cm in the system. 
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RESULTS 
18 Percent Tungsten—82 Percent Iron Alloy 


The constitution diagram of the binary iron- 
tungsten system shown in Fig. 1 is taken from a 
report of W. P. Sykes.* It shows the following 
forms of the 18 percent W-Fe alloy to be stable 
at various temperatures. Below 1313°K a mix- 


ture of a-solid solution of tungsten in iron and 


an intermetallic 8-phase corresponding to the 
formula Fe2W exists. Above 1313°K the §-inter- 
metallic compound is no longer stable and a 
second intermetallic phase e, corresponding to 
the formula Fe;W2,.is formed by a peritectoid 
reaction. Thus, from 1313°K to approximately 
1573°K a mixture of a+e exists. Above 1573°K 
the e-phase is unstable and a-solid solution 
alone exists up to the melting point. 

Figure 2 is a plot of emissivity against true 
temperature for an 18 percent W-Fe alloy. The 
results shown represent the average of two com- 
plete runs taken two weeks apart. For one week 
prior to each of these runs the specimen was 
maintained at a temperature of 1375°K. There- 
fore, it is assumed that the alloy was in the form 
of the a+e mixture stable at that temperature. 


The runs averaged were taken going first down - 


and then up from 1375°K. | 

Figure 2 shows the emissivity to be constant 
in the region in which the a+e mixture exists, 
to rise gradually in the region between 1280 and 
1320°K, again becoming constant below 1280°K, 
and, to decrease gradually in the region between 
1460 and 1540°K, again becoming constant above 
1540°K. The emissivity rise in the vicinity of 
1300°K is in good agreement with the a+f@e 
transition temperature in Fig. 1, while the 
temperature of decrease is less than that shown 
for the a+¢@a transition in Fig. 1. This may 
indicate that the alloy contained slightly less 


3W. P. Sykes, ‘‘The constitution of iron-tungsten 
alloys,” Metals Handbook (1939), edition p. 401. 
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than 18 percent tungsten. The reproducibility 
of this curve after two weeks of heat treatment 
shows that no selective diffusion of one of the 
metals in the alloy to the surface takes place. 

Figure 3 shows the results of a run starting 
from a temperature of 1680°K and proceeding 
downward. These data were taken in between 
the runs averaged in Fig. 2. At 1680°K it is 
assumed that the alloy existed in the form of an 
a-solid solution. The emissivity remained con- 
stant with decreasing temperature down to 
approximately 1400°K. Decreasing the temper- 
ature of the cylinder below 1400°K the emissivity 
continued to rise, apparently reaching a constant 
value, in good agreement with that for the a+8 
mixture obtained in Fig. 2, at a temperature 
around 1280°K. It appears as though upon 
reaching a temperature low enough for some of 
the e-phase to form, the remaining a-solid solu- 
tion contains less tungsten; and hence no more 
e is formed until a lower temperature is reached. 
This process of the gradual formation of «-phase 
then continues until the peritectoid reaction 
temperature is reached at which the £-inter- 
mediate phase is formed. The fact that a constant 
emissivity is obtained below 1280°K seems to 
indicate that the a+e«—8 transition has gone to 
completion or that the amount of 8 formed from 
the a-solid solution between G and F in Fig. 1 
is to small to effect the observations. 


40 Percent Iron-60 Percent Cobalt Alloy 


Figure 4 is a plot of emissivity against true 
temperature for a 40 percent iron—60 percent 
cobalt alloy. The alloy was prepared electro- 
lytically, making use of a report by Glasstone 
and Speakman.‘ These authors studied the 
composition of iron-cobalt alloys deposited from 
well buffered solutions, of definite hydrogen ion 

4S. Glasstone and J. C. Speakman, ‘Electrodeposition 


of iron-cobalt alloys,” Trans. Faraday, Soc. 28, 733 (1932), 
and 29, 426 (1933). 





EMISSIVITY OF ALLOYS 


concentrations, containing various proportions 
of ferrous and cobaltous sulfates, over a range 
of current densities. They found that the compo- 
sition of the alloys tends toward a constant value 
as the current density is increased and that this 
value appears to be independent of the hydrogen 
ion concentration of the solution. In order to 
obtain a ductile deposit it was necessary to 
modify their procedure. An unbuffered solution 
of ferrous and cobaltous chlorides of reagent 
quality was used. The total concentration of 
iron plus cobalt in the solution was 2 gram 
equivalents per liter, and the amount of iron 
was 40 percent of the total atomic percent of 
iron plus cobalt. This composition is an interpo- 
lation between two sulfate solutions reported by 
Glasstone and Speakman to yield alloys of 60 
atomic percent iron and 40 atomic percent iron. 
Thus, a composition of 50 atomic percent iron 
was expected. The solution was made slightly 
acidic with HCl and was kept at a temperature 
- of 80°C during the deposition. The deposit was 
made on a stainless steel cathode from which it 
was readily removed. The graphite anode was 
separated from the main body of the solution 
by a porous cup. This separation was to prevent 
oxidation of the ferrous ions at the anode. A 
current density of 5 amperes/decimeter? was 
used. The time of deposit was seven hours. 

Quantitative analysis revealed the composition 
of the deposit to be 40 percent iron—60 percent 
cobalt by weight. The deviation from the. ex- 
pected amount is attributed to the fact that no 
allowance was made for the depletion of the 
ferrous ion concentration during the deposition. 
Also, the appearance of a slight amount of 
flocculent ferric precipate indicated the oxidation 
of some of the ferrous ions in spite of the porous 
cup. 
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The rise in emissivity at the low temperature 
end in Fig. 4 is attributed to the deviation from 
blackbody conditions. The length of the cylinder 
radiating visible energy at these low tempera- 
tures is too short to insure blackbody radiation 
from the hole. The dip at 1044°K may correspond 
to the critical temperature of the order-disorder 
transition reported for iron-cobalt alloys in the 
middle of the system. The reported critical 
temperature for a 40 percent iron—60 percent 
cobalt alloy is 951°K.§ 

The missing portion of the Fe-Co emissivity 
curve corresponds to a temperature region in 
which thermal equilibrium of the cylinder could 
not be obtained. Raising the true temperature 
of the cylinder above 1213°K by decreasing the 
resistance in the primary of the heating current 
circuit, the true temperature continued to rise; 
and, for the same rheostat setting, thermal 
equilibrium was reached at a temperature above 
1300°K. Approaching this unstable region from 
the high temperature side, it was found that 
thermal equilibrium could be obtained down to 
a true temperature of 1292°K. Lowering the 
true temperature below 1292°K, it fell rapidly, 
and thermal equilibrium was reached slightly 
below 1200°K. It was impossible to obtain 
thermal equilibrium at.any point in between 
1213°K and 1292°K. 1213°K is in fair agreement 
with the 1223°K reported as the temperature of 
the body-centered cubic to face centered cubic 
transition of this alloy.’ 1292°K may represent 
the Curie temperature for this alloy. No experi- 
mentally obtained values of the Curie tempera- 
ture for the purpose of comparison have been 
found in the literature. A very noticeable change 
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5 W. C. Ellis and E. S. Greiner, “Equilibrium relations 
in the solid state in the iron-cobalt system,’ Am. Soc. 
Metals 21, 415 (1941). 
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in heating current was observed as the true 


temperature traversed this unstable region, | 


indicating a very marked change in the resistivity 
of the alloy. 


Resistivity of a 40 Percent Iron- 
60 Percent Cobalt Alloy 


In the hope of finding an explanation for the 
missing portion of the iron-cobalt emissivity 
curve a determination of the resistivity of this 
alloy as a function of temperature was made. A 
flat strip of the alloy 13 cm long, 0.3958 cm 
wide, and 0.0085 cm thick was mounted verti- 
cally in a glass tube which was connected to a 
vacuum system. Two iron wires 0.002 cm in 
diameter were spot-welded to the strip 0.6839 
cm apart in the region of the center of the strip. 
These wires were in turn spot-welded to tungsten 
wires sealed into the side of the glass tube. 
This tube was equipped with a flat glass window 
through which the temperature of the strip could 
be determined pyrometrically. 

After baking and evacuating the system, 5 cm 
of hydrogen was introduced. The strip was 
heated by passing a direct current through it. 
The magnitude of this current was determined 
by measuring the voltage drop produced by it 
across a standard resistance. At each: current 
setting the voltage drop across the known length 
of the strip between the fine iron wires was also 
determined. Finally, at each current setting the 
apparent temperature of the portion of the strip 
between the iron wires was ascertained using an 
optical pyrometer. 

From the current and voltage values, and the 
dimensions of the strip, ‘the resistivity was 
computed. From the apparent temperature and 
the emissivity curve in hydrogen for this alloy 
the true temperature of the strip was determined. 
The results obtained are shown in Fig. 5. 

A sharp increase in the slope of the resistivity 
curve at the body-centered to face-centered cubic 
crystal structure change and a sharp decrease at 
the Curie temperature were obtained. The 
temperature of these phase changes as obtained 
from the resistivity-temperature curve are in 
exact agreement with the temperatures obtained 
from the emissivity-temperature curve. 
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In determining the emissivity of this alloy the 
geometry of the hollow cylinder with plugged 
ends apparently prevented the conduction of 
heat away from the cylinder from occurring fast 
enough in the region 1213°K to 1292°K to allow 
equilibrium to be reached. Thus, since a constant 
voltage source was not used, in the region 
between the. A; and the Curie temperatures 
where the resistivity increases so rapidly with 
temperature, the temperature and . resistance 
continued to rise until a temperature above the 
Curie temperature was reached. 


CONCLUSIONS 


The change in roughness of the surface of the 
cylinder as a phase change is undergone has been 
suggested as a possible explanation of the emis- 
sivity changes observed. However, the fact that 
the results are reproducible, even after going 
back and forth through a phase change several 
times, probably rules out this possibility. 

A correspondence exists between the number ° 
density of electrons and the emissivity changes 
noted at the A; and A, points in iron and at the 
Curie temperature in cobalt. A decrease in elec- 
tron density causes a decrease in reflectivity and 
hence an increase in emissivity. Similarly, an 
increase in electrog density results in a decrease 
in emissivity. 

In order to arrive at definite conclusions 
concerning phase changes in metals from ob- 
served changes in emissivity, certainly, one must 
first prove that spectral emissivity is a function 
of the phase in which a metal exists. It is hoped 
that the results reported here may form a part 
of that proof. 
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It is pointed out that those phenomena concerned with 
Geiger counter operation which are well understood are 
those associated with the motion of the positive ion sheath 
while those awaiting explanation are associated with its 
development. A theory of this development is presented 
and used to calculate the following phenomena: 


(i) The relation between starting potential and counter 
variables. 
(ii) The amount of charge generated in the discharge. 
(iii) The shape of the plateau curve. 
(iv) The velocity of propagation of the discharge down 
the wire. 


Good agreement is obtained at all points. 

The curve connecting the charge generated and the 
overvolts is shown to consist of two parts, each a straight 
line, their slopes bearing a ratio of 2:1. The plateau curve 
is shown to climb more steeply to its constant value, the 
greater the number of electrons liberated in the counter 
by the ionizing particle, and the effect is confirmed experi- 
mentally. The velocity of propagation is shown to vary 
roughly linearly with overvolts but to tend to a finite value 
at zero overvolts. All forms of counter behavior are shown 
to depend strongly on the ratio of charge generated in the 
counter to that originally on the wire. 





INTRODUCTION 


ROADLY speaking, those aspects of Geiger 

counter behavior which are well understood 

are those which are concerned with the radial 

motion across the counter of the positive ion 

sheath formed in intimate contact with the wire 

by the discharge. Of these, the most important 
are: 


(i) The form of the voltage pulse as a function 
of time. 
(ii) The dead-time phenomena. 


The first has been elucidated by the work of 
Ramsey! and Montgomery and Montgomery,? 
and in more detail by van Gemert, den Hartog, 
‘and Muller,’ and by Alder, Baldinger, Huber, and 
Metzger.‘ The second has been treated by van 
Gemert, den Hartog, and Miuller,5 and by 
Stever.® 

These phenomena, however, occur after the 
end of the discharge proper, which has been 
quenched by the action of the positive ion 
sheath—all avalanche activity has ceased and 
the starting point of the discussion is the “burnt 


1W. E. Ramsey, Phys. Rev. 57, 1022 (1940). 

2 C. G. Montgomery and D. D. Montgomery, Phys. Rev. 
57, 1030 (1940). 

3 A. G. M. Van Gemert, H. Den Hartog, and F. A. Muller, 
Physica 9, 556 (1942). 

4 Alder, Baldinger, Huber, and Metzger, Hel. Phys. Acta 
20, 73 (1947). 

5 A.G. M. Van Gemert, H. Den Hartog, and F. A. Muller, 
Physica 9, 658 (1942). 

6H. G. Stever, Phys. Rev. 61, 38 (1942). 


out’ positive ion space charge sheath which 
remains. There are several important phe- 
nomena, however, which depend on the growth 
of the discharge itself, and to explain which, one 
has to enquire more closely into the actual 
mechanism of formation of the space charge 
sheath. The most important are: 


(i) The relation between the counter starting 
potential (V,) and the counter variables. 
(ii) The quantity of charge generated in the 
discharge (g) and its dependence on 
counter overvolts (V—V,), filling gas 
pressure (p), and counter geometry. 
(iii) The shape of the plateau curve. 
(iv) The velocity of propagation of the dis- 
charge down the counter wire (v) and its 
dependence on counter variables. 


It is the object of this paper to discuss these 
four phenomena, and to attempt to explain the 
facts concerned with them. 


THE DEVELOPMENT OF THE DISCHARGE 


The characteristic feature of the Geiger dis- 
charge is that it spreads the whole length of the 
counter wire, and so there must exist some 
mechanism which enables the first electron 
avalanche to breed others and so on. This mech- 
anism, in the case of the “self-quenching”’ 
counters at any rate, is the emission of photo- 
electrons from molecules of the gas under the 
action of photons proceeding from excited mole- 
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” Fic. 1. a/p versus X/p for pure argon (after Kruithof and 
Penning). Solid line: experimental values; dotted line: 
linear approximation. 


cules or ions formed in the first avalanche. This 
is shown by the beaded wire experiments of 
Stever®’ and others. It is the self-quenching 
counters which are considered here. We may 
assume a constant probability ¢ per ion of an 
avalanche that a further avalanche should arise 
by this mechanism. Then, if the first avalanche 
contains JV(1) ions, the condition for the Geiger 
discharge is 
N(i)e>1 


the threshold V, being given by 
N(1i)e=1. (1) 


(Straggling effects in N(1) are neglected, and will 
not influence much the greater part of the cal- 
culation.) N(1)e has a Poisson distribution since 
«<1. The value of ¢ is uncertain, but nearly all 
the results to follow depend only logarithmically 
on it. (1) is the gas amplification which would 
have obtained at V had not the divergent chain 
Geiger action set in. This is usually about 10° at 
V,, so we will set «= 10-5. 

Thus, for the calculation of problem (i) all 
that is required is N(1) as a function of the 
counter variables. 


THE FORM OF THE FIRST AVALANCHE 


An electron, born inside the counter, will drift 
towards the wire under the influence of a field 


X= J (2) 
+? logb/a 


at a distance 7 from the axis. V is the applied 
counter voltage, b and a the cathode and anode 
radii. At some distance 7, ionization by collision 
begins, r. being determined by some critical 
value of X/p, p being the pressure in the counter 


7H. G. Stever, Phys. Rev. 59, 765 (1941). 
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Fic. 2. Relation between V, and for the typical counter. 


(in the following, X wiil be measured in volts/cm 
and p in mm Hg). Thus 


.. ee 
fe 


a 


where V, is the starting potential for propor- 
tional counter action. So 


vit)=exp( adr), (3) 


a being the first Townsend coefficient effective 
under the counter conditions. We now make the 
assumption on which the whole treatment is 
based, namely: 


a=constant XX. (4) 


Generally a/p will be some function of X/p 
for electrons remaining in equilibrium with the 
field, and over the range of X/p of interest (about 
60-300 for the average counter) this approxima- 
tion is reasonable, as may be seen from Fig. 1 
representing the results of Kruithof and Penning® 
for pure argon. Other gases behave similarly. 
Relations (23), (3) and (4) give together 


N(1) -(“)" | 6) 


where Qo is the charge per unit length of the 
counter wire, given by 


Qo 1 
ae logb/a 


and c is a constant related to that in (4). 
If now by N(1, r) we mean the number of ions 


8A. A. Kruithof and F. M. Penning, Physica 3, 515 
(1936). 
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produced by the avalanche between r, and r 
Te\ A 
Ni. )=() + 6) 
r 


DEPENDENCE OF V, ON THE COUNTER 
VARIABLES 


We may now at once give an answer to problem 
(i) using relations (1) and (5) and find, for the 
dependence of V, on p 


ky Ve 
V, log = constant, (7) 


where k; is a constant given by 


ky V; Tc 


p a 


lf we now consider a typical counter which we 
shall discuss throughout this paper where a 
numerical value is to be derived, having b=1.0 
cm, a@=0.01 cm, V,=1000 volts, V,=200 volts, 
p=70 mm Hg, we have ki=0.35 mm Hg/volt 
and a relation between V, and given in Fig. 2. 

The dependence of V, on 6 and a may similarly 
be found to be given by, at a fixed 9, 





) =constant, 


V, V, 
loe( 
logb/a koa logb/a 


ke being another constant of value 4.3510 
volts/em for our typical counter considered 
above. V, is shown in Fig. 3 as a function of a for 
several b values. 

These relations are subject to two limitations. 
The first concerns r, which should be consider- 
ably smaller than b, or the whole avalanche may 
not be formed. Thus the results may not be used 


*It is not suggested that this is a complete account of 
the first avalanche. It is merely desired to have some 
simple analytic expression for its form which is in adequate 
accord with the facts and on which the formal treatment 
of the space-charge build-up may be based. A detailed ac- 
count of the first avalanche has been given by S. C. Brown 
[Phys. Rev. 62, 244 (1942)] for a helium-filled counter. 
Such an account should be given in a complete study, but 
would complicate enormously its development. Brown 
considers the space-charge effect of a single avalanche on 
itself. It is well known that this effect is all-important in 
cases of small b/a ratio—as Brown’s results reveal—but 
in the specifically Geiger-counter geometry considered here 
it is relatively small. The diffusion results of the next 
section but one may be used to estimate the effect, which 
amounts to a few percent at the wire. 
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at very low counter pressures or small b/a 
values. The second concerns the constancy of 
composition of the gas. This has been implicitly 
assumed as ¢ has been held constant. The fact 
that, for example, in argon-alcohol counters, V, 
depends more rapidly on the partial pressure of 
the alcohol than on that of the argon, is inter- 
preted simply as a decrease of ¢ with increasing 
alcohol pressure, which may be understood from 
many points of view. 

These relations are in good accord with ex- 
perience, and, rather than being a product of the 
theory, should be regarded as confirmation of the 
basic assumptions. 


THE BUILDING-UP OF THE SPACE-CHARGE 
SHEATH 


For the attacking of the main problems. we 
must consider the way in which the space charge 
of positive ions is developed, and its manner of 
quenching the discharge. Before this can be done, 
we must establish three important characteristics 
of the sheath. 


(i) It is uniform in structure and does not 
preserve any of the granular nature which 
might be expected of it, having been 
built up from discrete avalanches. 

(ii) It is effectively stationary until the dis- 
charge has terminated in its immediate 
neighborhood. 

(iii) It holds on to the wire by induction all 
the electrons formed in the avalanches. 


These three characteristics will be discussed in 
turn: 


(i) Although the avalanches building up the 
sheath are quite discrete, each one undergoes 


4000 
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considerable diffusion in the course of its forma- 
tion, and the positive ions from neighboring ones 
completely overlap. This diffusion effect may be 
roughly estimated by calculating that obtaining 
in a parallel plate chamber of electrode spacing 
5=r.—a@ across which is applied the potential 
difference V’ between r, and the wire. 


logr,/a 
logb/a 


~300 volts for our typical counter. Remembering 


that 
ve LeX 


D *»P 
where vz,’ is the electron drift velocity, D the 
coefficient of diffusion, Z Loschmidt’s number, P 


760 mm Hg expressed in dynes/cm?, and 7 the 
Townsend coefficient giving the ratio between 


the mean electron agitation energy and $kT, we’ 


have: the probability of finding our electron 
between x and x-++-dx from the plane of the center 
of gravity of the distribution at time ¢ is 


x2 
ex eater 
P( = 
“dx 


(4xDt)* 





and the mean electron displacement, which may 
be taken as a measure of the spread of the 


avalanche, is 
4Dtn} 
bel (—) 
T 


This gives a fractional displacement f=d/6 of 


U] 4 
~oira(*) 
f 7 


~0.01(n)}. 


Now 7 for pure argon is already 310 for X/p=5 
and, though considerably reduced by the 
quenching agent, is probably quite big in the 
X/p~100 region in which we are interested. 
Letting then 7=100 gives f=0.1 so that the 
lateral extension down the wire of an individual 
avalanche is about 2f(r.—a)~0.1 mm. This, 
coupled with the fact that the number of ava- 
lanches per cm of counter wire is usually of the 
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thousands order, as will be seen, shows that the 
positive ions are in fact quite mixed up, and we 
may assume the desired uniform space-charge 
sheath. 

(ii) The assumption of the locally stationary 
positive ion sheath is based on the enormously 
greater mobility of the electrons than positive 
ions (the ratio is about 10*:1). As we shall see, 
the local discharge lasts a few times 10~® sec. in 
which time the positive ions formed in the be- 
ginning at the wire surface will have moved a 
few times 0.001 cm—a few tenths of a wire 
radius. Those at r, will have moved about a fifth 
as much, and, as most of the avalanches are 
formed quite late on in the discharge, because of 
its exponential nature, these movements may be 
neglected. 

(iii) The assumption that all the electrons 
formed are held on to the wire by induction of 
the positive ions may be justified by calculation. 
Applying Green’s Theorem in electrostatics, we 
find that the fraction g_ of electrons which can 
escape from the wire is given by, using (6) 


te] Le Qoe Y 
Qoc f - (=) log—dr 
es r a 
g_.= 
1 


ae Qoc 
logb/ o( *) 
a 
1 


Qoe logb/ a 





Now, as seen, r,/a~5 and e~10-5 so Qoc~7 and 
g-~0.03. Thus all but about 3 percent are 
retained by induction. 


THE CHARGE DEVELOPED IN THE COUNTER 


To find the charge developed in the discharge 
we must examine the action of the space charge 
sheath. We assume that all the photoelectrons are 
born outside r,. (This will be discussed later.) 
Thus, until a new photo-electron reaches r, it 
will experience the same field (2) as if no space 
charge were present, since the positive ions 
retain an equal number of electrons on the wire. 
If we now imagine all the avalanches to fall in a 
length x of counter wire, and if we number them 
successively, N(m,r) being the ionization pro- 
duced by the mth avalanche between r, and r, 
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we have a field at r for the (n+1)th avalanche of 
“{o—* 5 = win), 8) 


(implicitly assuming x>>r, which we shall see is 
true). Thus, to calculate N(m+1) the total 
number of electrons in the (n+1)th avalanche, 
we have 

1 dN(n+1,1r) dr 


@n 
—=- =} 0)-- 5 Nn), 
c N(n+1,r) {0 7. (m1) ) 


and so N(n+1)<N(n). 

The direct solution for the form of N(n, r) is 
very difficult, but two approximations suggest 
themselves : 


Ye Q(n)e 
(i) N(n, r) a (=) ’ 
r 


(ii) N(n, 1) -4(=)~ 


(10) 


(11) 


The first allows the form of successive avalanches 
to change, as it must, and so is more realistic. As 
both give the same results, the calculation will be 
described in terms of the first. The second will be 
used later. The calculation’is easy and proceeds 
as follows. The sum in (8) is replaced by an 
integral since dN /dn is small and the final value 
of is large. (10) is substituted in (9) and the 
integration over r: performed, giving, since 
N(n+1)~N(n), 


1 Ye 
— logN(n) = Qo log— 
c a 


LLE ae « 


Differentiating (12) with respect to m, and per- 
forming the integration over r gives an ex- 
pression for Q(m), which, combined with (10) 
and solved, gives 


“m—1)=() "fom+—_| 


oe at lant a? logr,/a =| ‘ 
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Neglecting small, ‘terms and retaining only the 
more powerful O(n) in the power term, setting 
the other equal to Qo, gives 


1 
N(n)= (13) 
en 


—+9 
Qox 


(-(2)"-90) 


showing an inverse linear dependence of N(m) 
on ”. 
At some avalanche m; we shall have 


N(ns)e=1, 


and the discharge will converge. Thus the total 
charge gx generated in the length x of counter is 
given by 


ng 
qx=e f N(n)dn, 
1 


giving the simple result 
Qo log 
g= Yo 1og-. 
6 


This may be expressed in terms of the very im- 
portant ratio 


he 
Qo 
which is found to govern almost all aspects of 
counter behavior 


. 
m = log-. (14) 
0 


Now the chief experimental facts concerning 
the dependence of g on the counter variables are 
the following: 


(i) g depends almost linearly on V—V, to 
begin with, most authors agreeing that the 
increase is a little more rapid than 
linear.® & $1 


*A. Nawijn, Het Gasontladings Mechanisme van den 
Geiger-Miiller Teller (Drukkerij oe 1943). 

10S, H. Liebson, Phys. Rev. 72, 602 (1947). 

1 J. D. Craggs and A. A. Jaffe, Phys. Rev. 72, 784 (1947), 
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(ii) At a well-defined overvoltage (Vs— V,) 
corresponding approximately to m=1, a 
sharp break occurs in the curve, the slope 
dq/d(V—V,) falling to about half its 
previous value, the dependence now being 
quite linear.® % 1 
For a given overvoltage V— V,, g is prac- 
tically independent of p and depends only 
slowly on b/a.*®® 
If the results for the pulse size g be ex- 
pressed in terms of m, we have the rela- 
tion, for the first part of the curve 


V—FV, 


m= mC, 
100 


(15) 


C being a constant depending on the 
counter, its value ranging from about 0.4 
to about 2 (see Stever,® and Nawijn® for 
extreme values). 


We must now see whether relation (14) can 
explain all these facts. Using relation (5) and 
remembering that 7,« V we find 


_ V 
m =constant X } (V— V,) a a V oe} (16) 


p 8 


for a given counter and pressure. 
Now generally (_V—V,)/V, is small, and we 

write 

| V V- V, 

og— = 

r;. £ 

giving 
m=constant X (V— V,) 


V, F 
X34 1+log—+ 
V. 


Dp 





40 TOV =v, 


O 
1000 1060 * Vv 


Fic. 4. Relation between g or m and V—V, or V up to 
m=1, 


D. H. WILKINSON 


or 
- 
g=constant X V(V—V,)}1 +log—+ 


Pp & 


V-V, 


showing the desired sensibly linear dependence 
of mon V— V,, with the almost linear dependence 
of g, the extra V term serving to give the noted 
slight departure from linearity. m and g are 
shown in Fig. 4 for our typical counter detailed 
above (which we now assume, in addition, has 
C=1) up to m=1, g being simply plotted as 
V/V.Xm. 

The dependence of g on p may be derived by 
eliminating the pressure from the constant in 
(16) and when this is done we find, neglecting the 
(V—V,)/V. term in the curly bracket of (17) 


x(V vo re ek 
q=constant - —( (toe) ). 
V, V,/. 


showing the almost complete lack of dependence 
of g on ~, V, as we have seen in relation (7), 
changing only slowly with p. 

The dependence on b/a is similarly found, 
giving, with a ‘‘geometry-free’’ constant 


V 
g=constant X—(V— V,) * 
V, logb/a 


giving the slow change of g with counter geom- 
etry. 

To find the predicted value of the constant C 
we must have an equation free from undeter- | 
mined constants. This may be found, with the 
help of € to be | 


7 “{1+(1 —) hi ; (18) 
m= og— og— 
Vz ey, “2 


giving, for the counter considering above, C= 1.86. 
This C value lies in the range 0.4-2 noted in (iv) 
above, though it is a little on the high side. It is 
quite satisfactory in view of the nature of the 
calculation. 

The theory has thus accounted quantitatively 
for facts (i), (iii), and (iv) above, and only (ii), 
the sharp break at m=1 awaits explanation. 
Expression (14) is clearly incapable of accounting 
for the phenomenon, giving a smooth indefinite 
increase of m with V— V,. However, something is 
going to happen at m=1 since at this point the 
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field at the wire has been reduced to zero, and 
further avalanches cannot multiply all the way 
to the wire. (Actually they must stop a little way 
from the wire even at m=1, and Vg will not 
occur quite at m=1 but at (1—a/r.)~0.8 as 
indeed is found by some experimenters, but we 
neglect this.) 

For the calculation of this effect it is more 
convenient to use the simpler expression (11) 
for N(n, r) which, we have noted above, gives the 
same answer for m in the 0<m<1 range. We 
then have, treating unit length of counter wire, 
x having no effect on m as we have seen above, 


3 (en/Qod) +1. 


so if m=1 occurs when n=n,, we have 


I (="+1) 1 
og{ — = 1. 
Qo8 


So for n>,» multiplication will proceed only as 
far as a(m) and the total number of electrons 
generated so far in the discharge is 


&(n) -<4f" A(n) (-) “a. (19) 


a(n) being the r value, for the mth avalanche, for 
which the positive ion space charge outside a(m) 
is Qo. So for r>a(n) we always have 


&(n, 7) -< loe( + 1) (=) 


Thus, if a(m) increases by da(n) from the mth to 
the (n+1)th avalanche (n>mm), the charge 
brought down by the (m+1)th avalanche must 
equal the positive ion charge between a(m) and 
a(n)+da(n). Thus, writing a(n) -a=A(n), 


1 Qe de ae 
marae os) i : 





d@/dr being evaluated at r=a(m). Solution 
yields, noting that A/a<«1 


A(n) 


es log va 1). (20) 


L 
300 
\ 








Pe) 1 n 
° 100 200 a 


Fic. 5. Complete relation between g or m and V— V,. 


We now have an expression for a(n) which 
may be inserted in (19). The solution is, under 
the fair approximation 


(~)"- oe 


E[1+log log ((eny/Qo0) +1) ]— E;(1) 


é 





Hs 


The e in the denominator of the expression in 
brackets is the base of the Napierian logarithms, 


and 
Zz e7 
—-dx. 
Fane 


E(x) act 


Equation (20) may also be used to find ny, 


giving 
€ 
rn 1) oa 1)=- 
Qv8 6 


If now m=1 occurs at Vg we may rewrite (18) 


for V< Vz as 

V- V, 
m= , 
Va—V, 

or, for any V, using (14) 
V-V, € 
= R=log-. 
Va—V, 6 


We may thus express the behavior of m above 
m=1 in terms of the ratio R of the overvolts to 
the overvolts required to give the break in the q 
curve since, 


for R<1 
for R>1 


m= R, 


E(1+log logé) — E,(1) 
m=1-+ 
. . € 





(21) 
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Fic. 6. Calculated plateau curves for the liberation of 1, 
2, 4 or 8 initial electrons. 


where 
§ logé =e. (22) 
This gives 
R m 
0 0 
0.5 0.5 
1.0 1.0 
1.5 1.23 
2.0 1.45 
2.5 1.63 
3.0 1.85 


This should be the same for all internally 
quenched counters. The relation between m and 
R is almost linear above m=1, but that between 
gq and R is more so. In Fig. 5 are plotted g and 
m as functions of V for our typical counter, in the 
same way as in Fig. 4. 

The ratio of the slopes above and belowm=1 
is given by differentiation of (21) with respect 
to R, when, using (22) one finds a ratio of 
exactly 3. 

A. G. Fenton working in Birmingham has 
made 20 independent determinations of this 
slope ratio for counters with values of p from 80 
to 180 mm Hg and a values of 0.005, 0.007 and 
0.01 cm. The ratio ranged from 0.4 to 0.67 with 
an average value of 0.50. There was no significant 
difference in the ratio for various pressures and 
wires. ** 

(A rather simpler expression for m may be 
obtained by a slight further approximation. It is, 
form>1 


m= 1-+-log logé 


giving results almost identical with those 
tabulated above, and the same slope-ratio.) 
It thus seems that all points concerned with 


** I am grateful to Mr. Fenton for permission to make 
use of these results prior to their publication, 


pulse size are satisfactorily dealt with by the 
theory. 

One point has been overlooked. The above cal- 
culation refers only to the total ionization 
generated. Since this is greater than Qo the 
question arises, how can all the positive ions 
traverse the counter, since reverse fields seem to 
be present? This is not so, however, since the 
electrons cannot all attain the wire either, and 
remain trapped in the space-charge sheath, the 
separation occurring gradually as the more 
remote positive ions begin to move across the 
counter, reducing the induction on the wire. 


THE SHAPE OF THE PLATEAU CURVE 


When the threshold V, is passed, the counting 
rate in a Geiger counter climbs rapidly to a 
constant value at which it remains until mul- 
tiple discharges and so on mark the end of the 
plateau. It is the purpose of this section to 
inquire into the nature of the initial rapid climb 
and to see whether it depends on any variable. 

At some V> V, we have an average of - 


€ 


Z=N(i)e=- 
6 


avalanches breeding from the first. Now Z>1 is 
the condition for a divergent chain of avalanches, 
that is, a count, but statistical fluctuations in the 
number of daughter avalanches may extinguish 
the discharge by breaking off the chain before 
enough charge has been generated to give a 
count. Thus, the probability that there should 
be not even one daughter avalanche is, for one 
initial electron in the counter, 


p(1) =e-7 


assuming a Poisson distribution. 


1 1 1 lL 


l L 
50 100 150 200 250 300 V-V, 
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Fic. 7. Experimental plateaus for CuO cathode counter. 
Open circles: ultraviolet irradiation; solid circles: y-ray 
irradiation, 
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Fic. 8. Relation between v and m or V— V3. 
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If now p(w) represents the probability of the 
discharge converging at or before the wth stage 
of multiplication, it is easy to show that 


p(w+1) =exp(—Z(1—p(w))). 


The probability of a convergent chain p() is 
thus given by 


p() =exp(—Z(1—p(~))) 


(23) 


or 
logp( 2) =Zp(o)—Z (24) *** 


assuming Z to be constant, which is reasonable 
since we are effectively interested only in the 
first few multiplication stages. 

Now the plateau curve is given simply by 
1—p(«) and so may be calculated as a function 
of Z or V—V,. If there are m intial electrons 
liberated by the ionizing particle, the probability 
of a convergent discharge is p()" and the 
plateau curve is given by 1—p()*. The plateau 
curve has been calculated for our typical counter 
for n=1, 2, 4 and 8 and is shown in Fig. 6. 

It is seen from Fig. 6 that the plateau curve, 
for the release of single electrons should be 
detectably worse than for the release of four or 
five. To check this, the inside of the cathode of a 
copper counter was irradiated with ultra-violet 
light, liberating single electrons, and then with 
y-rays, giving a few electrons at a time. The 
results are given in Fig. 7 where it is seen that 
the plateau is indeed much worse for the single 
electrons. : 

It seems probable that 100 percent counting is 
being approached for an overvoltage of about 
180 (the plateaus have been normalized over 
their upper regions). Thus when Geiger counters 


*** Since this work was completed I have seen a copy 
of Nawijn’s book (see reference 9), in which this problem 
is discussed, and Eq. (24) derived in a simple way. For this 
reason I have thought it worth while to give the inter- 
mediate probabilities expressed in (23). 
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are used to monitor ultra-violet radiation, or in, 
say, specific ionization studies where the libera- 
tion of a single electron is generally considered 
enough to initiate the discharge, the over- 
voltage should always be as high as possible. 


THE PROPAGATION OF THE DISCHARGE DOWN 
THE COUNTER WIRE 


The last important problem to be tackled with 
the aid of our theory is that of the velocity of 
propagation of the discharge down the wire (z). 
The theory presented here is based on the 
remark that if at any instant a length x of 
counter wire is ‘“‘burning”’ in the sense that dense 
avalanche activity is taking place in it, and if it , 
“burns’”’ for a time T, then 


x 


T 


(25) 


We thus require to calculate x and TJ. Matters 
are simplified by the observation that the 
number of stages wy of multiplication of ava- 
lanches required to burn out the length x of 
counter wire (achieving the m; avalanches) does 
not depend much on x—logarithmically, as will 
be seen. 

x is now the distance which the region of 
intense avalanche activity propagates in both 
directions combined along the wire during the w, 
stages of multiplication. If now we represent by 
to the average distance, measured along the wire, 
which an ultra-violet photon moves before being 
absorbed and giving its daughter avalanche, we 
can find x in terms of it. If Z=1, the problem is 


j 





lL L l 1 1 lL 
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Fic. 9. Miss Freeman’s results for the relation between 
vand V—V, for the counter fillings of (2) 9.5 cm Hg argon 
ap Hoy Hg alcohol, (6) 9.5 cm Hg argon plus 2.8 cm 

g alcohol. 
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that of the random walk with wy; steps. The solu- 
tion is that the probability of a final displace- 
ment ¥ (measured in units of the step length) is 


proportional to 
y? 
exp( -—) 
2wy; 


a Gaussian distribution of width 2(w;)!. The 
region of intense avalanche concentration would 
thus have a length x=2(wy;)!Xto, being quite 
well defined because of the rapid fall of the 
Gaussian distribution. For Z>1 the problem is 
more complicated, but one may approximate by 
increasing the step length proportionally with the 
probability (1—(%)2) that a step will be taken 
in a given direction in any single multiplying 
event. fp may be calculated from y, the mean free 
path for photon absorption, and is 


v 
to=-. 


2 


(26) 


v 
x= 2 (wy)! X2(1— (3), (27) 
We have now limited x by the Gaussian dis- 
tribution, and imagine the new length of wire to 
start burning at the end of the first, the peaks of 
the Gaussians being placed one half-width apart. 
Thus the time of burning on any one spot on the 
wire is 


T= 2wyT (28) 


where 7 is the time for a single stage of multi- 
plication. + depends on various factors—the 
migration time of the electron from its point of 
birth to the wire, the excitation time of the (say 
argon) atoms responsible for the photon emission, 
and the photon’s transit time. These times are, 


+ 


s 


SS 
100 v-y 


Fig. 10, Relation between x and m or V—V, (y=1 mm). 
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respectively, a few times 10-*, 2X10~ and 
3X10-” second, the first being derived as ex- 
plained below and tlie second taken from the 
paper of Alder, Baldinger, Huber, and Metzger.‘ 
We thus may probably ignore all but the electron 
migration time. The average distance of birth 
of the photoelectrons from the wire is 


(29) 


r.=— 


4 


((26) and (29) are calculated on the assumption 
that y>a). 

Thus, if the mean electron velocity in the 
immediate vicinity of the wire is v., we have 


Tv 


Av, 


(30) 


T= 


Thus the problem is reduced to the calculation 
of Wy. 

Considering the length x of counter wire, 
suppose that at stage w of multiplication there 
are j photoelectrons present, ” avalanches having 
already taken place, then 


j(w+1)=j(w)N(n)e, 
dn 


Pi ad 


and 


using (13) we obtain the relation between 
and w 


a ') 


dn Qoxre en 
= log +1) —nt1. (31) 


dw e Qox8 
Noting that the greater part of the build-up 
process ‘is spent at <n, we write the log term 


as en/Qox8, integration yielding 
xQo (e = @) 2 


log{ —— 
& € 





Ws= 
€ 
-~1 
0 


(A numerical integration of (31) shows the 
approximation leading to (32) to be accurate to 
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Fic. 11. Relation between T and m or V—V, (v=1 mm). 


about 20 percent over the interesting range of 
m.) 

wy is seen to depend only logarithmically on x 
and, as x~0.5—1.0 cm, it is set =1 and effec- 
tively omitted from (32). Thus, combining (25), 
(27), (28), (30) and (32) we have 


e™—1 
log ((Qoe/e) (1 —e~™)?) 


Having now obtained our expression for v, we 
may examine the facts which it has to explain. 
These are derived chiefly from the work of 
Alder, Baldinger, Huber, and Metzger,‘ of Hill 
and Dunworth,” and from the unpublished 
results of Miss Freeman obtained in this labo- 
ratory.T 

(i) The relation between v and V— V,is roughly 
linear, the curve being slightly concave towards 
the v axis. 

(ii) A lowering of noble gas pressure, keeping 
the quenching gas pressure constant, results in 
a roughly inverse increase of v for a given value 
of V—V,. 

(iii) v depends on the nature of the noble gas, 
all other factors being constant. 

(iv) The v versus V—V, curve does not pass 
through the origin, but may be extrapolated to 
a finite positive value of v at V—V,=0. 

(v) v does not depend very strongly on quench- 
ing agent pressure for a given value of V—V,, 
though at low V—V, a higher quenching gas 
pressure gives a higher value of v. 

Alder, Baldinger, Huber, and Metzger* have 
put forward a theory of v, but it is unsatisfactory 


= } . M. Hill and J. V. Dunworth, Nature 158, 833 (1946). 

t I am very grateful to Miss Freeman for her kind per- 
mission to quote and discuss her results prior to their 
publication. 





) xe (33) 


r=n1-)9/ 
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Fic. 12. The number of avalanches per cm of counter wire 
(m;/x) as a function of overvoltage. 


because it requires the fixing of three constants, 
is not in very good accord with the facts, and 
makes no mention of any role of the space charge 
sheath. It also does not allow for the fact that 
before a pulse can be observed the local discharge 
is extinguished. 

Figure 8 shows v plotted as a function of V— V, 
or m, being taken from (33) appropriately for our 
typical counter. v is plotted only as far as m=1 
where a break must occur. It is seen that the 
result satisfies fact (i) above. 

The second and third facts are explained with 
reference to the v, of expression (33). A decrease 
of » will produce a roughly inverse increase of v,, 
hence of v, and v, will obviously depend on the 
nature of the noble gas. (Hill and Dunworth” 
find v values in the ratio of about 3:1 for helium 
and argon counters. This is just the ratio if the 
v.'s in the pure gases for measured values of X/?, 
though this is probably coincidental, considering 
the profound effect on v, of admixed gases.) The 
fourth fact is seen to be correctly explained, the 
curve of Fig. 8 giving a finite intercept at 
V—V,=0. For our typical counter, the ratio of 
v at V—V,=50 to that at V—V,=0 (extra- 
polated value) is 0.3. Experimental values range 
from 0.2 to 0.5. It is seen that the theoretical 
curve goes off to infinity for very small V—V, 
values of the order of one volt. This divergence 
is probably mathematical, and, in any case, at 
such tiny overvoltages the assumption of a 
uniform space charge sheath can no longer hold. 
Examination of fact (v) brings to us the necessity 
of deciding in which constituent of the filling 
mixture the absorption of the photons to give 
the secondary avalanches takes place. It has 
generally been assumed that the absorption is in 
the quenching agent, and Alder, Baldinger, 
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Huber, and Metzger,‘ for example, have found an 
absorption coefficient, of 640 cm= for normal 
alcohol vapor. Liebson,!° however, claims that 
the noble gas is responsible for the absorption. 
It is almost certainly a mixed effect, but we shall 
make the more plausible assumption—that the 
quenching agent is responsible. One thus sees 
that v should not depend much on the partial 
pressure of the quenching agent, since there is 
no v in the expression (33) for v. However, v, will 
depend somewhat on », a bigger » giving a 
smaller v, since the mean X for the electron path 
will be smaller. Thus increasing the quenching 
gas pressure should increase v. One thing tends 
to hold v, constant however, and that is the space 
charge, whose effect is to tend to equalize the 
fields near the wire in the manner calculated 
above. Thus, the bigger m, the less should v 
depend on »v. This is shown in Fig. 9, where Miss 
Freeman’s results are displayed. 

It is seen that at low overvoltages, the bigger 
alcohol pressure does indeed give the bigger 2, 
but that the curves approach for higher over- 
voltages. 

It may be remarked that if the assumption of 
a negligible excitation time for the argon atom is 
incorrect, we must write 

Tv 
T=—+¢4, 


4v, 


@ being the mean excitation time. The », in 
expression (33) then becomes 


Ve 


1+ (4¢0./mv) | 





and v does not change so rapidly with v, both 
numerator and denominator increasing with de- 
creasing v. 

All five facts having been adequately ex- 
plained, it remains to compare the absolute 
values of v predicted by expression (33) with 
those experimentally determined. This com- 
parison is rendered difficult by our lack of 
knowledge of electron mobilities in very high 
fields. Den Hartog, Muller, and Verster!* have 
measured electron mobilities in a counter gas 


18H. Den Hartog, F. A. Muller, and N. F. Verster, Phys- 
ica 13, 251 (1947). 
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(9 cm Hg of argon plus 1 cm Hg of alcohol), 


finding 
v,! = k3X, 


k; being a true mobility constant of value 15,600 
cm/sec./volt/cm at p=100 mm Hg. Sherwin" 
has found a conflicting result, namely a parabolic 


relation 
ya 
Vel = Rg (-) ’ 
p . 


kg equalling 4.5 X 10° for a 92 percent argon 8 per- 
cent amyl acetate mixture. If these results could 
be extrapolated down to the X/p values of 
interest in the present problem, they would 
yield, for an alcohol pressure of 0.5 cm Hg and 
an argon pressure of 6.5 cm Hg, using Alder, 
Baldinger, Huber, and Metzger’s‘ value for the 
effective absorption coefficient, 7 values of 
4X10~-* and 8X10~° sec., respectively. This cor- 
responds to effective v.’s of 4X10" and 2X10’ 
cm/sec. These values are not widely different, 
and are of the order to be expected from cloud- 
chamber photographs of electron avalanches at 
high X /p values such as those taken by Raether,"® 
and Kerr cell studies such as those of White.'® 
We thus average, and take v,=3 X10’ cm/sec. 
This yields, for our typical counter, a value of v 
at V—V,=50 of 810° cm/sec. The alcohol 
pressure used by Hill and Dunworth” was also 
0.5 cm Hg and they found, for a counter con- 
taining 4.5 cm Hg of argon and V—V,=50 a 
value of v of 7X10° cm/sec. The uncertainties 
in v, and the C value of the counter used make 
wider comparisons unprofitable, but it is seen 
that the predicted value of v is at any rate 


‘roughly correct. 


THE MEAN FREE PATH OF THE PHOTONS 


We may remark here on the assumption made 
above that all photoelectrons are born outside r,. 
Under the alcoho) absorption hypothesis, the 
value of v would be a little over 1 mm for 1 cm 
Hg pressure of alcohol. As noted, r./a~5, hence 
for a=0.01 cm, as large a wire as normally used, 
te —a=0.04 cm, and the majority of the photo- 
electrons will indeed be born outside r,. The 


144 C, W. Sherwin, Phys. Rev. 71, 479 (A) (1947). 


1H, Raether, Zeits. f. Physik 107, 91 (1937). 
16H. J. White, Phys. Rev. 46, 99 (1934). 
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smaller a and the alcohol pressure the better is 
the assumption. On Liebson’s picture of argon 
absorption, almost the same v would result for a 
10-cm Hg argon pressure, so the two views should 
give roughly the same result for the majority of 
the effects calculated above. If the absorption is 
in the argon, the small effect of alcohol pressure 
on v is more readily understood, but greater 
difficulty would be encountered in explaining the 
dependence of v on total pressure p. In any case, 
the photons mainly responsible for spreading the 
discharge may have a very small v and not be 
observed in the experiments of Liebson and 
Alder, Baldinger, Huber, and Metzger. The 

- agreement of observed and calculated v however, 
seems to tell against this. If » were less than 7, 
one effect would be to impose another straggling 
on that of numbers of ions in individual ava- 
lanches. In the present state of uncertainty it is 
not profitable to modify the calculations for the 
v<1e Case. 


SOME MAGNITUDES OF THE DISCHARGE 


It is of interest to evaluate x, the “burning 
length”’ of the wire, T the time of “‘burning’’ at 
any one spot on the wire, and m;, the number of 
avalanches taking place per cm of the wire. 
These are obtained from the appropriate rela- 
tions above. 

x is shown in Fig. 10 for our typical counter 
(setting y=1 mm). 

It is seen to vary but slowly with V— V,, being 
0.5-1.0 cm in the usual range of counter opera- 
tion. 

T is shown in Fig. 11, being of the order of a 
few times 10-8 sec. ms is shown in Fig. 12. 

This is the only quantity which depends much 
on e (being proportional to it) and so is liable to 
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considerable error. Only its order is of any 
interest fortunately. All other quantities are of 
the loge type. 

It has not been thought worth while to cal- 
culate the behavior above m=1, since these 
quantities are more interesting for their rough 
magnitude than for their exact dependence on 
V—V.. 


DISCUSSION 


It is seen that all features of the Geiger dis- 
charge considered here depend strongly on m, 
which should therefore be measured when 
counter behavior of any kind is being studied. 
It may be enough simply to find Vg, and hence 
the C value (relation (15)), but a direct measure- 
ment would always be preferable. The C value 
of a counter is of great importance in determining 
other aspects of counter behavior—the dead 
time, for example, which drops sharply above Vz. 

Note added June 26, 1948: Sherwin!’ has re- 
cently published experimental results which may 
be interpreted as evidence in favor of the de- 
pendence on overvolts and absolute magnitude 
of T as calculated above and shown in Fig. 11 
He finds in Geiger counters a delay between the 
entry of the ionizing particle and the manifesta- 
tion of the pulse which can be only partially 
interpreted in terms of the time of drift of the 
initial electrons to the wire. There remains a 
residual delay of the form and magnitude shown 
in Fig. 11. It is clear that a delay of order T 
must occur after the initial electrons have arrived 
at the wire, as sufficient charge must be generated 
to manifest the pulse. Because of the exponential 
growth of with w the delay will certainly be of 
order T. 


17C, W. Sherwin, Rev. Sci. Inst. 19, 111 (1948). 
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A relativistic cut-off of high frequency quanta, similar to that suggested by Bopp, is shown 
to produce a finite invariant self-energy for a free electron. The electromagnetic line shift for a 
bound electron comes out as given by Bethe and Weisskopf’s wave packet prescription. The 
scattering of an electron in a potential, without radiation, is discussed. The cross section 
remains finite. The problem of polarization of the vacuum is not solved. Otherwise, the results 
will in general agree essentially with those calculated by the prescription of Schwinger. An 
alternative cut-off procedure analogous to one proposed by Wataghin, which eliminates high 
frequency intermediate states, is shown to do the same things but to offer to solve vacuum 


polarization problems as well. 





HE main problems of quantum electro- 
dynamics have been essentially solved by 
the observations of Bethe! and of Weisskopf? that 
the divergent terms in the line shift problem can 
be thought to be contained in a renormalization 
of the mass of a free electron. That this principle 
applies as well to other problems was demon- 
strated by Lewis* in analyzing the radiationless 
scattering of an electron in a potential. Am- 
biguities which remained in the subtraction 
procedures are removed by Schwinger.?4 He 
formulated, in a general way, which terms are to 
be identified in a future correct theory with rest 
mass, and hence should be omitted from a cal- 
culation which does not renormalize the mass. 
These results are remarkable because they solve 
the problem without the addition of any new 
fundamental lengths or dimensions. 

The solution given by Schwinger does, how- 
ever, assume that in some future theory the 
divergent self-energy terms will be finite. There- 
fore, it is of interest to point out that there is a 
model, a modification of ordinary electrody- 
namics, for which all quantities automatically do 
come out finite. With this model the ideas of 
Bethe, Oppenheimer, and Lewis and Schwinger 
can be directly confirmed. 

The model results from the quantization of a 
classical theory described in a previous paper.® 


(1948) A. Bethe, Phys. Rev. 72, 339 (1947); 73, 1271A 
‘sn J; Schwinger and V. Weisskopf, Phys. Rev. 73, 1272A 
3H. W. Lewis, Phys. Rev. 73, 173 (1948). 
4J. Schwinger, Phys. Rev. 73, 415A (1948). 
5 R. P. Feynman, Phys. Rev. 74, 939 (1948). 


In this paper we describe only the results for 
processes in which only virtual quanta are 
emitted and absorbed. The problems of per- 
manent emission and the position of positron 
theory must be more completely studied. It is 
hoped that a complete physical theory may be 
published in the near future. Lacking such a 
complete picture, the present paper may be looked 
upon merely as presenting an arbitrary rule to 
cut off at high frequencies in a relativistically 
invariant manner, the otherwise divergent in- 
tegrals appearing in quantum field theories. For 
electrodynamics the rule is to consider the 
(positive) frequency w and wave number k of the 
field oscillators as independent and to integrate 
them over the density function g(w?—k*)dwdk 
where 


(w?—k*) = f [6(w?— 2) 


— 5(w*—k?—)?*) JG(A)dr. (1) 


Here 6(x) is Dirac’s delta function and G(A) is 
some smooth function such that /o*G(A)dA=1 
and for which the mean values of \ which are 
important are of order of the frequency 137 
mc?/h, or higher. Ordinary quantum electro- 
dynamics replaces the function g(w?—k*) by 
5(w?—k?). According to (1), the density g is not 
everywhere positive.’ Therefore, the model is 
essentially that due to Bopp.® 

The model therefore contains an arbitrary 
function and the numerical results depend on the 


*F. Bopp, Ann. d. Physik 42, 573 (1942). 
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form of G(A). However, the only term that 
depends seriously (logarithmically) on the cut-off 
frequency is the self-energy, which can be used 
to renormalize the electron mass. After this is 
done, the remaining terms are nearly independent 
of the function G(A). 

We shall illustrate these points by studying 
the particular examples of self-energy and radi- 
ationless scattering. We shall then discuss an 
alternative cut-off procedure in which the density 
of electron states is cut off rather than that of 
the quanta. This promises to solve problems of 
vacuum polarization which are not touched by 
the former procedure. 


SELF-ENERGY 


The transverse self-energy of a free electron, of 
mechanical mass yp, in state of momentum P,» 
energy Eo=(u?+P,*)! is given to the first order 
in e? by the second-order perturbation theory, 
using the one-electron theory of Dirac, by 


e? dk _ (O|as|f)(f| a; | 0) 
"4a ae E,—E,+k 
(0| as|f)(f|a:|0) 


: @ 
+2 —E,—E,tk (2) 








Here the intermediate state f arises from the 
initial state through emission of a quantum of 
momentum k and of energy k= |k| (the velocity 
of light is taken as unity, as is Planck’s constant), 
Thus in the intermediate state the electron has 
momentum P;=P»)—k and an energy of mag- 
nitude Ey = + (u?+P,*)! but which may be either 
plus or minus in sign. The sums indicate the sum 
over all such intermediate states (actually just 
two) for each sign of the energy. The terms for 
positive and negative energy have been separated 
and the sums are written }-, and >-_ for these 
two cases. The (f|a;|0) are the matrix elements 
of Dirac’s a-matri¢es, the sum on 7 being over 
the two directions of polarization of the quanta. 
We shall henceforth write the integral dk/k over 
k space by its equivalent 2 {dwdké(w?—k?), the 
integral being over all positive w, and all wave 
numbers k. We shall also write w for k in the 
energy denominators as we shall later wish to 
distinguish the energy of a quantum and the 
magnitude of the momentum change that its 
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recoil represents.- We may further simplify the 
expression by the use of the well-known pro- 
jection operators: 


Apt = (Ey-+H,)/2E,= (Eya-Py+By)/2Ey. 


According to the theory of holes, the last 
term, the transition to negative energy states, is 
to be left out; such transitions are prevented 
because the negative levels are already occupied. 
On the other hand, in the vacuum, electrons in 
state of energy — EE; could make virtual transi- 
tions to positive energy state E». This is now 
prevented by the presence of an electron in the 
state Eo, so that, relative to the vacuum, the 
transverse self-energy is 


e 
AE=-—-— > fects ut— 
2x? i 





0| a;Asta;|0 0| a;As-a;| 0 
[inte See (3) 


B-Eitu, Ept-Ecto | 


The treatment of the longitudinal self-energy 
is usually different, for the longitudinal oscil- 
lators are first eliminated from the Hamiltonian, 
their effect being the term e?/ro9 where foo is the 
meaningless distance of the electron from itself. 
These terms must be expressed as integrals over 
oscillators and combined with (3) before the 
change suggested by (1) is to be performed. An 
additional point of confusion. is that the longi- 
tudinal elimination assumes the intermediate 
states to form a complete set as they do in (2), 
but the situation in (3) is not so clear. For- 
tunately, all these points may be most easily 
circumvented by simply not eliminating the 
longitudinal oscillators from the field Hamil- 
tonian at all. One need simply to specify that the 
sum on 7 in (3) now.be interpreted to mean the 
sum over each of three perpendicular space 
directions minus a term for the time direction. We 
may write > ;a:Aa;=a@-Aa—A, which is a 
relativistic combination since ag=1. One does 
not need to be concerned about the gauge con- 
dition in a problem in which all quanta are 
virtual, for the quanta are created by a charge 
which is conserved. This solution automatically 
insures the gauge condition just as the Lienard 
Wiechert classical solution of the Maxwell 
equations will automatically satisfy the gauge 
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condition if the charge which produces the 
potential is conserved. 

With this convention for }>;, Eq. (3) repre- 
sents the total self-energy. It is easily calculated. 
The numerator of first term may be written as 
1/2E; times > (0| a:(Hy+Ey,)a;|0) where H; is 
a-P;+ By. Now since }};aia;=+2, i: a8a;= 
—48, and >>; a;aa;= —2a, this becomes 


—2(0| —E;+2B6u+a-P,|0). 


The diagonal elements of 6 and a@ for the state 
0 are u/Eo and Po/Eo, respectively. 

The change in energy AE» can, since the 
momentum is given, be represented as a change 
Ap in rest mass of the electron. In virtue of the 
general relation E?=y?+P?, the relation between 
these quantities is wAu=E,AE»o. Thus we find, 
treating the sum of negative energies in a similar 
manner, 


uw? — EoEs+Po- Py 

Ej (E;— Eo+w) 

2u2-+ EoEy-+Pp-P, 
E;(E;+Eo+w) 


e? 
Apo = 
2a7u 





fectco(u* — k*) ; 





. (4) 


The integral diverges logarithmically and Ayo 
defined here is meaningless. If the 5(w?—k?) is 
replaced by g(w?—k?) defined in (1), the result is 
finite and invariant (i.e., does not depend on the 
momentum Py of the electron). 

How this comes about may be seen by cal- 
culating the integral in (4) for 


g(w? — k*) = 5(w? — k*) — 5(w? —k? —d?) 


and reserving an integration on A until later. The 
integral (4) will converge with this g(w?—k?), but 
it is convenient to divide it for purposes of cal- 
culation into the difference of two diverging ones. 

This is legitimate providing the divergent 
integrals are first both computed over the same 
finite region of k space, the difference taken, and 
then the region allowed to pass to infinity. 
Therefore, we shall define Ayo by (4), in which 
we choose the region arbitrarily to be first over 
all (positive) w and then over a sphere in k space 
of very large radius K. Likewise Ay) is defined as 
expression (4) with 6(w?—k?—)?) replacing 
5(w*—k?), and the integration taken over the 
same region, 
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The true self-mass is therefore 
au= f [Lim(Aw—Am)IGAD. (3) 
0 oe 


We may now calculate these integrals, starting 
with Ap). Since Py: P;= Py: (Po—k) = Ei? — pw 
— P,-k and Ef? = E?+k—-— 2Py . P,, the Py - P, 
term in the numerator of the first term may be 
eliminated, the numerator becoming 


HEP + Ed —k) — EoEy +? =u +4(w?—®) 
+3(E;— Eo—w) (Ey — Eo+w). 


Thus the first term in Au, becomes 





1 Sy 
J — 8(w?—k?—d")deodk 


E;(E;— Eo+w) 
+4 f (0! #0 )dudke(E,—Ey—0) /Ey (6) 


Adding the corresponding second term which 
differs from the first only in the sign of Eo, and 
performing the integral on w (which requires 
simply division by 2w), we find 

1 


(Ey-+w)*— Ey? 


Ejytwdk 1 edk 1 
re siclhiadeiiaas 


fy a 22 ow @ 


where w=(k?+)?*)! and the integration is to be 
taken over a sphere of radius K in k space. The 
first and, obviously, the second integrals turn 
out to be invariant; the third is not, but its 
contribution will cancel out on taking Ayo— Ap) 
as it does not depend on i.’ The result of the 
integrations? is, dropping terms of order 1/K and 





(2x?/e2)ubpy = (u?+4d2) f 


dk 
—, (2) 
E; 


7Pais has suggested that one subtract from Ayo the 
—A that one gets not from electrodynamics but from 
the scalar f field (for which 8---B replaces 2; aj- + -ai). 
Proceeding in this way the integrals fdk/Ey; do not appear 
with the same coefficient. Therefore, although this pro- 
cedure leads to a finite rest mass it is not invariant in the 
sense here, that the limits of k space integration can be 
taken to be independent of the momentum of the electron. 
A. Pais, Kon. Ned. Akad. v. Wet. Verh. D1, 19, 1 (1947). 

8 The first integral may be performed in the following 
manner: First integrate over the directions in k space at 
constant magnitude k. Only Ey depends on the direction of 
k and one may therefore replace the solid angle integral 
by one on Ey. The limits of Ey are E, = (2-4 (Poth)! 
and E_=(u?+(Po—k)?)! but both terms may be considered 
together as one if the integral on k be extended from —K 
to K instead of 0 to K. To integrate this on k, substitute 
the variable x=E,+w—E» and (the algebra is long) 
integrate by parts to reduce it to elementary integrals, 
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smaller : 
(1/e?) uApy = (u?+ 3d?) [Nat WX (u, 1) J 
+3[K?—)?*(In(2K/d) —3)] 
—}3[K*—4P0?—w?(In(2K/u) —3)], 


where 
Ny =No—D?/(?—#?)] InQ/u), (7a) 


with No=In(2K/yu) —3, and the quantity X,(u, ») 
is finite as Ko, It is given by setting wo=y in 
the complicated expression 


2uotXn(w, wo) = ((A2— pw? — o?)? — 4292)? 
NP pw? — wo? + ((A? — u? — wo”)? — 4? 00?) 
2ru 


2d7 U0" B 
) In--t yu? (7b) 
2 Xr 





XIn 


+ (Sear 
_ 
i” 
Thus Xo(u, ») =1/2y? and for » large compared 
to uw, Xa(u, wu) =1/4d2. Hence 


—(w?+5A*)uXr(u, wu), (8) 


which is independent of K (in the limit K-), 
lf the important values of \ are much greater 
than py, we find approximately (to terms of order 
(u/d)?) 

Ap =p(e?/m) (5 In(Qro/u) + 8], (9) 


where 


Ind\o = f InAG(A)dX. 
0 


Judging from the classical case we would have 
expected to take Xo of order 137y, for then all 
mass would be electromagnetic. But Ay here is 
too small for this to represent a real possibility. 
The experimental electron mass m is of course 
u+Au. 

The value of \ would have to be of phe- 
nomenal size (~e!874) before Au can represent a 
sizeable fraction of the experimental mass. How- 
ever, to go to the limit of the conventional elec- 
trodynamics, >» should be taken as infinite. 
Then the self-energy diverges logarithmically in 
the manner found by Weisskopf.° 


°V, Weisskopf, Phys. Rev. 56, 72 (1939), 
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The emission and subsequent absorption of a 
quantum acts similarly to the effect of a change 
in mass not only on the diagonal matrix element 
which we have just calculated, but on non- 
diagonal elements as well. Consider that the 
state appearing on the left of all the matrices in 
(3) were arbitrary, say x. Then the numerator of 
the first term can be expressed, as we have seen, 
by (—1/E,)(x| —E;+26u+a-P;|0). The second 
term can be expressed similarly. The two terms 
can be combined so that the whole expression in 
brackets in (3) can be written 


‘ (x | —E;Eo+ (Es+w) (28u+ a-Po—a-k)|0) 
E,((Ey+w)*— Eo’) 





(10) 
This expression may be multiplied by 
5(w? — k? — d?) 


and integrated with respect to w and over a 
sphere of radius K in k space. We make use of the 
following integrals which can be directly verified : 


E;+ 


1 
f ee i(ut—k?—A)\deedlc/ 
(Ey+w)?—Eo? Ey 





= Ny+ wo?X (yu, Ho), 





5 (co? —k? —2)dwdk /w 


1 
} Foe 
* =3Ny+3(u?+u0?—A*)Xalu, Do, 


(11) 


k Es+w 
f . 5(w?— k? —)?)dwdk/x 
(E;+w)*—Eo? Ey 


=$P ol $+ Nat (A? +0? — uw?) Xx(u, wo) J. 


The integrals have been calculated under the 
assumption that Eo? =yo?+P,’. In our application 
we should take wo=y. The quantities N, and 
X(u, wo) are given by (7a), (7b). (The extra 
parameter yo is helpful in obtaining other 
integrals, useful in the radiationless scattering 
problem, by differentiations with respect to the 
various parameters under the integral sign.) 

The result of integration (10) with the density 
5(w? — k?) — 5(w? — k? —X?) is therefore 


(e?/m) (x| —Eo(3(No— Ny) +3 — (u?—$A*) Xp) 
+ (2Bu+ a-Po)(No—Nx+3—“?X)) 
—$a-Po(No—N,—d?X)) |0). 
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Now the energy of state 0 is Ep so that 
a: P,)>=H,)— uy is equivalent to Ey—By, since it 
operates on state 0 (no implication about state x 
is involved). Making this replacement, all the 
terms in Ep are seen to cancel and the result is 


simply 
(x|8|0)-(Apo—Apy), (12) 


where Auo—Ayy is given in (8). On integrating 
over G(A)d\ then we find (x|6Ap|0). But this is 
just the perturbation element which would result 
from a change of mass by Ay in the {Dirac 
equation. 

We may use this result to show that the level 
shift for an electron in a bound state given in the 
present theory will be essentially that given by 
Weisskopf and Bethe according to their so-called 
wave-packet method. The change in energy of 
our electron in a bound state may be calculated 
in a straightforward manner according to the 
present formulation. One would simply start 
with Eq. (2) but with the wave functions and 
energies for states 0 and f being appropriate for 
the potential by which the electron is bound. 
Then one would integrate over g(w?—k?) rather 
than 5(w?—?) and obtain a definite finite result. 
The result would show a fairly large acai in Eo 
depending logarithmically on X. 

A good part of this change could be pan 
for as simply due to the change in Ey that would 
occur if the mass of the electron were altered 
from p to m=yu+Au. We can define the true 
term shift, then, as the complete change in Eo, 
less Au(OE,/du), the change due to using pz 
instead of m in computing the energy with 
radiation absent. But 0£)/dy is by perturbation 
theory the expected value (o*|8|o) of 8 for the 
state Yo in question. From the result (12), how- 
ever, this is also equivalent to computing the 
self-energy of a wave packet yo, assuming the 
electron as free. But Bethe! and Weisskopf? 
compute their term shift by just this prescription: 
the total effect less the self-energy of the free 
packet. The only difference here is that we would 
compute the term shift integral on g(w*?—k?) 
rather than 5(w?—?). But since the integral con- 
verges either way, the difference between the 
two results is very small, being of order of 
(u?/Ao?) times smaller than the result. 
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RADIATIONLESS SCATTERING 


We can study the radiationless scattering 
problem in a similar manner. This problem is the 
correction to the scattering by a first-order 
potential due to the possibility of emission and 
absorption of a virtual quantum. For example, 
this emission and absorption can occur at any 
time previous to the scattering. (It would, in this 
case, be nearly equivalent to a change in mass 
in the wave function of the electron arriving at 
the scatterer.) There will be a large change in 
cross section, which would be expected as the 
result of a change in mass of the electron plus a 
smaller change caused essentially by emissions 
previous to and absorptions subsequent to the 
scattering. As in the case of the self-energy in a 
field and, in fact, in all such problems, we will 
really be interested in those effects of radiation 
over and above that resulting from the change in 
mass. It is, therefore, simpler to compute the 
difference between the desired quantity calcu- 
lated with no radiation and electrons of mass m, 
and the same quantity computed with the pos- 
sibility of a virtual quantum emission and ab- 
sorption with an electron of mass yu. This dif- 
ference, which we shall call the radiative cor- 
rection, can be looked upon as the result of per- 
turbation due to the addition to the Hamiltonian 
of both the radiative interaction terms and a 
term — Ay. The latter term can, as we have 
shown, be represented by the integral over oscil- 
lators of 


a;As-a; 


s ) (13) 
E;+Eo+o 


ajAytay; 
-x/( 
% Ey—Eqte 


when acting on a free electron state of positive 
energy Ey and momentum Pp». When acting on a 
state of negative energy — Eo, the term can be 
shown in a similar manner to be the expression 
(13) with the sign of Ey changed in the de- 
nominator. 

Terms like these are just the ones that 
Schwinger‘ thought should be omitted from the 
Hamiltonian if one wishes to get meaningful 
results, so that the present model agrees with 
Schwinger’s prescription. 

When this proces is applied to the scattering 
problem to obtain the radiative correction to 
the matrix elements, we are left with several 
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residual terms. First, the emissions and absorp- 
tions previous to scattering are not exactly 
equivalent to a change in mass. If the emission 
occurs too close (in time) to the scattering, the 
absorption must occur in a restricted time, rather 
than at leisure as for a free electron forming BA. 
The correction to the matrix element (in the 
theory of holes) for this is proportional to 
| 


(2 | VAytajAsta;| 1) 
(E;+w—E,)* 





-4> 
7] 





(2 | VAytajAs—a,;| 1) 
i (Eyto+E)? — 


(14) 


We assume the potential V (vector or scalar) 
depending on position like e4-® and time like 
e~‘@t induces transitions from a state 1 of mo- 
mentum P,, energy £;, to the state 2 of momen- 
tum P,=P,+4q, energy E,;=£,+Q=(u?+P,?)}. 
The operator V is just 1 for scalar potential, a, 
for vector potential in x direction, etc. The term 
(14) represents only that contribution due to a 
quantum of momentum k, frequency w. We 
expect later to integrate over w and k, times 
g(w?—k?), We put P;=P,—k, E;=(w+P/)!. 
This term can also be regarded as due to the 
second-order normalization correction in the 
ordinary perturbation theory on the incoming 
wave function. There is a corresponding cor- 
rection for the final wave function resulting from 
virtual quanta emitted and absorbed after the 
scattering: (P,=P.—k, E,=(u?+P,’)!). 


(2 | asAgtaAst V| 1) 
i (E,+e—E;)? 





(2 | ajAg~ajAgt V| 1) 
.  (Eytw+Es)? — 





(15) 


All the effects of BAw are now included. The 
remaining terms are those for which the potential 
scattering occurs between the emission and ab- 
sorption. They may be worked out as by 
Dancoff” (except that we include the longitudinal 


1S. M. Dancoff, Phys. Rev. 55, 959 (1939). 


1435 


waves by summing 7 from 1 to 4). They are 
(2| aiAgt VAsta,| 1) 
i (E;+w—E))(E,+w—£:) 
(2 | asAg~ VAy-ax;| 1) 
i (Ey+w+E,)(E,+o+E2) 





(16) 





and 
(2 | a;Agt VAjs-a;| 1) 
i (E,+o—E:)(E;+o+£)) 








2w 
x| 1+ 
E;+£,—E2+£,; 
(2 | a;A,~ VAsta;| 1) 


i (E;+o—£))(E,+o+ £2) 





(17) 





x| 1+ | 
E,+E,+E:—Ey 


Although each separate term diverges, the sum 
of (14), (15), (16), (17) will lead to an integral 
convergent for large k even if integrated in the 
conventional manner on 6(w?—k?). This is the 
result of Lewis. Integration on g(w?—k?*) will 
make each term converge for large k, but will 
then only make correction to the sum of order 
(u/d)? smaller. These we shall neglect. 

The integrals do, however, diverge logarithmi- 
cally at the lower limit of small momentum 
transfer. This infra-red catastrophe has been 
completely cleared up by Bloch and Nordsieck." 
They show that for very long wave-length quanta 
the amplitude for emission and reabsorption of 
more than one quantum is not negligible. In- 
clusion of these higher order terms, which is 
necessary only in the non-relativistic region, 
solves the problem. To keep the results given 
here in a simple form, we can imagine the inte- 
grals to be performed down to some minimum 
momentum kmin, small compared to yu. What is 
effectively the same thing but which is easier 
(because relativistic invariance is maintained) 
for practical purposes, is to imagine that the 
quanta have a very small rest mass Amin. Thus 
we integrate the density 


5(w? — k® — Amin?) dwdk 
11 F, Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937). 


. 
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and assume Amin<u. The two methods are 
equivalent if one replaces In\min by In(2Rmin) —1. 
The integrals may be expanded in powers of 
q and Q, say up to the second.” The constant 
term vanishes on integration. The integrals 
appearing may all be expressed in terms of 
various parametric derivatives of the integrals 
already given in (11). The result may be ex- 
pressed in terms of a general potential in a very 
simple way. A term linear in q, such as propor- 
tional to g, say, is equivalent to taking the 
matrix element (2|g. exp(tq-R)|1) directly be- 
tween the two states 2, 1. But this is also equiva- 
lent to the matrix element of —1(0/dx) exp(iq: R). 
Thus if the potential varied in any other manner 
in space, one sees by superposition that the 
matrix element is the same as that of —10V/dx. 
Thus the terms up to second order can be repre- 
sented by matrix elements of first and second 
space and time derivatives of the potential. That 
is, the radiative correction to the scattering in 
any potential is equivalent to the first order in e? 
and in the potential, to the scattering produced 
by a perturbation AH to the Dirac Hamiltonian. 
The perturbation up to terms of first and second 
derivatives of the vector potential A and the 
scalar potential ¢ is calculated in this manner 

to be 

e? 

AH = 

2rhc 


he : 
——(8(e-B) —7Ba-E) 
2uc 


25— 3 2 ie 
+O e—a-CA) (In -) | (18) 
The first term, where B=V XA and E=—V¢ 
—(1/c)dA/dt, has the same effect as an alteration 
in the electron magnetic moment" by a fraction 
e?/2ahc. This effect was first discovered by 
Schwinger.‘ 


LINE SHIFT 


The perturbation to H given here is useful not 
only for scattering problems but also for the 
line-shift problem. The actual motion of an 
electron in a binding potential can be visualized 


#2 The integrals have also been worked out, by other 
methods, for arbitrarily large q andl Q. These will appear in 
a future publication. 

a Pauli, Handbuch der Physik (1933), Vol. 24/1, p. 
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as simply a continued sequence of scatterings in 
this potential. For each scattering we can cal- 
culate the effect of virtual quanta in the way 
outlined above. However, it is possible, if the 
potential is strong, that ‘wo scatterings occur 
between the emission and reabsorption of the 
quantum, in which case the above formula for AH 
is incorrect. In hydrogen the potential over most 
of the atom is sufficiently weak that this does not 
occur with effective probability. The very long 
wave-length quanta do have a tendency to exist 
in the virtual state for long periods, but they 
have been eliminated by the cut-off Amin at low 
frequencies. 

In hydrogen, then, the line shift due to quanta 
above minimum wave number min is the ex- 
pected value, for the state in question, of 


he 


3 uc 


pc 5 
(in +2) |, as) 
2hkmin 8 
where g=e/r, r being the distance to the proton, 
and we have used the relation 


InAmin = In (2Rmin) —1. 


The first term insuses that the fine structure 
separation correction will be that expected from 
the change in the electron’s magnetic moment. 
The second may be combined with Bethe’s non- 
relativistic calculation for quanta below Rmin.™ 


APPLICATION TO OTHER PROCESSES 


The important problem of verifying that the 
self-energy will not diverge in higher-order ap- 
proximations has not been carried to completion. 
It appears unlikely that trouble will arise here. 
If that is true the model probably gives sensible 
answers to all problems of quantum electro- 
dynamics other than those involving Uehling 
polarization effects, discussed below. It has been 
found to give finite self-mass if we have, instead 
of a vector field, a scalar field or a pseudoscalar 
field, coupled to the electron in the simplest way 
possible without gradient operators. If the field 


4 Using Eq. (18), Professor Bethe finds 1050 megacycles 
for the separation between 2s and 2si2 in hydrogen. 
— Report.) 
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quanta have mass M, g(w*—k?) is replaced by 
g(w?—k?— M”), and the values of \ of importance 
are chosen to be large compared to M. 

The results for electrodynamics, then, after 
mass renormalization, depend only slightly on 
the form of G(A) and the size of Xo. Since A» may 
be taken to be extremely large without spoiling 
the smallness of Au, there would appear to be 
good reason to drop the dependence on A 
altogether. Thus the G(A) appears only as a 
complicated scaffold which is removed after the 
calculation is done. 

On the other hand, electrodynamics probably 
does break down somewhere and it is interesting 
to keep the terms in \ for various phenomena to 
see if one might be selected which is particularly 
sensitive to \. This phenomena would then be a 
promising one to study experimentally. The 
M@gller interaction between two electrons is 
modified by the present theory. There is, of 
course, the radiative correction, but in addition 
to that there is simply a change due to the change 
in the density function for the quanta which can 
be exchanged. The Mller interaction ordinarily 
is proportional to 1/g?, where q is the magnitude 
of the momentum transferred from one electron 
to the other in the center of gravity system. The 
modification is only that this factor is changed to 
So? (1/¢—1/(¢+))G(A)d,. This represents a 
decrease in cross section for hard collisions. If \ 
is of order 137 yc?, we would need electrons in 
the center of gravity system of roughly 30 Mev 
to find a strong effect. This corresponds, however, 
to bombardment of stationary electrons by elec- 
trons of 3} Bev.™ 

It is interesting to note that the Mller inter- 
action can be viewed as simply a correction to 
self-energy due to the exclusion principle. The 
self-energy of two electrons, 1 and 2, is not the 
sum of the self-energy of each, for one of the 
virtual states that 2 could ordinarily enter by 


emission of a quantum is now occupied by 1. The: 


difference between the self-energy of two elec- 
trons and the sum of the self-energy of each 


15 A more promising way to obtain processes with high 
momentum transfer would be wide-angle. scattering of 
electrons from nuclei. But here deviations from expecta- 
tions might be associated with uncertainties in the nuclear 
charge distributions rather than electrodynamics. Very 
wide angle pair production is a phenomnena which does 
occur for high energy incident y-rays with large momentum 
transfer in a region not too close to the nucleus. 
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separately comes out to be just their interaction 
energy. 
VACUUM POLARIZATION. ALTERNATIVE 
CUT-OFF PROCEDURES 

In the above calculation, terms of the type 
discussed by Uehling’* have been omitted. These 
terms represent processes involving a pair pro- 
duction followed by annihilation of the same 
pair. For example, a pair produced by the poten- 
tial may annihilate again emitting a quantum. 
This quantum is then absorbed by the electron 
in state 1 transferring it to state 2. These terms 
are infinite and are not made convergent by the 
present scheme. There is some point, neverthe- 
less, to solving problems at first without taking 
them into account. This is because their net 
effect is only to alter the effective potential in 
which the electron finds itself, for it may be 
scattered either directly or by the quantum 
produced by the Uehling terms. That is, if this 
problem of polarization of the vacuum is solved 
it will mean, if there is any effect, simply that 
the potential A, g appearing in the Dirac equa- 
tion and (to high order) in such terms as (18) 
should be replaced by new “polarized’’ poten- 
tials A’, ¢’. 

These polarization terms can be characterized 
in a relativistically invariant manner. All the 
terms which have been calculated above contain 
matrix elements of operators between states in a 
sequence such as 1 tof, f to g, g to 2. The omitted 
polarization terms contain transitions like f to g, 
g to f, 1 to 2. For higher order processes the 
polarization terms are those which do not contain 
a continued sequence of transitions from the 
initial to the final state. . 

The polarization terms are not affected in any 
helpful way by the changes in the density of 
quanta. It is likely that this problem will have 
its answer in a changed physical viewpoint. 
However, there is a simple alternative procedure 
to produce finite self-energies which also makes 
convergent the integrals appearing in Serber’s”” 
treatment of the polarization problem. (Since, 


. however, this treatment of Serber already pre- 


supposes a partial subtraction procedure of 
Heisenberg and Dirac, the situation is not so 
clear here as in the self-energy problem.) 


16 FE, A. Uehling, Phys. Rev. 48, 55 (1935). 
17R, Serber, Phys. Rev. 48, 49 (1935). 
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From the point of view of coordinate space, 
the reason that the electronic self-energy diverges 
appears to be this. A virtual light quantum 
emitted at one point spreads out as 6(—r*) from 
the origin. The wave packet of the electron 
spreading out after the emission of the quantum 
has, as a consequence of Dirac’s equation, a 
similar discontinuous value along the light cone. 
It is the continued coincidence of these singu- 
larities which makes the matrix element for the 
subsequent absorption of the quantum infinite. 
The method outlined above of changing 5(w?— k?) 
to g(w?—k?) has the effect of changing 6(#—r’) 
to f(#—r?) where f(s?) is everywhere finite and 
goes to zero rapidly for |s?| >1/A%. The quanta 
have been moved away from the electrons so that 
overlap on the light cone is reduced. 

An obvious alternative procedure is to move 
the electron wave function away from the quanta. 
This is easily done in a very similar manner. We 
assume the density of electron states of energy E, 
momentum P to be g(Z*—P?—y?) rather than 
6(#?—P?— ?).* The quanta are conventional, 
w=k, density dk/k. The self-energy integrals (2) 
can, of course, be expressed as an integral over 
the intermediate state momentum P, rather than 
k. Replacing dP;/E; by g(E7?—P/—p?)dE;dPy, 
we find 


e? 
AE = —— i) o(E—P?—p)dEdP, 
TT 





k E;+k—Eo E;st+k+ Eo 


1% This is seen to be essentially the method proposed 
by Wataghin. G. Wataghin, Zeits. f, Physik 88, 92 (1934). 


E; (OlaAsta;|0) (0) aAs-a;| 0) 
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where k=|P;—Po|, Eo=(u?+Po?)'. The pro- 
jection operators are unchanged since it is only 
the density of states which we wish to alter. They 
are still Af+=(Ey;+a-Py+Bu)/2E;. The result 
of this calculation is to verify that AEp’ is finite, 
(depending logarithmically on Xo). The other 
problems can be analyzed in the same way. 

In the problem of polarization of the vacuum, 
the wave functions of both electron and positron 
ordinarily spread with a singularity on the light 
core. The matrix element for their subsequent 
annihilation is therefore infinite. With the modi- 
fication here described these wave functions are 
made less singular and their overlap integral is 
finite. The polarization integrals in Serber’s 
article”? may now be integrated to yield finite 
results. 

Other than terms which might be removed by 
a small renormalization of charge (depending 
logarithmically on Xo), the net effect in (17) 
would be to change the — (#) in the last term of 
(17) to —(3)—(#). However, the real existence 
of such polarization corrections is, in the author’s 
view, uncertain. These matters will be discussed 
in much more detail in future publications. Also 
reserved for future publication is a more com- 
plete physical theory from which the results 
reported here may be directly deduced. It yields 
much more powerful techniques for setting up 
problems and performing the required integra- 
tions. 

The author would like to express his gratitude 
to Mr. P. V. C. Hough for assistance in the 
calculations and to Professor H. A. Bethe and 
Dr. F. Dyson and many others for useful dis- 
cussions. 
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Attempts to avoid the divergence difficulties of quan- 
tum electrodynamics by mutilation of the theory have been 
uniformly unsuccessful. The lack of convergence does in- 
dicate that a revision of electrodynamic concepts at ultra- 
relativistic energies is indeed necessary, but no appreciable 
alteration of the theory for moderate relativistic energies 
can be tolerated. The elementary phenomena in which 
divergences occur, in consequence of virtual transitions 
involving particles with unlimited energy, are the po- 
larization of the vacuum and the self-energy of the elec- 
tron, effects which essentially express the interaction of the 
electromagnetic and matter fields with their own vacuum 
fluctuations. The basic result of these fluctuation inter- 
actions is to alter the constants characterizing the prop- 
erties of the individual fields, and their mutual coupling, 
albeit by infinite factors. The question is naturally posed 
whether all divergences can be isolated in such unob- 
servable renormalization factors; more specifically, we in- 
quire whether quantum electrodynamics can account 
unambiguously for the recently observed deviations from 
the Dirac electron theory, without the introduction of 
fundamentally new concepts. This paper, the first in a 
series devoted to the above question, is occupied with the 
formulation of a completely covariant electrodynamics. 
Manifest covariance with respect to Lorentz and gauge 
transformations is essential in a divergent theory since the 
use of a particular reference system or gauge in the course 
of calculation can result in a loss of covariance in view of 
the ambiguities that may be the concomitant of infinities. 
It is remarked, in-the first section, that the customary 
canonical commutation relations, which fail to exhibit 
the desired covariance since they refer to field variables 
at equal times and different points of space, can be put in 
covariant form by replacing the four-dimensional surface 
t=const. by a space-like surface. The latter is such that 
light signals cannot be propagated between any two points 


on the surface. In this manner, a formulation of quantum 
electrodynamics is constructed in the Heisenberg repre- 
sentation, which is obviously covariant in all its aspects. 
It is not entirely suitable, however, as a practical means 
of treating electrodynamic questions, since commutators 
of field quantities at points separated by a time-like in- 
terval can be constructed only by solving the equations 
of motion. This situation is to be contrasted with that of 
the Schrédinger representation, in which all operators 
refer to the same time, thus providing a distinct separation 
between kinematical and dynamical aspects. A formula 
tion that retains the evident covariance of the Heisenberg 
representation, and yet offers something akin to the 
advantage of the Schrédinger representation can be based 
on the distinction between the properties of non-interact- 
ing fields, and the effects of coupling between fields. In the 
second section, we construct a canonical transformation 
that changes the field equations in the Heisenberg repre- 
sentation into those of non-interacting fields, and therefore 
describes the coupling between fields in terms of a varying 
state vector. It is then a simple matter to evaluate com- 
mutators of field quantities at arbitrary space-time points. 
One thus obtains an obviously covariant and practical 
form of quantum electrodynamics, expressed in a mixed 
Heisenberg-Schrédinger representation, which is called the 
interaction representation. The third section is devoted to 
a discussion of the covariant elimination of the longitudinal 
field, in which the customary distinction between longi- 
tudinal and transverse fields is replaced by a suitable co- 
variant definition. The fourth section is concerned with the 
description of collision processes in terms of an invariant 
collision operator, which is the unitary operator that de- 
termines the over-all change in state of a system as the 
result of interaction. It is shown that the collision operator 
is simply related to the Hermitian reaction operator, for 
which a variational principle is constructed. 





INTRODUCTION 


HE predictions of quantum electrodynamics 
concerning higher.order perturbation ef- 
fects have long been discredited in view of the 
divergent nature of the results. Several attempts! 
have been made to arbitrarily remove sup- 
posedly objectionable features of the theory— 


the so-called ‘‘subtraction physics.’’ All such © 


efforts have been fruitless; either failing in their 


1P, A. M. Dirac, Proc. Camb. Phil. Soc. 30, 150 (1934); 
W. Heisenberg, Zeits. f. Physik 90, 209 (1934); W. Heitler 
and H. W. Peng, Proc. Camb. Phil. Soc. 38, 296 (1942). 
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avowed purpose, or lacking internal con sistency. 
The unqualified success of quantum electro- 
dynamics in applications involving the lowest 
order of perturbation theory indicates its essen- 
tial validity for moderately relativistic particle 


energies. The objectionable aspects of quantum 


electrodynamics are encountered in virtual proc- 
esses involving particles with ultra-relativistic 
energies. The two basic phenomena of this type 


2 R. Serber, Phys. Rev. 49, 545 (1936); H. A. Bethe and 
J. R. Oppenheimer, Phys. Rev. 70, 451 (1946). 
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are the polarization of the vacuum and the self- 
energy of the electron. 

The phrase ‘polarization of the vacuum” 
describes the modification of the properties of an 
electromagnetic field produced by its interaction 
with the charge fluctuations of the vacuum. In 
the language of perturbation theory, the phe- 
nomenon considered is the generation of charge 
and current in the vacuum through the virtual 
creation and annihilation of electron-positron 
pairs by the electromagnetic field. If the electro- 
magnetic field is that of a light quantum, the 
vacuum polarization effects are equivalent to 
ascribing a proper mass to the photon. Previous 


calculations have yielded non-vanishing, diver- 


gent expressions for the light quantum proper 
mass. However, the latter quantity must be 
zero in a proper gauge invariant theory. The 
failure to obtain this result from a gauge in- 
variant formulation can be ascribed only to a 
faulty application of the theory, rather than to 
an essential deficiency thereof. When the electro- 
magnetic field is that of a given current dis- 
tribution, one obtains a logarithmically divergent 
contribution to the vacuum polarization current 
which is everywhere proportional to the given 
distribution. This divergent result expresses the 
possibility, according to present theory, of creat- 
ing electron-positron pairs with unlimited enérgy, 
a situation that presumably will be corrected in 
a more satisfactory theory. Thus the physically 
significant divergence arising from the vacuum 
polarization phenomenon occurs in a factor that 
alters the strength of all charges, a uniform 
renormalization that has no observable conse- 
quences other than the conflict with the empirical 
finiteness of charge. 

The interaction between the electromagnetic 
field vacuum fluctuations and an electron, or 
more exactly, the electron-positron matter field, 
modifies the properties of the matter field and 
produces the self-energy of an electron. The 
mechanism here under discussion is commonly 
described as the virtual emission and absorption 
of a light quantum by an otherwise free electron, 
although an equally important effect is the 
partial suppression, via the exclusion principle, 
of the coupled vacuum fluctuations of the elec- 
tromagnetic and matter fields. In a Lorentz 
invariant theory, self-energy effects for a free 
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electron can only result in the addition of an 
electromagnetic proper mass to the electron’s 
mechanical proper mass. Calculations performed 
for a stationary electron® have yielded a loga- 
rithmically divergent electromagnetic proper 
mass, a divergence that results from the possi- 
bility of emitting light quanta with unlimited 
energy. It is here, as in the vacuum polarization 
problem, that modifications will be introduced 
in a more satisfactory theory. However, the 
electromagnetic proper mass merely produces a 
renormalization of the electron mass that has no 
observable consequences, other than the conflict 
with the empirical finiteness of mass. 

It is evident that these two phenomena are 
quite analogous and essentially describe the 
interaction of each field with the vacuum 
fluctuations of the other field. The effect of 
these fluctuation interactions is simply to alter 
the fundamental constants e and m, although by 
logarithmically divergent factors. However, it 
may be argued that a future modification of the 
theory, inhibiting the virtual creation of particles 
that possess energies many orders of magnitude 
in excess of mc*, will ascribe a value to these 
logarithmic factors not vastly different from 
unity. The charge and mass renormalization 
factors will then differ only slightly from unity, 
as befits a perturbation theory, in consequerice 
of the small coupling constant for the matter 
and electromagnetic fields, 


e?/4arhc = 1/137. 


We may now ask the fundamental question: 
Are all the physically significant divergences of 
the present theory contained in the charge and 
mass renormalization factors? Will the con- 
sideration of interactions more complicated than 
these simple vacuum fluctuation effects intro- 
duce new. divergences; or will all further phe- 
nomena involve only moderate relativistic ener- 
gies, and thus be comparatively insensitive to 
the high energy modifications that are pre- 
sumably to be introduced in a more satisfactory 
theory? This series of papers represents an at- 
tempt to supply at least a partial answer to the 
question, which has acquired an immediate im- 
portance in view of recent conclusive evidence 


3V. Weisskopf, Phys. Rev. 56, 72 (1939). 
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that the electromagnetic properties of the elec- 
tron are not fully described by the Dirac wave 
equation. Fine structure measurements on hy- 
drogen, deuterium,‘ and ionized helium® have 
revealed energy level displacements that imply 
the existence of a weak, short. range repulsive 
interaction between electron and proton. Experi- 
ments on the hyperfine structure of hydrogen 
and deuterium,® together with electron g value 
determinations for several states of gallium and 
sodium,’ prove that the electron possesses a 
small additional spin magnetic moment. 

Immediately upon completion of the Lamb- 
Retherford: experiment, it was generally recog- 
nized® that the most probable explanation was 
to be found in higher order electrodynamic 
effects ; the radiative corrections to the properties 
of a bound electron other than mass and charge 
renormalization. A provisional non-relativistic 
calculation® lent support to this view. However, 
it required a completely relativistic treatment’® 
to demonstrate that radiative corrections could 
account simultaneously for the two apparently 
unrelated deviations from the Dirac electron 
theory. It is our major task to enlarge on this 
development. 

In order to isolate the divergent aspects of 
quantum electrodynamics in a manner that is 
Lorentz and gauge invariant, it is necessary to 
employ a formulation of the theory that pre- 
serves these covariant features at all stages. 
The use of a particular reference system or gauge 
in the course of calculation can result in a loss 
of covariance in view of the ambiguities that 
may arise in a divergent theory. The first paper 
is occupied with the development of a suitable 
covariant formulation. In the second paper we 
treat the problems of electron and photon self- 
energy, together with the polarization of the 
vacuum. The third paper is concerned with the 


4W. E. Lamb, Jr., and R. C. Retherford, Phys. Rev. 
72, 241 (1947). 

’ J. E. Mack and N. Austern, Phys. Rev. 72, 972 (1947). 

6 J. E. Nafe, E. B. Nelson, and I. I. Rabi, Phys. Rev. 
71, 914 (1947); D. E. Nagle, R. S. Julian, and J. R. 
Zacharias, Phys. Rev. 72, 971 (1947). 

7™P. Kusch and H. M. Foley, Phys. Rev. 72, 1256 
(1947); H. M. Foley and P. Kusch, Phys. Rev. 73, 412 
1948). 
8 Discussion at the Shelter Island Conference on the 
Foundations of Quantum Mechanics, June 1947, 

*H. A. Bethe, Phys. Rev. 72, 339 (1947). 

10 J. Schwinger, Phys. Rev. 73, 415 (1948). 
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major topic, the determination of the radiative 
corrections to the properties of an electron, and 
the comparison with experiment. Scalar and 
vector matter fields will be discussed in a fourth 
paper. It is hoped that successive papers of this 
series will deal with such subjects as the correc- 
tions to the Klein-Nishina formula, the scatter- 
ing of light by light, and by a Coulomb field. 


1. COVARIANCE IN THE HEISENBERG 
REPRESENTATION 


In this section, we employ the following nota- 
tion: Greek subscripts assume values ranging 
from 1 to 4, and a repeated index is to be so 
summed. The coordinate vector of a four di- 
mensional point x is denoted by x,=(r,ict). The 
real time coordinate x9=(1/1)x,=<ct is also used. 
In particular, the four dimensional element of 
volume is defined as dw =dxodxidx2dx3. The four- 
vector potential of the electromagnetic field is 
A, (x) =(A(r,t), i¢(r,t)), while Y.(x) designates 
the four-component Dirac spinor. The spinor 
index will often be suppressed ; thus, if A and A? 
designate a four-rowed matrix and its trans- 
posed matrix, Ay=yYA" is a four component 
spinor of which the a@ component is A agp 
=wyeAg.". Similarly, the scalar product of two 
spinors, x and y, is denoted by x¥=xaWa. The 
notation y, is used for’ the four Hermitian 
matrices that obey the anticommutation relations 


VV y= 28 yr. (1.1) 
The adjoint spinor ¥.(x) is defined by 
V(x) = (x)ya=a7Pt (x), (1.2) 


where y¥a*(x) is the Hermitian conjugate of 
a(x). The so-called charge conjugate spinor 
¥a'(x) and its adjoint ¥.'(x) are represented by 


v(x) =CH(x), W(x)=CY(x). (1.3) 
Here C is a matrix such that 
(1.4) 


which has the property of being skew-sym- 
metric: 


ak -_ v,° = C—y,C, 


CcT=—C, (1.5) 


and unitary: 
C+C=1. (1.6) 


In the latter equation, C+ = C?* is the Hermitian 
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conjugate matrix. For the particular representa- 
tion in which all elements of y4 are imaginary, 
while all elements of the other matrices are real, 
the conditions on C are satisfied with C= —7.. 
With this choice, ¥’(x) =y+(x); charge and Her- 
mitian conjugation are equivalent. Finally, _ 


(1.7) 


where mp is the mechanical proper mass of the 


electron. 

The equations of motion of the coupled elec- 
tromagnetic and electron-positron matter fields 
can be derived from the variational principle: 


3 f cdw=0, 


where the Lagrangian density £ is 
1 0A,(x) 0A,(x) 


is 2 ax, 


Ko= moc/h, 


(1.8) 





Ox, 


-H0)[»(— -“4,2)) + whe 


Xu 


-<¥'00| (+= 4,0) +n), (1.9) 


Ox, he 


and is so constructed that it is invariant with 
respect to Lorentz transformations, gauge trans- 
formations and charge conjugation. The proof of 
Lorentz invariance follows the conventional 
treatment and need not be repeated. Gauge in- 
variance, that is, invariance under the combined 
transformations 
OA(x) 


A,(x)—A,(x) — 
OX, 


¥()—exp| —=ace) oe) (1.10) 


ie 
¥'(4)—rexp| aca) We) 

he 
induced by a scalar function of position, A(x), 
would be generally valid were it not for the term 
in the Lagrangian density that refers to the 
electromagnetic field alone. The addition to £ 
arising therefrom is 
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) 1d0A\ 0A 
(Ce 
OX, 2 dx,/ 0x,0x, 
10A\ 0 AA 
(4.4-—)— 
- 2 dx, dx, ax,2 


of which the first term has no effect on the equa- 
tions of motion. Hence gauge invariance is re- 
stricted to the group of generating functions 
that obey 


387A (x) 


=(PA(x) =0. (1.11) 


Ox,” 


Invariance under charge conjugation expresses 
the complete symmetry between positive and 
negative charge. The interchange of (x) and 
y'(x), together with +e and —e, evidently leaves 
the Lagrangian density unaltered. 

In order to obtain the equations of motion for 
the matter field, it is necessary to express the 
Lagrangian density entirely in terms of y(x) 
and $(x), or alternatively, y’(x) and ’(x). By 
virtue of Eqs. (1.3), (1.4), and (1.5), the follow- 
ing relations hold 


Vy’ =yC""y, Cy = vyuTy 
VY =~C "Cp =—W, 
and therefore the third term of (1.9) can be 
written ° 


(1.12) 


+54 u(x) 


OX, 


iz oly (x). 


he 
-<Va)| 1" 


We find, as the result of variation, apart from 


discarded divergences, . 
1 ..:% 1 
bf = “14,4, +3] +] 04,43, [a4, 
2 c 2 c 
al 9 i .) b 
nase  [eeenaat 
: Ox, he : 
he 
fa( Ha.) rapt 
(= +54 »)-}v 
OX, 


0 4 
— +" 4,)—nufar=0, (1.13) 
he 


“| . 
g 
2 . OX, 
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* where 


inl) = 1H) 1b @)=V Gr) (1.14) 


represents the four-vector of charge and current; 
ju=(j,tcp). It is consistent with the form of the 
commutation relations imposed on the field 
quantities to infer that 


1 
CPA, (x) = — to), (1.15) 


i “ ; A, 0 


n= +4.) -«)¥@ = 0. 


OX, 


and 





The Dirac equations for the matter field can 
also be cast in the charge conjugate form 


(+ 54.0)) +0 (x) =0 


et =~ 4,0))-n¥ = 0. 


To the equations of motion must be added a 
supplementary condition, and the commutation 
relations. The supplementary condition 


dA (x) 
—onneniendlt ani 


OX, 


(1.17) 





(1.18) 


restricts the admissible states of the system, as 
characterized by the constant vector ® of our 
Heisenberg representation. The compatability of 
(1.18) with the equations of motion is a conse- 
quence of the charge conservation equation 


Ojy(x) is 


OX, 


(1.19) 





The customary Maxwell equations, involving the 
field strengths 
0A, OA, 


ui OX» ax,’ 





(1.20) 


rather than the potentials, appear as derived 


supplementary conditions: 


Fuo(#) 1 
= ) +a) fo=0 (1.21) 





The commutation relations, in their conven- ’ 


tional canonical form, read 
19 
[4 u(F,t), - Pie »(r’ | =thcb,,d(r—r’) (1.22a) 
c ot 


{Wa(r,t), (V(r' t)va)p} died dag5(r—r’), (1.22b) 


where the bracket symbols signify the commuta- 
tor and anticommutator, respectively : 


[A,B]=AB-—BA, {A,B}=AB+BA. (1.23) 


We have written the non-vanishing brackets; 
the bracket symbols whose values are zero are: 


Q o 
[A, (2,4), A,(0’,d)], [—A,000, P naal »} 


{Ya(r,t), ¥a(t’,t) } ’ {Ya(r,t), a(t’ ,t) } ’ 


and, of course 
[A,(r,4), ¥.(r’,t) ], etc. 


It should be noted that the particle field com- 
mutation relations are invariant with regard to 
charge conjugation. Thus, 


{Wa' (r,t), (W’(r’ t)v4)6} 
= — {(CyaTV(r,t)14) ar W(t’ t)C—y4) 5} 
= (YC) ar { (W(r,t)74) 1 Walt’ t)} (Cva)as 
=6a90(r—r’). (1.24) 


A further remark concerns the consistency of the 
supplementary condition and the commutation 
relations. Since (1.18) contains the arbitrary 
point x, one will obtain additional supplementary 
conditions by commutation, unless 


[—— A,(x’) - 


OX, Ox, 


(1.25) 





, 


for arbitrary x and x’. In actuality, the canonical 
commutation relations are such as to yield (1.25). 
It must be realized that the commutator, con- 
sidered as a function of x, obeys the wave equa- 
tion, whence the validity of (1.25) is assured 
provided the commutator and its time derivative 
vanish for t=?’. This is easily verified. 
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The physical quantities characterizing the dis- 
tribution of energy and momentum in the field 
are combined in the canonical energy-momentum 














tensor 
[ee 0A, 0A) 0A), ())] 
uae 2 OX, igs OX, OX, OXe 
he_ dy’ 
tin (1.26) 
Ox, 
which satisfies the conservation equation 
re] 
—T,, = 0 (1.27) 
OX, 
since 
) 1 dA, 
we Oe 
OXp C OX, 
1e__ 0A, 
+—Lrw—-V ry’ J—-=0. (1.28) 
2 dx, 


The canonical tensor can be replaced by a sym- 
metrical energy-momentum tensor 


0, =3 Fa Piat Fin Fun— Sud Fro? ] 
+o (—-=4 \e+i(— nt yw 
2b “\ax, hie 0x, he a 


+y Yu ~ +4, Ww 


OX, 





+¥'7 mated Ww] (1.29) 


OX, 


However, it is only the expectation value of 9,,, 


(Ow) = (%,0y), (1.30) 
that satisfies the conservation equation 
B.» sa (1.31) 








OX, 


as a consequence of the identity 
7] 

(Ow —Tw)= (4A Fut Fee] 
Ox» 


@A, 6A, 04,04, 


uy 
OXe OX 

















2 





|= 0A) 


OX), OX, OX» O%) 


~.s 4 VoarW')), (1.32 
_ hana ee Your wt TurY 1), ( ) 
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since the supplementary condition is required in 
the derivation and use of this identity. In Eq. 
(1.32), o,, represents the Dirac matrix spin 
tensor : 


Tur = (Yur —V2Vy)/2t. (1.33) 


The symmetrical energy-momentum tensor is 
evidently invariant with respect to gauge trans- 
formations and charge conjugation. The simple 
formula 


O,.= —moe3 (Wty) (1.34) 
should also be noted. 
The spatial volume integrals 
4 
P,= —* f Tudo (1.35) 
C 


form a time independent four-vector that unites 
the momentum and energy integrals of the equa- 
tions of motion; P,=(P,iW/c). It is a simple 
consequence of the relation (1.32) that the ex- 
pectation value of P, can be calculated from 
either stress tensor. Thus 


(P,) = + } (@,,)do. (1.36) 


The operators P, form the infinitesimal genera- 
tors of the coordinate translation group. It is a 
consequence of the commutation relations that, 
for example, 


dA, (x) . ye 


Xy 





“Cyl »P,] a 


OVa(x) 


Xy 





“Lil »P,|= (1.37) 


More generally, if F(x) is an arbitrary function 
of the field variables at the point x, but does not 
explicitly involve position coordinates, 


1 F(x) 
Fak scams : 


rt Ox, 





(1.38) 


One can exploit this aspect of the operators P, 
to prove anew that they constitute constants of 
the motion, and to demonstrate that the canoni- 
cal commutation relations are consistent with the 
equations of motion. In a similar way, one can 
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introduce other operator constants of the mo- 
tion which compose the angular momentum ten- 
sor. These quantities form the infinitesimal 
generators of the Lorentz group, and with their 
aid the covariance of the canonical quantization 
scheme can be demonstrated. However, it is at 
this point that we must deviate from the con- 
ventional development that here has so briefly 
been outlined. 

The equations of motion and the supple- 
mentary condition are manifestly covariant; the 
canonical commutation relations lack this essen- 
tial characteristic since a special Lorentz refer- 
ence system is employed. The commutation 
relations involve field variables at two points of 
a four dimensional surface characterized by 
t=const. We shall achieve the desired covariance 
by replacing such surfaces with the invariant 
concept of a space-like surface. The latter is such 
that light signals cannot be propagated between 
any two points on the surface. In terms of the 
position vectors of two points, x, and x,’, it is 
required that ° 


(&— x!) =(r-1)2-A(t—-#)2>0, (1.39) 


which clearly involves no special reference sys- 
tem. Surfaces of the type ¢=const. form a special 
non-covariant class of plane space-like surfaces. 
The customary commutation relations are essen- 
tially an expression of the kinematical inde- 
pendence of field quantities at different points 
of space for a given time. It is evident that the 
proper covariant description of this general 
property should involve field quantities at two 
space-time points that cannot be connected by 
light signals, that is, two points on a space-like 
surface. Accordingly, we endeavor thus to gen- 
eralize the commutation relations into a mani- 
festly covariant form. 

The simplest basis for a generalization of 
(1.22a) is provided by the two statements that 
express the properties of 5(r—r’): 


1 
Ante ~ “4,00 =0, rr’ (1.40a) 
c Ot 


1a . 
f [4 (t,t), - Pea yt) |\dv’ =ihcdb,, (1.40b) 
c Ot 


in which the spatial volume integration is ex- 


tended over an arbitrary region that includes the 
point r. The proper generalization of (1.40a), to- 
gether with the other vanishing electromagnetic 
field commutators, is simply 


[Au(x),A,(x’)J=0, (x,—x,’)?>0; (1.41) 


that is, the field quantities associated with two 
distinct points on a space-like surface commute. 
In order to generalize (1.40b), it will prove con- 
venient to define a four-vector differential sur- 
face area: 


doy = (dx2dx3dx,dx dx 3x0, 
dx,dxedxo,dx,dx2dx3/1). (1.42) 


Considered as defining the direction of the normal 
to a space-like surface, do, must be a time-like 
vector, that is, do,?<0. It should be noted that 
our definitions of surface area and volume are 
such that the volume generated by the displace- 
ment 6x, imparted to the surface area de, is 
bw=do,bx,. It is evident from the notation 
du' =ido,', dAv(r’,t)/dct=10A,(x’)/dx,4’, that the 
proper covariant generalization of (1.40b) is 


re) he 
f [Ane — Aste!) fie’ =i (1.43) 
o Ox)’ 4 


in which the x’ integration is extended over an 
arbitrary portion of a space-like surface o that 
includes the point x. 

In order to demonstrate the self-consistency 
of these and further covariant commutation re- 
lations, we must show that the values attributed 
to such surface integrals are unaltered as the 
space-like surface o passing through the point x 
is varied ; and, for a fixed surface relative to the 
point x, that the commutation relations are 
compatible with an arbitrary displacement of x. 
The latter requirement involves a detailed con- 
sideration of the equations of motion and will 
be discussed at an appropriate place. The veri- 
fication of the first requirement is facilitated by 
introducing the notion of the functional de- 
rivative. The quantity occurrirg on the left side 
of (1.43) involves the field variables at all points 
of the surface o and is thus a functional of the 
space-like surface o, say F[o]. We may compare 
this with the functional of a neighboring space- 
like surface o’, F[o’], which surface is such that 
it deviates from o only in a neighborhood of the 


1 Sen dadnape pang, obi 
ios. oS tate es “ 


RE SY aa Be 2 
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point x. If the volume enclosed between the 
surfaces, dw, is allowed to approach zero, we 
obtain a definition of the functional derivative 
of Flo] at the point x: 


5Fo | 
5a (x) 


Flo’ ]—Flo] 
= Lim : 
bw 0 bw 


(1.44) 








in which the notation emphasises that we are 
considering the variation in F produced by a 
deformation of the surface o at the point x. A 
special class of functional, as exemplified’ by 
(1.43), is of the form 


Flo]= f Fy(x')doy’, (1.45) 


that is, a surface integral of a point function. 
The functional derivative has a particularly 
simple aspect with this type of functional for, 
according to Gauss’ theorem, 


aL =Lim in( ie J ) Fy(x')doy' 





OF, Xx (x) 


OX 





(1.46) 


We are now prepared to ascertain the change in 
(1.43) produced by a deformation of the surface 
o at the point x’¥x: 


re) 
[| 4.0), auto”) fan” 
OX) 


be(x’) ¥, 
=[A,(x),L)?74,(x’) ] 





1 
= —LAnle) ie) 10, (1.47) 


in which the latter statement is a consequence of 
the covariant expression of the kinematical inde- 
pendence of the quantities associated with the 
two fields: 


[A u(x), Wa(x’) ]= LA, (x) a(x’) =0, 


(x,—2,’)?>0. (1.48) 


The corresponding generalizations of the 
matter field commutation relations are: 


{Wa(x) Wola’) } = {Va(x) Wala’) } 


= {Wa(x) a(x’) } =0, (x,—x,')?>0, (1.49) 
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and 
if tale), wolder’= ans. (1.50) 
Another version of the last relation, namely 


i f { (rive!) arVals)}dor’= dep (1.51) 


can be obtained by taking the Hermitian conju- 
gate of (1.50). To verify that the values given 
to the surface integrals (1.50) and (1.51) are 
independent of the particular surface passing 
through the point x, we examine for example, 





ee, —f {Cra (x""))asBale) Jon" 


-| (moe) date 


=~ (yrAn(x’)W(x")) ar Va(x) } 


—_ ko{Wa(x’) ,Wa(x) } =0, (1.52) 


in view of the vanishing of all such anti-com- 
mutators for distinct points of a space-like sur- 
face. It can be shown, as before, that the com- 
mutation relations are also valid for the charge 
conjugate matter fields. Thus 


i f { ad’ () auto" (x) }don! 
ind f {(D(x")yxC)as(C-Y(e))p} dor’ 


= Coy “J (Yo(2),(D(e")r»)e}dor! Cre 


=(C"C)pa= bap, (1.53) 


in virtue of (1.50). In the course of these re- 
arrangements, the following apneen has also 
been employed 


(nO)? =ncC, (1.54) 


which is an immediate consequence of the prop- 
erties of the matrix C. 

An obviously covariant definition of the en- 
ergy-momentum four-vector, replacing Eq. (1.35), 
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is 


1 
P,=— | doT, F 1.55 
-f oT), (x) ( ) 


in which the integration is extended over an 
entire space-like surface. The conservation laws 
now have their covariant expression in the 
statement that P, is independent of the surface 
a. Thus 





6 te) 
Pyc=—T), (x) =0. 





(1.56) 
50(x) Ox) 
The conservation law for the total charge 
1 . 
Q=- f donin(s 
has an analogous expression : 
ce) 
tad, u(x) =0. (1.57) 
5a (x) 


It may be instructive to verify that the com- 
mutation relations expressing the displacement 
operator interpretation of the P, emerge from 
the covariant commutation rules that have been 
developed. For this purpose, the following 
lemma is useful: 


te] ] 
[|e _ rc) |=0. (1.58) 
e OX, OX, 


The proof of the lemma is given by remarking 
that the surface integral is independent of c: 


6 rr) 
d ty , 
a ‘ Xy | 
te] 


te) 0 ¢@ 
OX, OX, OX, OXy 























(1.59) 





and that, for the particular surface ¢=const., 
the only components of (1.58) that are not 
identically zero are n=4, v=k=1, 2, 3, say. But 


pl a 
F f doc —Fts) = f do—F(a) =0 (1.60) 


for a closed system. 
In order to express the operator P, in terms 
of y and y alone, we note that, according to 
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(1.12), 
dy’ ay ay 
Vy.—=1.7— = (1.61) 
Ox, Ox, Ox, 
whence 





oy’ oy 
J dowW'y,— = — | do,—Vv, 
“i= 0. e Ox, 


Xy 
te] 
+ [do—(r,). (1.62) 
¢ OX, 
The lemma (1.58) now assures us that 
0 rs] 
feex—win)= [aor —r)=0, (1.63) 
¢ Ox, e OX, 


in which the latter statement involves the charge 
conservation equation. Therefore, P, can be 
written 


1 0A), 0A, OA) 0A, 0A, z 
ofp) 





2c’, 


Ot, Ot, Why My OX. 


z wat -f ae vy tn} (1.64) 


whence 
4 
“Libel),Pe]=i i day! {Ya(s),(O(%’)Ye)0} 


dYa(x’) dpa(x) 
x = 























, (1.65) 
0x,’ Ox, 
and 
0A,(x’ 
“(A4(0),P.]=* =f dox| 4 4(2), —] 
A(x’ F A(x’ 
a (x’) += f (en ee es =) 
0x,’ : 0x,’ 
0A,(x’)1\ 0A.(x’) 
—da,'| A, (x), 
| ) Ox! )) Ox)! 
A 
Hi ca (1.66) 
Ox, 


In the latter proof, the lemma (1.58) has been 
used, in addition to the properties of com- 
mutators. 

It can now be shown that the covariant com- 























mutation relations are consistent with the equa- 
tions of motion. We examine the change in the 
commutator or anticommutator .of two field 
variables associated with two points on a space- 
like surface, produced by a rigid displacement of 
the surface. In other words, we seek to evaluate 


0 





a 
ack F(x),G(x—£)] or —{F(x),G(x—8}, 


OX, 


where £, is a space-like vector and F, G are any 
two field variables. It is a consequence of ele- 
mentary identities that if F and G obey the 
equations of motion (1.38), so also do the 
brackets 


[F(x),G(x—&)] and {F(x),G(x—8)}. 


Therefore, the specification of such brackets as 
é-dependent multiples of the unit operator is 
self-consistent, since both the derivative with 
respect to x,, and the commutator with P,, 
vanish. 

The formulation of quantum mechanics that 
has now been developed is obviously covariant in 
all its aspects. However, it is not entirely suit- 
able as a practical means of treating electro- 
dynamic questions. In the course of application, 
it is often necessary to evaluate commutators of 
field quantities at points separated by a time- 
like interval. Such commutators are to be con- 
structed by solving the equations of motion 
subject to boundary conditions on a space-like 
surface. This jumbling of the kinematical and 
dynamical aspects of the situation is a detriment 
in the systematic discussion of electrodynamic 
problems. At the opposite extreme is the 
Schrédinger picture, in which all operators are 
time independent, and the time development of 
the system is represented by a varying state 
véctor; a procedure that is non-covariant in its 
aspect. We now seek a formulation that enables 
us to retain the evident covariance of the 
Heisenberg representation, and yet offers some- 
thing akin to the advantage of the Schrédinger 
representation, a distinct separation between 
kinematical and dynamical aspects. The desired 
separation is to be found in that between the 
elementary properties of non-interacting fields, 
and the modification of these properties by the 
coupling between fields. For non-interacting 
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fields, it is a simple matter to carry out the pro- 
gram.previously mentioned, and construct com- 
mutation relations for field quantities at arbi- 
trary space-time points. In order to exploit this 
advantage, it is necessary to find a canonical 
transformation that changes the equations of 
motion for field quantities in the Heisenberg 
representation into those of non-interacting 
fields, and therefore describes the coupling be- 
tween fields in terms of a varying state vector. 
We shall perform this transformation in the 
next section, and thus obtain an obviously co- 
variant and practical form of quantum electro- 
dynamics, expressed in a mixed Heisenberg- 
Schrédinger representation, which may be called 
the interaction representation." 


2. THE INTERACTION REPRESENTATION 


To alter the equations of motion in the above 
outlined manner, we introduce a unitary opera- 
tor U[], defined for a space-like surface o, and 
construct the state vector of the interaction 
representation 


Vo ]= UL ]®, ahaa) 


which depends upon the surface o, in contrast 
with the constant vector ® of the Heisenberg 
representation. The expectation value of some 
field variable F(x) becomes (in this section, the 
operators of the Heisenberg representation will 
be denoted by bold face letters) 


(#,F(x)) "T (¥Lo], ULo JF (x) Uo }¥[o]) 
=(W[o],F(x)¥[o]), (2.2) 


which defines the operators of the interaction 
representation in terms of those of the Heisen- 
berg representation : 


F(x) = Uo ]F(x) U-"[o’]. (2.3) 


It is understood that o is a space-like surface 
passing through the point x. In order, however, 
that F(x) depend only on the point x and not 
on the particular surface o, the form of UL] 
must be restricted, as indicated by the following 


1 The interaction representation can be regarded as a 
field generalization of the many-time formalism, from 
which point of view it has already been considered by 


S. Tomonaga, Prog. Theor. Phys. 1, 27 (1946). Relativistic _ 


quantum theories have also been discussed recently by 
P. A. M. Dirac, Phys. Rev. 73, 1092 (1948). 
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requirement: 
6 5ULo | 


F(x) = F v= o 
5a(x’) &) 5a(x’) @)0"Le] 








5 
— Ul o JF (x) ote U-[e] 





6ULo ] 
= U-o],F = 
ee Le] | 
(Xp—Xy')?>O. (2.4) 
This will be satisfied if 





is an invariant function of the field operators at 
the point x’, since the commutation properties 
on the surface o are unaffected by the unitary 
transformation. If, further, the unitary character 
of Ula] is to be preserved by its equation of 
motion, it is necessary that 








jfile] 
Ue] 
" b0(x) 
be a Hermitian operator. Therefore, om writing 
6ULo] 
the =5(x) UL], (2.5) 
a(x) 


we obtain a covariant equation of motion for 
U[o], in which 3C(x) is a Hermitian operator, an 
invariant function of the field quantities at the 
point x, and has the dimensions of an energy 
density. The equation of motion for ¥[o] is, 
correspondingly, 


bV[o ] 


5a (x) 


the 





=5¢(x)¥[o]. (2.6) 


We have obtained the conditions that must be 
satisfied by any canonical transformation. It 
will now be shown that the special transformation 
desired is attained with 3¢(x) chosen as the nega- 
tive of the coupling term in the Lagrangian 
density, that is, 


H(x) = —(1/c) jy(x)A u(x). (2.7) 


, To construct the equations of motion in the 
interaction representation, we first note that 


the gradient of any field quantity can be ex- 
hibited as a functional derivative, through an 
obvious generalization of Gauss’ theorem: 


OF (x) : 
i “wid Ayipumg 


U[o] J F(x’)do,’U-[a]. (2.8) 








~ ba(x) 


The functional derivative in the latter form 
affects both the surface of integration and the 
operator U[o], whence 


OF (x) OF (x) 
- = Ue] 


+ f[L2oeare fe: 


OF (x) 
= U[« }—_U“[e] 
Ox, 





Ox, 


y , , 
— J tet). )]do,’. (2.9) 


If we first place F(x) =A,(x), it is immediately 
found from the covariant commutation rela- 
tions on the space-like surface o, that 


dA, (x) dA, (x) 
=Ule — Lo], 





(2.10) 
Ox, 


which, indeed, is necessary, in order that the 
electromagnetic field commutation relations re- 
tain their form under this canonical transforma- 
tion. However, with F(x)=0A,(x)/dx,, one 
obtains 


LPA,(x) = ULo IL PAs(«) U“[o] 
0A, (x’ ) 
+ ey ~f |4 r(x), rer fer 


- ~-ULe live U- [o}+ ite 


=0; (2.11) 





the equations of motion for the electromagnetic 
field in the interaction representation are those 
of an isolated field. In addition, the supple- 
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ee i. 
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mentary condition is unchanged in form: 


0A, (x) (2.12) 





W[o]=0 
OX, 


provided the point x lies on the surface o. Finally, 
if F(x) =y¥(x), 


(1 : +40 Wa) 


v 
Ox, 





" ULeI(7—+n) &(«)ULe] 





- 4 ; ai 
+ Ayla) J Line) rahe!) Mdo,’. (2.13) 
But, according to (1.12) and (1.14) 


#0 =~) ve) — veer], (2.14) 





and 
Ciu(x) v(x’) ] 
= —iec{y w(x’), Wa(x) } (yu(x))a, (2.15) 
so that 
0 

(1 +0)¥e) 

_ te ‘ : . 

= Aloe) ~i J f(x") Pal) } 

1€ 
doy (Fr4sceowe)) 
ik (2.16) 


the equations of motion for the matter field in 
the interaction representation are those of an 
isolated field. This completely proves the cor- 
rectness of the choice (2.7) for 3C(x). 

We may now proceed to construct the general 
commutation laws for the field quantities in 
the new representation, by employing their ele- 
mentary equations of motion. This process will 
be facilitated by introducing two invariant func- 
tions of position, D(x) and A(x), which are 
associated with the electromagnetic and matter 
fields, respectively, and have the following co- 
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variant definitions: 


LPD(x)=0; D(x)=0, x,?>0 





aD (x) 
[—#0,=1, (2.17) 
eo Oy 
(LP? —xo?)A(x)=0; A(x) =0, ~x,2>0 
0A 
f- Bea (2.18) 
« OX, ; 


In these definitions, the surface integrations are 
to be extended over a space-like surface that 
includes the origin. It is easily verified that the 
constant value attributed to the surface inte- 
grals for arbitrary o is consistent with the other 
equations. The detailed construction of these 
and related functions will be postponed to the 
second paper of this series; the properties con- 
tained in the equations of definition will suffice 
for our present purposes. It is easily deduced for 
example, that D and A are odd functions of the 
coordinates : 





D(-—x)=—D(x), A(—x)=—A(x). (2.19) 
We note that 
re] 
al lse-# agit ) 
—A6e—x")—ate—2") fie 
OX, 
=A(x—x’)(LP— Ko?)A(x—x"’) 
—A(x—x"") (LP — no?) A(x —x’) 
=0, (2.20) 


which implies that the surface integral is inde- 
pendent of the particular surface o. By choosing 
« to be, successively, a space-like surface through 
the points x’ and x”, it is inferred that 


A(x’ —x’) = —A(x’—x"’) (2.21) 


which proves the second statement of (2.19). 
The proof for D(x) is identical. 

The importance of these invariant functions 
stems from their utility in expressing the solu- 
tions of the equations of motion in terms of 
boundary values prescribed on some space-like 
surface. The electromagnetic potentials. are 
uniquely determined if A,(x) and its normal 
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derivative are specified on a surface ¢. The ex- 
plicit realization of this relation is provided by 





A, (x) = f [D«-x)= A, (2') 


~ 
Q 
—A,(x’)—D(x —+") fos. (2.22) 
0x,’ 


To verify this statement, it is sufficient to ob- 
serve that, analogously to Eq. (2.20), the right 
side of (2.22) is independent of o, which can be 
specially chosen as a space-like surface through 
the point x, yielding 


J A,(x’) 


as the value of the surface integral. The corre- 
sponding solution of the boundary value prob- 
lem for the first order Dirac equation is pro- 
vided by 


v(x) = f S(e—x')y(e!)do,’, (2.23) 





0 
D(x’ —x)do,’ =A,(x) 
ax,’ 


where 





0 
S(x) = (1 _ 00) A(. (2.24) 
Ox, 
Following the general pattern, we remark that 
the right side of (2.23) is independent of o: 
) 
a(x’) 





f S(e—x')yab(o!)do,! 


) 
=—(S(x-')y(x')) 
OX, 





0 
= S(x—x’) (» + cove) 
0x, 
re) 
~(—ste—2)1e+ 0050-2’) )we 
OX, 
=(), (2.25) 
since 


0 0 
( ook ro) St) oo diladiy, walls 
OX, 


OX, 
=((LP—xe?)A(x)=0; (2.26) 


and that an evaluation with a surface through 
the point x, gives 





0 
f VeVi — A(x — x’) p(x") do,’ 
« OX, 





0 
is f A(x! —x)¥(x")do,! 
eOSy 


1 re) 
+50 f [—a (x’—x)do,’ 


Ox, 
a 
see hil -2)do,' Woe) ~ae 
0x," 7 


with the aid of the lemma (1.58). The adjoint 
equation 


Vx) = f do,'V(x’)rpS(x!—x) (2.27) 


can be proved directly, or inferred from (2.23). 

The construction of the general commutation 
relations is now trivial. To evaluate [A,(x), 
A,(x’)], for example, it is merely necessary to 
express A,(x) in terms of the field variables on 
a space-like surface that includes the point <x’, 
and employ the commutation relations for such 
surfaces. Thus 


[A,(x),.A,(’) = — f D(x—x”) 


0 
| 40 —— Anta) fdr” 
0x," 
whence 
[A ,(x),A,(x’) ]=thed,,D(x—x’). , (2.28) 


In a similar way, 


{Ya(s),Pa(e’)} = f Suy(—x"") 


X { (rh (%")) a(x’) }do,” 
so that 


1 
{Ya(x), a(x’) } —— —x') 


=(%——«) a2) (2.29) 


t\ OX, 


bias Perle te casa "i gia aaie RS 5p Bh RR Se Ae cee 
Sa is to ialne Wyemmenmetieta as ote. Se : - Acc 


a 


revi hegoat tr 


i 
. 


ig 


f 

F 

f 

¥ 
‘ 
( 
Pi 
aa 
a 

¥ 
7 {: 
a 
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All other matter field anti-commutators vanish. 
Of course, the matter field commutation rela- 
tions are invariant with respect to charge 
conjugation. 

Finally, we turn to the generalization of the 
supplementary condition (2.12), which consists 
of removing the restriction that x be situated on 
the surface o. It follows from (2.22) that,’ for an 
arbitrary point x, 


0A ,(x) 
ete e]= f D(x—x"’) 


OX, 





0d /0A,(x’’) 
—( Ld 


"7 
However, according to (2.9), with F=0A,(x’’)/ 
dx,", 


] (001 


ax,!" ax,! 


a 7aA,(x") 
=ULe] ( : )e 
ox,"’ dx,” 


i | aAste)] 
-* f see pares fe. ¥[o] 
3 are 
== f[ ane", " =] 
m Ox," 


1. R 
Xdos'—jr(x")¥Lo ] 
c 


4 0Ay(x"") 
=— || A,(x’), 
if ) 0x," 


)éo."Le}) (2.30) 








1 . 
Xdo,'—fr(x’ Lo]. (2.31): 
c 


In the last transformation, we have used the 
lemma (1.58) and the fact that the electromag- 
netic field commutators contain only the dif- 
ference in coordinates of the two points in- 
volved. On introducing (2.31) into (2.30) and 
performing the x” integration, we find without 
further difficulty that 


= 


1 
_ J Dox—x")-jy(t)do,' |WLoI=0, (2.32) 
Ox. e ee . 


which is the supplementary condition for the 
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interaction representation. Although the con- 
sistency of the supplementary condition is guar- 
anteed by the corresponding property in the 
Heisenberg representation, it is well to verify it 
directly. However, since the proof involves the 
commutation properties of the current four- 
vector, we digress briefly to derive the necessary 
theorems. 

It is easy to deduce from the expression (2.14) 
for j,(x), and the anti-commutator (2.29), that 


[ju(x) Jo(x’) J : 
=12C (V(x) YpS(x —x') yw (x") 
—V(x" nS (xe —x)y W(x) ]. 


Of course, all components of j, commute at two 
distinct points on a space-like surface. However, 
the important statement is that a time-like 
component of 7, commutes with all components 
of the current at the same point. We prove this 
by demonstrating that 


(2.33) 


1 
f Lin(s) ile") Mey’ =-LigCe),Q]=0 (2.38) 


where o is any space-like surface, which, in par- 
ticular, can include the point x. The validity of 
this statement follows immediately from (2.23) 
and (2.27), since 


J Lin(x) ip(x") Mo,’ 
. =1eo P(x) v(x) — W(x) ru (x) ] 


=0. (2.35) 


Indeed, Eq. (2.34) is an expression of charge con- 
servation, for, according to (2.9), with F=},(x): 


ar tdi f Cin 2) sio(o") Mdo,’A, (x) 
CV 


i & 


= Lisle), OU4(. (2.36) 


To prove the suitability of (2.32) as a supple- 
mentary condition, we must show that it is 
consistent with the field equations of motion, 
the equation of motion for ¥[o], and the com- 
mutation relations. In terms of the operator 


A, 
Q[x,o ]= se ~ 


1 
= f D(x—x')-j,(x’)do,', (2.37) 
klox, a Cc 
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we must verify that 





Coe x,¢]=0, (2.38a) 
60[x,o ] 
the +[O[x,o],3e(x’)]=0, (2.38b) 
5a(x’) 
[QLx,o ],OLx’,o]]=0. (2.38c) 


The first statement is trivial. As to (2.38b), note 
that 
50[x,o ] OD (ex ). 


c =th jy (x’) 
5a(x’) OX : 





a 


while 





cl Ox 


1f0A,(x) 
[OLx,o ],5¢(x’) ] aa -| Auta’) ise 


aD(x—x’) 
; ~ iz!) 


=—1 


Xp 


in view of the property of j,(x) just established. 
Finally, the same property implies that 


0A,(x) dA,(x’) 
fotse}.aC2.0)=| ee 


Xu 





0x,’ 


= —ihel D(x —x') =0. 


Gauge invariance has a different aspect in 
the new representation from that of the Heisen- 
berg representation, since the matter field equa- 
tions do not involve the electromagnetic field. 
On introducing a change in gauge 


Pe son 


OXy 





where A(x) is a scalar function of position such 
that 

L PA(x) =0, 
the supplementary condition, commutation re- 
lations and field equations of motion are un- 
affected, but the equation of motion for ¥[o] 
becomes 


5V[o | 
5a (x) 





the 


= {e(x) +—(f.ae) lve, @.39) 


1453 


in which the charge conservation equation has 
been used. We shall show that it is possible to 
restore this equation to its original form, and 
thus prove gauge invariance, by a canonical 
‘transformation on W[a]. Indeed, the proper 


transformation is 
ULo Je FUL] (2.40) 


where 


oel=— fnte \d 2.41 
o — ole (x)do,. (2.41) 


The equation of motion for the new state vector 
is 


6e7*G le] 


6Vv 
Lae aa 
5a(x) 


the 
5a(x) 








¥[o] 


= {see +—(si.0000) two], (2.42) 


as a consequence of the commutation properties 
of j, on a space-like surface. We may now employ 
the simple expansion theorem 














ee iG 61 5G 
ef =—t +e 
5a(x) do(x) 2!L do(x) 
1 G 
+e, |} (2.43) 
3! 5a(x) 
to deduce that 
be-* 9 £1 
essa et 6 * 
inal = <iss) (2) ) 
4 dA(x) 0 sil 
+216 ple) + = — (0246), 
2c OX, Xy XC 


in which the commutability of j, with a time-like 
component of j, on the surface o ensures that 
only the first term of the series survives. We have 
thereby demonstrated the correctness of the 
transformation (2.40). 

The form of the energy-momentum quantities, 
as well as their significance as displacement 
operators, is altered by the canonical trans- 
formation that generates the interaction repre- 
sentation. In the Heisenberg representation, the 
functional derivative of an operator is of im- 
mediate significance in computing the functional 
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derivative of the expectation value of that 
operator : 


Fr) dF [io ] 
say Le) =(* —*). (2.44) 


In the interaction representation, however, part 
of the change in the expectation value is ac- 
counted for by the variation in ¥[o]: 


6 
(¥Le],FLo }¥[o]) 


5a(x) . (ste 5 MeN) 
" 80(x) 


+—(WLo Mes), Fe }¥LeD. (2.45) 


Accordingly, it is natural to define the total 
functional derivative of an operator, 


AF{c} é6Flo] 7 
tuiked stele +, Le) Fle I 





oF [oe ] 
= Nera? i (2.46) 


O\Xx 


which is composed of the partial functional de- 
rivatives, expressing the explicit coordinate 
variation and the implicit dynamical variation. 
With this definition, 


5 
(¥Lo], Flo }¥Le]) 


50(x) Fle] 
= (v0), ¥{cl). (2.47) 


A 
Ao(x 


If the functional is of the form 
F[o]= f F(x)do,, 
we are led to write 


AF,[o] F(x) 


Ao(x) dx, 





where 
dF(x) oOF(x) 4 ; ; 
or +*[oets), J F(x Nae | 


defines the total coordinate derivative. It should 
be clear that the conservation theorem (1.56) 





dx, 
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and the equation of motion (1.38), in the inter- 
action representation are to be written 


AP,[o] 6P,[o] 1 
= a. Pyle ]]=0, 
Aa(x) 5a(x) +e te]]=0 


(2.48) 





and 


“F(s) P,le=— 
h (x), ule sng d 


Xu 
F ; 
Ox, he 
f Fede, | (2.49) 


Now the partial coordinate derivative 0F(x)/dx, 
is that to be associated with the behavior of non- 
interacting fields, and can therefore be calculated 
from the energy-momentum four-vector of the 
isolated fields, P,, according to 


4 dF (x) 
—[F(x),P,]= 
h 0 


Xp 


(2.50) 
Therefore, 
CF(x), Palo J—Pp ] 


1. 
-- J [se(x), F(x") dog 


1 
=-- [LF (@),2(") Me,’ (2.51) 
Ca 


in which we have used the fact that only the 
point x’=x will contribute to the surface inte- 
gral. One may infer that 


1 
P,[o]=P, —- f 5e(x)do,, (2.52) 
CY, 


which, indeed, is compatible with the conserva- 
tion theorem (2.48), since 


AP,[o] ¥ bP, 
A(x)  8(x) 





4 


~Le(s).P,') 


(2.53) 











The statement (2.52) can be confirmed by 
direct calculation. The appropriate transcription 
of the Heisenberg operator (1.64) involves the 
introduction of the total derivatives dA)/dx, 
and dy/dx,. Only the latter differs from the 
explicit coordinate derivative. Now the operator 
P,™ is formally identical with (1.64), but ex- 
pressed in terms of the interaction representation 
operators and their explicit coordinate deriva- 
tives. Therefore, 


1 
Ple]=P.+— f do, 
2c/., 


x [(x) ,[3C(x) yuh(x") T]do,’. (2.54) 
However, 
1 
[30() ba!) = —-Lin(o) rab (2") An) 
=e { yuh(x’) a(x) } (rav(x))aAr(x), (2.55) 


whence 


P,[o]—P, 


1e 
=~ i) doyiyub(x") Palx)} 
[W(x) £nb(x)) «@ JAn(x)do,’ 
1e 
== [De nH@) — nH HE) Arden 
2c/,, 


1 
=— | 7, (x)Ay(x)do,, 25 
3) AeA) (2.56) 


which is the content of Eq. (2.52). 


3. COVARIANT ELIMINATION OF THE 
LONGITUDINAL FIELD 


It is the function of the supplementary condi- 
tion to ensure that the electromagnetic field 
contains no spin-less light quanta, which have 
various unphysical properties. It is possible, 
indeed to eliminate the scalar potential and the 
longitudinal part of the vector potential, leaving 
only the transverse vector potential as the quan- 
tity truly descriptive of light waves. Such con- 
ventional procedures suffer from a lack of co- 
variance which will be remedied in this section. 
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We shall show that one can replace the electro- 
magnetic field vector, A,(x), by two scalar 
fields, A(x) and A’(x), together with a restricted 
vector field @,(x), in such a way that the supple- 
mentary condition involves only the scalar fields, 
while the equation of motion for ¥[o] contains 
only @,(x), the sole physically significant part 
of the field. The decomposition will be conveni- 
ently expressed with the aid of an arbitrary 
time-like unit vector n,; ”,?= —1. The procedure 
of the customary theory corresponds to the spe- 
cial choice: n, = (0,0,0,2). 

We decompose A,(x) into the gradient in the 
time-like direction specified by n, of a scalar 
operator A(x), the gradient in the space-like 
direction orthogonal to m, of a scalar operator 
A’(x) and the vector @,(x) which has no com- 
ponent in the direction n,, and is divergence-less. 
Symbolically 





0 
A, (x) =n,m,—A(x) 





OX, 
0 
—({ —+n,n; )are) +@,(x), (3.1) 
Cu Cy 
where 
re) ‘ 
Ny,Gy(x)=0, —-@,(x) =0. (3.2) 
OXy 


It is our first task to construct the commutation 
relations of the three fields thus defined, and in 
particular, to prove that they are kinematically 
independent. It follows from the definitions that 


n,A (x) = — mA) (3.3) 


Xp 


and 
0 0 8 \? 
—+nn-—) Ag() ini (»—) A(x), (34) 
OX, OX», , OX, 


in which the latter statement also involves the 
field equations 


(PA =[(_PA’=[ Pa, =0. (3.5) 
The commutation laws for A,(x) imply that 





[mate ; 2) =—thcD(x—x’) (3.6) 


/ 
ps xy 
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(+2) (5) 
= ~he( 4 -) Dee x’). (3.7) 


These can be simplified by the introduction of 
an odd function of the coordinates, D(x), de- 
fined by 


( m—) 68 = D(x) 


[ PD(x) =0. (3.8) 


The relations (3.6) and (3.7) are satisfied if 


[A(x) A(x’) ]=iheD(x—x’) 


[A’(x),A’(x’) ]= —ihcD(x—<x’). (3.9) 


The further commutation relation 
[A(x),A’(x’) ]=0 


is consistent with the result deduced from (3.3) 


and (3.4), namely 
=) A’ (x’ } 


[ms (x), (».- Ny 
re) te) 
= item, (— +m )pw-) =0. (3.11) 
Ox," Ox," 


(3.10) 


Xy 
The commutation properties 


[A,(x) +n,n,A ,(x) MA (x’) ] =0, 


0 0 
| 4n(a+ —+nm-— a"), 
OX» 


Xu 


fe] re) 
( +n,Ne )a.e')]=0, (3.12) 
0x,’ OX" 


when combined with the _commutativity of A 
and A’, imply that 


[A(x);@u(x’) ]=[A'(x), @,(x’)J=0. (3.13) 


Finally, we deduce from (3.1) that 
[@,(x),@,(x’) ]=theb,,D (x —x’) 


0 2 
+inensn,(m—) D(x —x’) 
OxXy/ 


—the +m 
OX 


0 ] 
x( +none—) (0-2) (3.14) 
OX, 


Xo 
or 


[@, (x), @,(x’) ]=thedy»D (x —x’) 


a 


OX, OX, 


—the 
er 


0 
+n,-—- —)m—) (0 a’). (3.15) 
OX,7 OX 


It will be noted that this commutation rule is 
compatible with the restrictions (3.2) imposed 
on @,(x). 

The supplementary condition involves only 
the scalar fields and, indeed, only the combina- 
tion A(x) —A’(x), since 


te] @»* 
—A,(2)=(A%—) (AG) 4). 6.16) 
OX OX, 

Equation (2.32) will now be satisfied if - 


(4@)-4'@) - f D(x—2’ 


1 
Xsila!)do,! Wo] =0. (3.17) 
fe 


The equation of motion for ¥[o_} becomes 
svc] 

the 
5a(x) 


= he ie Fie isle) A! 2) 
| c Ox, \C 


0 
(A(x) — A’ (x)) |¥t04 (3.18) 


——Myju(%) My 
c 


It may be expected that, by a suitable gauge 





QUANTUM ELECTRODYNAMICS 


transformation, A’(x) can be eliminated, leaving 


A(x) —A’(x) and @,(x) as the fundamental vari- 
ables of the eleetromagnetic field. Accordingly, 
we introduce the transformation (Cf. (2.40) and 
(2.41)). 


Wo Joe’ IU], (3.19) 


where 


G'To]=: f vin) A! (ed (3.20) 
ae pe x)do,. :; 


The new equations of motion and supplementary 
condition are: 
5V[o ] de—*@'le] 


ihc +ihce'@' te V[o] 
5a(x) 5a(x) 


1 dsl 
= ¢i@’lel} ——7 (x) @,(x) +— (5.0 (a) 
Cc OX, \C 


1 0 
edi (ata) —a'e)| 
G OX, 
Xe] (3.21) 
and 
(ae) — FG" le) A’ (xe) e-#2'll 
= 
e f D(e—x!)-i,(e?do,! Wo] =0. (3.22) 


The transformation now under discussion dif- 
fers from the previous gauge transformation in 
that A’(x) is an operator, subject to the com- 
mutation relation (3.9). :To indicate the modi- 
fications thereby introduced, we first evaluate 


e'9'lol A’ (x) e—*6' le] = A’ (x) +4.G’Lo ],A’(x) ] 
1 
—TGTMOTe}a I++. (8.23) 
Now . 
iLG’[o ],A’ (x) ] 
j 1 
‘i -— J [A"(2),A"(e") Eile bdo 


1 
we f D(x —2x")—j,(2e’)doy’, (3.24) 
c 


g 


and therefore, only the first two terms of the 


series (3.23) survive: 


e*@'le] A’ (x) e-*@' Ie] 
1 
=A'(x) — f D(x—x’)-j,(x")do,’. (3.25) 
o c 


Hence, the supplementary condition becomes, 
simply, 


(A(x) —A’(x))¥Eo ]=0. (3.26) 


In a similar way 


OA’ (x dA’ OA’ 
coral ©) sm ©) 01 (x) 


OX, Ox, OXy 


dA’ (x) 0 0 
+ NyNy ie f —+ NyNy ) 


Ox v OX, Ox » 


1 
X D(x —x’)-jr(x")doy’, (3.27) 
c 


and 


thce*@’tol =—{ -j, (x) A’(x) 


de-#@'lrl ( 1 
da(x) Odx,\Cc 


1 tpt 1 
24, OX, 


1 
—ju(x)—j-(x’)do,’. (3.28) 
er 


The equation of motion for ¥[¢ ] now reads 


sV[o] 1 1 D(x —x’) 
the ™ Tuz* P ‘» yi ety ty Cs Le 
7 5a(x) ¥ 7) Gn(@) i ( 2 OX, 
OD(x—x’)\1 1 
+ mte—_—— ) =i) au)! 
Ox, Cc Cc 


1 rs] 
—~niglt)s—(A(4) —4"(@)) Wo] (3.2) 


Xy 


which, in view of the supplementary condition 
(3.26), reduces to 


bV[o] 


1 
the - | ——Jju(x) @, (x) 
5a (x) c 


1 dD(x—x’) dD(x—x’) 
e %2 OX, Ox, 


1 1 
X—ju(x)—jr(x’) doy’ }¥to. (3.30) 
¢ ¢ 


eed 


< g aOMRT REE Pen ei 


ae ee TE ee aE 
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We have thereby succeeded in constructing an 
equation of motion for W[o] which no longer 
contains the electromagnetic field variables in- 
volved in the supplementary condition. The 
additional term thus introduced is evidently the 
covariant generalization of the Coulomb inter- 
action between charges. 

To exhibit the latter property somewhat more 
clearly, we must restrict the arbitrary space-like 
surface o to a plane surface with the normal n,. 
The advantage thereby acquired is the possi- 
bility of asserting that 


re) re) 
— +1, 
OX, Ox, 


)ow-) =0, 


Ny(Xp—Xy')=0 (3.31) 


which enables (3.30) to be simplified, yielding: 


bV[o ] 1 1 dD(x—x’) 
the oa — a) weit f eam 


S. ree 
X—Myju(x)—jr(x’)doy’ |¥Co3. (3.32) 
c c 


To prove (3.31), it is sufficient to verify it in a 
particular coordinate system. It is always pos- 
sible to construct a reference system for which 
the normal to a plane space-like surface is di- 
rected along the time axis; in other words, in 
this reference system, n,=(0,0,0,7). Equation 
(3.31) then states that the spatial derivatives of 
O(r—r’,t—?’) vanish for t=?#’. This will be true if 
D(r,0)=0 for all r, that is, if D(r,t) is an odd 
function of ¢. Now, in this special coordinate 
system, (3.8) becomes 


10\? 
(-—) Dr) =VD(G,) =D(,t) (3.33) 


c Ot 


and, since (2.17) assures us that D(r,t) is an odd 
function of the time, the necessary property of 
D(r,t) is established. As a final step, we note 
that, in this special coordinate system, ; 


re) 10 
Ny—D(x —x’) =-—D(r—r’,0), 
OX, Cc ot > 


Ny(Xp—X,p')=0 (3.34) 
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and 


10 10 
V2-—D(r,0) =-—D(r,0) = —6(r), (3.35) 
c Ot c Ot 


in which the latter statement involves the con- 
tent of the equations of definition (2.17) as 
adapted to the special coordinate system. It 
follows from (3.35) that 


10 1 
——D(r,0) <a 


(3.36) 
c ot 4ar 


of which the covariant expression is 


1 
n;—D(x —x’) =— —————_, 
Ox, 4a C(x, —x, )*} 


My (Xp—Xy') =0. 


(3.37) 


The energy-momentum four-vector is modified 
by the unitary transformation (3.19), according 
to 


Plo ]}e'@'t1P, [og Je-1@'l}, §=— (3.38) 


The evaluation of the new operator P,[o’] in- 
volves the following transformations, which we 
note without proof: 


etO"tel A ,(x)e-10"lel = A, (x) 


0 1 
)0e-x)Ale de, 
'. Va ™ C 


1 oy oy 
aioe” f dor] = Yio 


0%, OK» 
1 oy dy 
=- | do [my ———hy 
2/, 7 "Ox, OX» , 
; 1 5. OA’ & OA’ 
“> f ae, —dexs—} (3.39) 


C OX» c Ox, 


In virtue of the supplementary condition (3.26), 
we may write 


OA’ (x) 


)ete3, (3.40) 
OX, 


A,(«)¥[o] = ( @, (x) 


It follows, as a result of straightforward simpli- 
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fication, that 


1 AQ, OQ) 
Po] -— fae] 
2c/, 


Ox, Ox, 
Phat 9G, bn - =) ] 
= OX, OXe 


sf ov yn aaa | 


Ox, 





dD(x—x’) 
sa i “ I 
+ aol —ju(x) @y(x) +- So 


1 
X=migls) =e de' | (3.41) 
Cc 


which has been stated as an operator equation, 
rather than a derived supplementary condition, 
with the understanding that the operator A—A’ 
shall no longer appear in the theory. 

As the final comment of this section, we re- 
mark that the derivatives of @,, occurring in 
(3.41), can be combined into the field strengths 

te) re) 


Fu» =— @, -—Q, (3.42) 
OX, Ox, 


with the result that 


1 
P Lo | = P J dol FrFonr FFnFr— £5 urFro? | 


in Hr | 
; "Ox, Ox, 

aD f 
Fine) (2) += Ae —— 





1 
easchceutl (3.43) 
c Cc 


We need only notice that (Cf. (1.32)) 
dQ) = OQ, OQ) i.(—) 
Ot, ed OX, OX, OXe 
= FF r+ FrFura— $5yrFr0? 

re] 0G, 9Qy 
+—( QF ur + Fur Q,) + ; 

OX OX Ox, 
dQ) OQ. 

— by —. (3.44) 
Ox, OX) OX, OX 


OQ) IQ, 


The lemma (1.58), together with the anti- 
symmetry of §,,, then informs us that 


) 
faa —( G:F r.+ Fr Q,) = 0, 
« 9% 


while the divergence-less nature of @, is com- 
bined with (1.58) in the following proof: 


0Q@,9Q@, IQ 0G, 0Qy 9QA- 
[ | 


OX, OX, OX» OX, 


45 Qy 0G, 
= = feo Qy Q.+ Qy 
Xr Ox, * ak Ox, 


aa 
|- fee —(e4.) 
OX» ce 0% OXe 


~— f to — —(@,@r.+ @@,) 


") 
OX, OX» 


4 feo bi, ~(ae.)= 0. (3.45) 
Ox OXe 


4. THE INVARIANT COLLISION OPERATOR 


While the interactions between fields and their 
vacuum fluctuations are conveniently regarded 
as modifying the properties of the non-inter- 
acting fields, other types of interactions are often 
best. viewed as producing transitions among the 
states of the individual fields. We shall conclude 
this paper with a brief discussion of a covariant 
manner of describing such transitions. The 
change in state of several fields arising from 
their mutual interaction is described by the equa- 
tion of motion (2.6) for the state vector ¥[¢ ]. The 
question that must be answered in order to 
describe collisions between the particles associ- 
ated with the quantized fields is: given the state 
vector on a surface o1, what is the state vector 
on the surface a2, in the limit as o; and o2 recede 
into the remote and past and future, respect- 
ively? In this limit, no precise characterization 
of the surfaces is required and we shall accord- 
ingly denote them by the symbols — © and 
+ ©, respectively. It will be useful to derive the 
state vector on an arbitrary surface o from that 
for the initial surface 0, by a unitary operator: 


V[o]= U[e,01 }¥[o1] (4.1) 


2 MARR a mens arent eA we A 


a 
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which is to be determined ‘by an equation of 
motion 





6 
the— UL[e,o1] = K(x) UL[o,o1], (4.2) 
(x) 


bo 


and an initial condition 
U[o1,01]=1. (4.3) 


The functional differential equation (4.2) is 
conveniently replaced by a functional integral 
equation, which incorporates the initial condi- 
tion (4.3): 


ULo,o; | =1 -= f #0) UL’, |dw’. (4.4) 


The volume integral in this equation is extended 
between the surfaces o, and go. In particular, 


UL[o2,0, }=1 —~ fsec) U[e,o1 ]dw. (4.5) 


In terms of the limiting surfaces +o, the 
integral equation becomes 


pan t 4 / U , , 4 
Ule.—=}=1——f sete) [o’,— du’, (4.6) 
while 

s=1—+ [ xe(2) Ute ee a) 
=F _— 


Here 
S=U[,— ], (4.8) 


which we call the collision operator, determines 
the over-all change in state of the system as the 
result of interaction: 


U[ 0 ]=S¥L+ 0]. (4.9) 


The expectation value of some physical quantity 
F can then be calculated in the final state, for a 
prescribed initial state: 


(¥L © ],F¥L © }) 
=(¥[— 0 ],SAFSY[—«©7]) (4.10) 


from which the probabilities of various transi- 
tions can be inferred. 

The problem of determining the unitary colli- 
sion operator S can be replaced by that of de- 
termining a Hermitian operator K, which we 
may call the reaction operator. Our procedure 
will be precisely analogous to the use, in classical 


electrodynamics, of the sum and difference of 
advanced and retarded potentials rather than 
the latter alone. The integral equation (4.6) can 
be rewritten as 


U[o,— © Hf [xe Ula’, — © |dw’ 
~ fx U[o’,— id 
=] -+| fe ULo’, — © |dw’ 


+f se(e!) UL, — <a (4.11) 
or 


¢ x / U U U 
Ule— 2145 -f eo ele") ULe',— = Ws 


=1-* fs ULe',— © du’, (4.12) 
pagar c x a’, w’, (4. 


where ¢[o,0’]=1 if o’ antedates the surface o 
while ¢e[¢,c’ ]|=—1 if o’ succeeds the surface co. 
It is useful to introduce the functional V[o] 
according to the definition 


ULo,— 20 |] . 
4 rs) 
= VieI(1-—f se )U[e ag 0 |dw ) 
= Vio ]3(1+5) (4.13) 
so that 


4 0 
Vie]+3—f ae |3e(x’) Vio" Jdw'=1. (4.14) 


On computing S from (4.7) and (4.13), we learn 
that 








S-i1 7° 
4 =—] (x)V[ioldw=K, (4.15) 
S+1 ° 2hev_. 
or 
1-iK 
= ; (4.16) 
1+71K 


While the Hermitian character of K is an im- 
mediate consequence of the unitary nature of S, 
it is instructive to give a direct proof. Associated 





—. ae ee fee ok lf 
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with the integral equation for V[c] is the Her- 
mitian conjugate equation 


in. 
Vie} f ds Vt[o’ ]3x(x’)eLo’,o ]=1, (4.17) 


in which we have used the evident relation 
eLo,o’ ]=—eLo’,o ] (4.18) 


and the Hermiticity of 3¢(x). We may now multi- 
ply (4.14) to the left with V+[o]3¢(x), multiply 
(4.17) to the right with 3(x) V[o], and integrate 
with respect to x over all space-time. A com- 
parison of the resultant formulae yields: 


. i 
- f/ v*LeJse(x) Vio Mot — 


—0 


Xx f Vt[o ]3C(x) €Lo,0’ ]3C(x’) Vio’ Jdwdw’ 


7 f 5¢(1x) VLo deo = f V+Lose(x)de (4.19) 





+” 1 ‘e - 
tah ne JR(x’) Vio" ]dw kf ew V[o’ dw rate fl | V*Le] 4+ 


or 
K=Kt*. (4.20) 


An important stationary property of the re- 
action operator K should be noted. On writing 
(4.19) as 


2he f VtLo ]3e(x) Vio |dw 
+7 if V+[o ]3(x) [0,0 ]3C(x’) VE 0" |dwdw’ 
f “V+Eo Jae (se)deoK~? 


x f K(x’) Vo’ |dw’, (4.21) 


we obtain a formula for K which is homogeneous 
in V[o] and V*+[e] and stationary with respect 


to small variations of V[o] and V*[o]. On per- . 


forming such a variation, we obtain 


4 f "V+ o Jp (x)doK-3KK- f “3e(x) Vie do = 2he f “dab V*Lo}e(0)| VL0] 


4 





. ssi ; 
4 f UML e dee f le ae K(x)dVLo|dw. (4.22) 


Evidently, if V[o] satisfies (4.14) and (4.15), 
together with the Hermitian adjoint equations 
for V+[o], 5K =0. Conversely, if K is stationary 
for arbitrary variations, the quantities within 
brackets on the right side of (4.22) must vanish. 
It is easily seen that the functional 


V'[o]=Voo] 
( i “(e) V[o’ ie!) 2hok (4.23) 


obeys Eqs. (4.14) and (4.15), while V’+[o] obey 
the corresponding Hermitian adjoint equations. 
This type of variational principle has been ex- 
tensively applied in the treatment of scattering 





problems,” and will be discussed in detail 
elsewhere. 

As a final remark, we observe that the repre- 
sentation of S as an integral extended over all 
space-time indicates that it is unaffected by a 
translation of the coordinate system, and there- 
fore commutes with the operator P, (cf. Eq. 
(2.50)): 

[S,P,]=0. (4.24) 


This is the energy-momentum conservation law 
for collision processes, since, according to (4.10), 
the expectation value of P, is unchanged by 
the course of interaction, for an arbitrary initial 
state. 


12 J. Schwinger, Phys. Rev. 72, 742 (1947) and unpub- 
lished lecture notes. 
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In spherical photo-tubes with interchangeable emitters, 
energy distributions of external photoelectrons from the 
semiconductors, Te, Ge, and B, were compared with those 
of several metals. Contact potentials were determined from 
the saturation points of current-voltage characteristics. 
For the semiconductors, as contrasted with metals of the 
same work function, there was a pronounced sparsity of 
electrons with energies near the Einstein maximum. In 
general form, the distributions could be described by the 
expression, 


N(v, E)dE « g(v)E(hv— p—b—E)dE, 


based on simplified assumptions analogous to those previ- 
ously applied in the case of metals. Here ¢ is the work func- 
tion; 6 is the energy difference between the Fermi level 
and the top of the occupied band of energy states; m is a 
parameter depending both on the form of this band and on 
the energy dependence of the photoelectric excitation prob- 
ability; g is a slowly varying function of ». The photo- 
electric properties of the semiconductors could also be 
specified conveniently by plotting measured values of 
N(v, E)/E as functions of hy— g—E. Spectral distributions 


of the photoelectric yields varied more rapidly with » than 
those for metals and were not measurable unless hy exceeded 
¢ by several tenths of an electron volt. 

Near the Einstein maximum, energy distributions devi- 
ated from the simple relation given above. The experiments 
failed to disclose sharply defined stopping potentials corre- 
sponding to upper edges of occupied bands of energy states 
in the semiconductors. Thus m and 6 were not defined 
uniquely. Typical values of m obtained both from energy 
and spectral measurements were $ and 2; illustrative values 
of 6 were 0.10 to 0.18 ev for evaporated Te(y~4.76 ev), 
0.2 to 0.3 for evaporated Ge(g~4.8), and 0.3 to 0.5 for 
pyrolytic films of B(g~4.6). Thermoelectric measurements 
showed that all samples were P type. For Te the results 
were in agreement with available data on electrical 
properties. 

Using the above values of 5, upper limits were found for 
photo-currents originating in the “forbidden’’ zones (as 
defined by E>hvy—y—5). For the surface states that were 
assumed as possible sources of these currents, estimated 
densities were of the order of magnitude, 10” cm~. 





I. INTRODUCTION 


HEORETICAL considerations indicate that 

the external photoelectric effect is valuable 
for investigating semiconductor surfaces. The 
work of Wilson,! as extended by Fowler,? has 
shown that a material of this type may exhibit 
a photoelectric threshold energy that exceeds its 
thermionic work function by as much as 1 or 
2 ev. Condon* has pointed out that this effect 
may explain the anomalous contact-potential 
differences‘ observed by Millikan® in his experi- 
ments verifying Einstein’s photoelectric equa- 
tion. Since the photoelectrons from a simple semi- 
conductor originate in levels near the top of a 
filled band of energy states,?* their velocity dis- 
tribution and the spectral distribution of the 


* Presented in part at the meetings of the Amerianc 
Physical Society, Washington, D. C., May, 1947, and New 
York, New York, January, 1948: 

1A' H. Wilson, Proc. Roy. Soc. A133, 458 (1931); A134, 
277 (1931). 

2R. H. Fowler, Statistical Mechanics (Cambridge Uni- 
versity Press, Teddington, England, 1936). 

3E. U. Condon, Phys. Rev. 54, 1089 om. 

‘ Hereafter this term is abbreviated to c.p 

5 R.A. Millikan, Phys. Rev. 7, 18 (1916); on 236 (1921). 


yield should differ markedly from those for 
metals.* Detectable emission may conceivably be 
associated with surface states of the type recently 
discussed by Bardeen,’ Brattain and Shockley,® ® 
and Meyerhof.!° 

This paper describes an attempt to measure 
these various effects. The work is essentially a 
repetition of Millikan’s experiment, with the 
emphasis shifted to questions like those discussed 
by Condon. The main purpose is to determine the 
position of the Fermi level in the energy spec- 
trum for electrons at the surface of a semi- 
conductor. To make results more amenable to 
interpretation, a spherical geometry was adopted. 
For the same reason, effort was concentrated on 
the elementary semiconductors, Te and Ge, many 


6 V. F. Weisskopf and L. Apker, Phys. Rev. 60, 170(A) 
(1941). The exponent 2 should be deleted from the ‘formula 
in this abstract. 

i eye Phys. Rev. 71, 717 (1947), and references 
cited there; H. M. James, Bull. Am. Phys. Soc. 23, 22(A) 
(1948); P P. H. Miller, Jr., and J. J. Markham, Bull. Am. 
Phys. Soc. 23, 21(A) (1948). 

(1947). H. Brattain and W. Shockley, Phys. Rev. 72, 345 

°W. H. Brattain, Phys. Rev. 72, 345 (1947). 

10 Walter E. Meyerhof, Phys. Rev. 71, 727 (1947). 
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properties of which have been examined in con- 
siderable detail.'—5 

It is highly desirable, of course, that work of 
this kind be done on single crystals. The emitting 
surfaces should be clean and smooth—preferably 
simple crystal planes. In a survey of the kind 
reported here, however, the difficulties of pro- 
ducing such emitters become prohibitive. Hence 
polycrystalline samples were used almost exclu- 
sively. The surfaces were undoubtedly non- 
uniform, and there is no proof that they were 


free of adsorbed gases. We have proceeded in . 


these circumstances, nevertheless, by restricting 
our attention almost entirely to reproducible 
first-order effects that are relatively insensitive 
to contamination or to patch fields. 

In all cases, semiconductors exhibited a be- 
havior strikingly different from that of metals 
investigated under the same conditions. 

A satisfactory interpretation of the results 
would require quantitative knowledge, as yet 
unavailable, of the transition probabilities in- 
volved. Simplifying assumptions compatible with 
present theory have been used, therefore, to 
analyze the data. In some cases, analytical ex- 
pressions are applicable. The procedure then 
leads to graphical techniques similar to those de- 
veloped for metals by Fowler? and DuBridge.'®"” 


11C, H. Cartwright and M. Haberfeld-Schwarz, Proc. 
Roy. Soc. A148, 648 (1935). 
12,V, A. Johnson, Bull. Am. Phys. Soc. 22, 20(A) (1947); 


23, 5(A) (1948); Wayne Scanlon and K. Lark-Horovitz, 
Phys. Rev. 72, 530(A) (1947); Bull. Am. Phys. Soc. 23, 
26(8) (1948); A. von Hippel, Bull. Am. Phys. Soc. 23, 
26(A) (1948). 

1%W. H. Brattain and H. B. Briggs, Phys. Rev. 72, 
174(A) (1947). 

14 Georg Hass, Phys. Rev. 72, 174(A) (1947). 

1 K, Lark-Horovitz and V. A. Johnson, Phys. Rev. 69, 
259(A) (1946); K. Lark-Horovitz, A. E. Middleton, E. P. 
Miller, and I. Walerstein, ibid., 258(A) (1946); K. Lark- 
Horovitz, A. E. Middleton, E. P. Miller, W. W. Scanlon, 
and I. Walerstein, zbid., 259(A) (1946); V. A. Johnson and 
K. Lark-Horovitz, ibid., 259(A) (1946); ibid. 71, 483(A) 
(1947); zbid., 374; ibid., 909 (1947); Bull. Am. Phys. Soc. 
23, 26(A) (1948); E. Conwell and V. F. Weisskopf, Phys. 
Rev. 69, 258(A) (1946); G. L. Pearson and W. Shockley, 
ibid. 71, 142(A) (1947); I. Estermann, A. Foner, and J. A. 
Randall, ibid., 484(A) (1947); ibid., 530(A) .(1947); W. 
Crawford Dunlap, Jr., ibid. 71, 471(A) (1947); S. Benzer, 
ibid., 141(A) (1947); Bull. Am. Phys. Soc. 23, 25(A) (1948); 
V. E. Bottom, Bull. Am. Phys. Soc. 23, 21(A) (1948). 

146A, L. Hughes and L. A. DuBridge, Photoelectric 
Phenomena (McGraw-Hill Book Company, Inc., New 
York, 1932). 

17L, A. DuBridge, Phys. Rev. 39, 108 (1932); 43, 727 
(1933); Actualites Scientifiques et Industrielles (Hermann 
and Cie, Paris, 1935), No, 268, 
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Lest features of unrealized importance be ob- 
scured, typical data are given in original form. 


Il. THEORY OF RETARDING POTENTIAL 
MEASUREMENTS 


We shall first review, in slightly modified 
fashion, the -theory?*5® of the measurements de- 
scribed in later sections of this paper. 

Figure 1 shows the density x of electron energy 
states as a function of energy ¢ for the following 
materials: (1) an ideal metal with a comparatively 
high work function ¢g,; (2) a metal with a lower 
work function ¢;(3) an ideal intrinsic semiconduc- 
tor also having a work function gy. To aid in com- 
paring these diagrams with current-voltage 
curves, they are drawn with e increasing from 
right to left. Metal (1) will be of interest primarily 
as an electron collector in a photo-tube, although 
it will be considered also as an emitter. Materials 
(2) and (3) will be used as typical examples of me- 
tallic and semiconducting emitters, respectively. 

When these three substances are in thermal 
equilibrium, their Fermi levels 1 assume the same 
energy.” Accordingly, the diagrams in Fig. 1 are 














ST al 


C) 
e=-thv-@ve— | \ - 
YW=-(ho ¢e -dye m “wegve 





Fic. 1. Schematic diagram showing the density of elec- 
tron energy states n(e) as a function of energy « for: (1) an 
ideal metal with a comparatively high work function ¢,; 
(2) a metal with a lower work function ¢; (3) an ideal 
intrinsic semiconductor also with a work function ¢. Note 
that ¢ increases from right to left. Occupied states from 
which external photoelectrons can be excited by radiation 
of frequency » are crosshatched; other poten states are 
shaded. Below the energy diagrams are theoretical current- 
voltage characteristics derived for a spherical photo-tube. 
The number next to each curve designates the emitter 


’ material; the collector is assumed to be made of metal 1. 


The saturation line, shown as IJ/J,=1.0, has a small but 
measurable slope due to the Schottky effect, which is 
neglected in this figure. 
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adjusted to make these levels coincide. States 
with the same total energy thus lie on the same 
vertical line. The potential energy of an electron 
just outside the surface barrier exceeds yu by an 
amount equal to the work function. This is indi- 
cated by the dashed line at the left-hand side of 
each energy diagram. The displacement ¢,—¢ 
between the lines for metals (1) and (2) corre- 
sponds to the c.p.d. between these conductors. 
In this paper we shall be concerned mainly 
with temperatures of 300°K. Thermal excitation 
of electrons to levels as much as 0.20 ev above yu 


is measurable in precise photoelectric work on ° 


metals at this temperature. This effect is not 
indicated in Fig. 1, however, and states above u 
are shown unoccupied. For the semiconductor 3, 
uw exceeds the highest energy in the occupied band 
by an amount 6. Except for quantities of the 
order of kT, 6 is equal to one-half the width of the 
forbidden zone. The discussion that follows may 
be extended to impurity semiconductors by as- 
signing other well-known values to 6.427 

Let us consider a photo-tube with a large 
spherical collector made of metal 1 in Fig. 1. In 
this tube we arrange to have three small, central, 
interchangeable emitters composed, respectively, 
of materials 1 to 3. Using the well-known method 
of retarding potentials,!® we may determine the 
energies of the photoelectrons irrespective of the 
directions in which they are emitted. In doing 
this, we measure the photo-current J as a func- 
tion of V, the e.m.f. applied between the collector 
and the emitters. 

In the photoelectric process,!” !* an electron of 
energy ¢ absorbs a quantum and is excited to a 
state of total energy e+hv. If e+hv>yu+ 9, the 
electron can leave the emitter. Just outside the 
surface barrier, it has a kinetic energy 


E=et+hv—(ut+ 9). (1) 


Occupied states for which this emission process 
is possible are crosshatched in Fig. 1. 

An important feature of this experiment is 
that the total energy, not the kinetic, determines 
whether or not the electron can reach the col- 
lector. If we take the coincident Fermi levels of 
the emitters as our reference energy, an accelerat- 


18 For a discussion of work on metals, see E. Rudberg, 
Phys. Rev. 48, 811 (1935). The treatment above is not 
applicable to bound states (see reference 27). 
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ing e.m.f. lowers the potential of an electron just 
outside the collector by an amount eV. A photo- 
electron originating in the state e will just be 
collected, therefore, when 


utge—eV=e+hy. (2) 


The scales in Fig. 1 are adjusted to make corre- 
sponding values of V and ¢ in Eq. (2) fall on the 
same vertical line. In particular, electrons origi- 
nating at the level yu are collected at a voltage V, 
given by 


(3) 


At 0°K, levels above yw» are unpopulated in a 
metal, of course, and J=0 when V<Vpo. Du- 
Bridge!” has shown that the initial increase of J 
is linear at this temperature; hence Vp is an easily 
determined stopping potential, and by using 
Eq. (3) one may find g,. At higher temperatures, 
Vo may be located by DuBridge’s graphical 
technique if the c.p.d. is known. 

For the semiconductor (3), we neglect the elec- 
trons in the conduction band. This is justifiable 
in photoelectric work at 300°K if the forbidden 
zone is more than 0.3 or 0.4 ev wide. Then J=0 
if V< Vo’, where 


eV’ = Ge+b—hy =eVot+6. 


eVo=¢-—hp. 


(4) 


Because of the shape of the occupied band near 
its upper limit, one expects the current from a 
semiconductor to exhibit a tangential rather than 
a linear approach to the voltage axis.® Results to 
be presented in Section VI show that this is the 
case. If electrons in the conduction band are de- 
tectable, the current-voltage curve should ex- 
hibit a plateau in the region directly below the 
forbidden zone in Fig. 1. If there is a continuous 
distribution of surface states in this zone,’ the 
characteristic for the semiconductor should be 
more nearly like that for a metal. , 

A convenient property of retarding-potential 
methods that has long been recognized is that 
Eqs. (2) to (4) are independent of the emitter 
work function. In a photo-tube of the type we 
are discussing, several metallic emitters may be 
used for making independent determinations of 
Vo. Substitution of a semiconductor then allows 


. one to investigate the points discussed in the 


preceding paragraph. Stray fields in the photo- 
tube are serious only when comparable with the 











field produced by the collector voltage V» (or 
V,'). Variations in g that produce a 30 percent 
uncertainty in hy—g (or in hy— y—8S) for a non- 
uniform surface do not disturb the results meas- 
urably near Vo (or Vo’). Variations in 6 associated 
with patch structures, or with different crystal 


directions, may produce superposed character-. 


istics with various values of Vo’, but a minimum 
value of 6 should nevertheless be evident. The 
most serious. difficulty met in practice is distor- 
tion of current-voltage curves because of non- 
uniformity of the collector. 

In order to determine the kinetic energies of 
the photoelectrons, one must know the c.p.d. 
From (1) and (2) we obtain the well-known 
relation, 


E=¢9.—¢—eV. (5) 


Setting E=0, we find the saturation point, V,, 
of the current-voltage characteristic: 


eV.= Gc— Y- (6) 


For V>V,, J is constant and equal to J, if the 
Schottky effect is neglected. The Einstein rela- 
tions are obtained by setting ¢ equal to yu or to 
u—6 in (1): 


En=hv— g=e(V,— Vo); 
En! =hy— g¢—b =hv— ¢' =e(V.— Vo’). (7) 


Here Em and Ep’ are the maximum energies of 
the photoelectrons from a metal at 0°K and from 
an ideal semiconductor, respectively; gy’ is the 
photoelectric threshold energy of the semicon- 
ductor: It is evident that phenomena dependent 
on Eqs. (5) to (7) will be sensitive to non- 
uniformity of the emitter surface and to stray 
fields in the photo-tube. 


Ill. FORM OF ENERGY AND SPECTRAL 
DISTRIBUTIONS 


The probability that an incident quantum will 
eject an electron having a kinetic energy E in the 
range dE is given by | 


N(v, E)dE= p(y, €)f(e)n(e)de. (8) 


Here N is the energy distribution function, is 
the transition probability, and f is the Fermi 
factor, [1+exp((e—)/kT) ]-; as before, m is the 
density of states and E£ is related to e through (1). 

Now ?* can be calculated only if one knows 
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the wave functions for the states involved in the 
transitions. Work of this sort has been done for 
simple metals,!%2° but semiconductors have not 
been treated. In the absence of such information, 
we shall attempt to get a rough idea of the form 
of N by writing p as the product 


p(v, €) =s(v, €)t(e+hv). (9) 


Here s is the probability of excitation from the 
state « to the state e+hy, and ¢ is the probability 
that an electron reaching the state e+hy will 
appear outside the surface barrier. It is evident 
that ¢ must be zero for E=0 and must increase 
at higher values of E. To a first approximation 
we set 


t(e-+hy) « E. (10) 


This assumption is closely related to those used 
by Fowler and DuBridge in their work on the 
photoelectric emission of a Sommerfeld metal.” 17 
It is in good agreement with detailed calculations 
made on sodium by A. G. Hill.?%7 

A special case of particular interest is that for 
which 


s(v, €)m(e) « g(v)(u—5—€)"=g(v)(Em’—E)™. (11) 


19 For references and discussion, see F. Seitz, The Modern 
Theory of Solids (McGraw-Hill Book Company, Inc., New 
York, 1940); A. H. Wilson, The Theory of Metals (The 
Cambridge University Press, New York, 1936); L. B. 
Linford, Rev. Mod. Phys. 5, 34 (1933). 

20 A. G. Hill, Phys. Rev. 53, 184 (1938). 

*1 In treating a Sommerfeld metal, Fowler and DuBridge 
considered in detail the velocities of the electrons before 
and after excitation. Anisotropies in s due to the one- 
dimensional character of the ideal surface barrier were 
introduced in some cases and neglected in others. In the 
final approximations, the results reduce to the equivalent, 
in our symbols, of stn <E (with the variation being due 
almost entirely to #). Hill’s more rigorous computations 
for sodium gave very closely the same result, except that 
s contained a factor lying between »~* and »~ (Hill, refer- 
ence 20, Fig. 1). As a consequence, the spectral distribution 
calculated from Hill’s data would drop noticeably below 
the Fowler curve when hy—g>0.5 ev. Nevertheless, the 
energy distributions fit DuBridge plots even when hy—¢ 
=1.2 ev. A similar result has been found experimentally 
for tungsten (see reference 24). The optical constants of 
the emitter may also have an important influence on this 
problem (see R. J. Maurer, Phys. Rev. 57, 653 vant and 
the papers cited there). A more complete form of (10) may 
be derived for ideal metals by considering electrons isotrop- 
ically distributed in velocity space and incident on a one- 
dimensional barrier. Then, 2#=1—[(u+¢)/W]}~E/2W. 
Here W, the energy relative to the bottom of the conduc- 
tion band, is assumed large compared to E. This naive 
argument may fail entirely for semiconductors (one objec- 
tion, for example, is that the bottom of the conduction 
band may approach or exceed y+ ¢; another is that the 
effects of crystal anisotropy may be much more pronounced 
for semiconductors than for metals). 
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Fic. 2. Schematic diagram of photo-tube showing the 
hairpin-shaped emitter support with one of the interchange- 
able emitters hanging on it. During measurements, the 
bucket-shaped emitter is placed over the end of the hairpin, 
The quartz window that admits the radiation is at the 
lower right. The inside of the glass sphere is coated with a 


conducting layer which serves as the collector. 


Here s(v, €) is separable into a frequency-depend- 
ent part g(v) and an energy-dependent part. The 
latter combines with m(e) to make up the second 
factor on the right. Using (8) to (11) we get the 
following energy distribution: 


Ny, E) « q(v)E(Em! —E)™. (12) 


The current-voltage characteristic at O°K is 
given by 


Em’ 


Nv, E)dE = q(v)(hy— g')™** 


X[(m+2)(1—v')"4!—(m+1)(1—v')"*7],_ (13) 


where v’=(V,—V)/(V.— Vo’), and where the 
photoelectric yield Y is expressed in electrons/ 
quantum. The lower limit of the integral is to be 
regarded as a function of v’. At a given frequency, 
energy data are normally obtained by measuring 
only V and the ratio J/I,. 

Setting m=5=0 in (13), we obtain DuBridge’s 
equation for an ideal metal at 0°K.!” If, in addi- 
tion, g is constant and v’=0, the result is iden- 
tical with Fowler’s equation for 0°K.? By taking 
account of the Fermi factor for T>0, one may 
derive the complete forms of these equations for 
metals. 

If ” has the familiar form!® 


nx (u—5—e)}, (14) 


at the high energy end of the filled band in a 
semiconductor, and if s is independent of e, then 
m=4; if s is proportional to the velocity of the 


“hole” formed in the filled band by the transi- 
tion,* m=1. This value is used in Fig. 1; however, 
the energy dependence ‘of s will be treated as an 
open question in this paper. 

The study of soft x-ray emission spectra”* has 
shown that (14) is sometimes valid over such a 
limited range that it is not very useful. In certain 
cases (Skinner, reference 22, Fig. 3; O’Bryan and 
Skinner, reference 22, p. 261) the results can be 
described within experimental accuracy by a rela- 
tion in which the exponent 3} is replaced by a 
larger number. For this reason we maintain an 
interest in values of m greater than 1 in (13). 

This relation may be compared with experi- 
ment by methods similar to those of Fowler and 
DuBridge. V, can be determined with sufficient 
precision by parabolic extrapolation of I to 
the saturation line.**%* Then J/J, and its log- 
arithm may be plotted as functions of logE 
=loge(V.— V). The logarithmic curve is sensi- 
tive to the form of the results near Vo, as is the 
linear one near V,. The value of m can be found 
from the plots which best fit the data. (An inde- 
pendent value may be obtained from the spectral 
distribution.) Vo is determined from the hori- 
zontal displacement required to superpose the 
experimental and theoretical curves. 

A preferable method of analyzing data involves 
only expression (10). The quantity sz may be 
found by differentiating the current-voltage 
curves and by evaluating the ratio N(v, E)/ 
E«s(v, e)n(e). Using several values of v, one may 
determine the frequency dependence of s. 


IV. SURFACE STATES AND IMPURITY LEVELS 


We shall assume that surface states and im- 
purity levels may be treated on the same basis. 
The probability that a quantum will be absorbed 
by an electron in a bound level may be estimated 
from the formula”? 


o = (wh/mc)(e2/hAv) F. (15) 


2H. W. B. Skinner, Phil. Trans. A239, 95 (1940); H. 
M. O'Bryan and H. W. B. Skinner, Proc. Roy. Soc. 176, 229 
(1940); D. H. Tomboulian, Phys. Rev. 60, 551 (1941). 

%S.S. Prilezaev, J. Tech. Phys. U.S.S.R. 9, 1439 (1939). 
(1948) Apker, E. Taft, and J. Dickey, Phys. Rev. 73, 46 

*%H. Bethe, Handbuch der Physik (1933), Vol. 24, p. 1. 
Weare indebted to Dr. Bethe for discussions of this subject. 
( He 6. Frohlich and R. A. Sack, Proc. Phys. Soc. 59, 30 

1946). 

27 The influence of the Franck-Condon principle on the 

problem of emission from impurity levels has been treated 
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Here o is the cross section for absorption in the 
range Ay, and F is the oscillator strength for this 
range. Estimating that F=0.2 and hAv=1 ev, we 
get o=2X10-? cm*. For a density of surface 
states equal to the density of surface atoms, 10" 
cm~*, the absorption is 0.02. If 10 percent of the 
excited electrons escape (E/W=0.4),! the yield 
is 0.002 electron/quantum. This is more than 
twice as large as the total photoelectric yield 
given for Te or for Ge in Section VI (dv = 5.80 ev). 
A more reasonable value for the density of sur- 
face states, however, is 10 cm-?.?—® In this case, 
the emission from these states amounts to a few 
percent of that mentioned for Te and Ge above. 
This would be enough to obscure the point Vo’ 
on the current-voltage characteristic. 

Bardeen’ has shown that a surface state den- 
sity of 10" cm~ is sufficient to set up a space- 
charge layer at the free surface of a typical semi- 
conductor containing 10!’ impurities/cm*. Conse- 
quently, at the surface 6 approaches half the band 
separation, although it differs from this value in 
the interior. This effect would show up in a shift 
of Vo’, even though the emission from the surface 
states themselves might not be measurable.”® 


V. EXPERIMENTAL METHOD 


A schematic diagram of the type of photo-tube 
used in this work is shown in Fig. 2. The collec- 
tors were glass spheres 15 cm in diameter. Each 
was coated on the inside with a conducting layer 
of Aquadag, coarse graphite, Ni, W, or Pt. From 
5 to 8 bucket-shaped emitters were hung on a Ta 
wire bent in the shape of a hairpin. These buckets 
could be moved about by tilting the sealed-off 
photo-tube. During measurements, the emitter 
in question was slipped over the end of the hair- 


recently by C. Herring in theoretical work on oxide cath- 
odes, Bull. Am. Phys. Soc. 23, 27(T) (1948). We wish to 
thank Dr. Herring for discussions of his results. 

28 Dr. Bardeen has kindly pointed out to us that if 
detectable emission originates at the top of the filled band 
in the space-charge layer of a P-type semiconductor, the 
decrease of 5 with increasing depth must be considered. 
On the characteristic analogous to (3) in Fig. 1, a tail ex- 
tends from Vo’ toward Vo to a voltage determined by the 
maximum depth at which external photoelectrons originate. 
It will be recalled that photoelectric pgp occurring at 
appreciable depths are due, ordinarily to a volume effect 
for which selection rules increase the threshold energy. 
Electron collisions, lattice distortions, or impurity levels, 
however, may permit otherwise forbidden transitions. See 
H. Y. Fan, Phys. Rev. 68, 44 (1945), and the references 
cited there. 


pin. Retainers (in the part of the tube not shown 
in‘Fig. 2) held the other buckets in fixed positions 
during this operation. 

Between the retainers and the collector, an 
evaporation chamber was mounted in a side tube. 
Graphite crucibles heated by induction, or Ta 
boats heated by the passage of current, served to 
evaporate Ge in four tubes used to investigate 
this element. A Ta boat was used for Te in one 
tube; in two others the element was distilled 
through 8-section hard-glass trains. After the 
metal buckets (Pt, Ni, W, Mo, Ta, or Cb) had 
been investigated, some of them were moved 
over the evaporation bylb and were covered with 
a layer of semiconductor. In the course of the 
measurements, many of the emitters were sub- 
jected to heat treatment (with induction heaters 
or with 1-kw tungsten lamps having wide- 
aperture elliptic reflectors). At least one metal 
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” Fic. 3. Typical set of current-voltage characteristics for 
Te, Ni, and Pt; hy=5.80 ev and T=300°K. The upper 
curve for Te has been expanded vertically by a factor of 10. 
To avoid confusion, only a few of the experimental points 
are given. The curve for Ni shows very r saturation 
and large reverse currents. Vo is marked by the arrow 
below the abscissa axis. Currents were normalized with 
Iio=1.0 at V=+10.0 volts. Complete curves extended 
from —10 to +1000 volts. Note the similarity between 
these characteristics and those in Fig. 1. 
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was kept in its original condition for use as a 
reference surface. 

A fused-quartz bucket with Pt contacts was 
coated with Ge in one tube. Three Ge single 
crystals with exposed (111) faces were fastened 
to buckets in this same tube. 

Ta buckets that had been coated with B by 
pyrolysis of B.H¢ were investigated in 5 tubes. 
In three other cases, W ribbons in tubes previ- 
ously described* were coated by the same 
method. 

The ends of the buckets were 8 mm square. 
The area irradiated during photoelectric meas- 
urements was smaller than 3 mm X1 mm. This 
spot could be moved over the surface to investi- 
gate the uniformity of emission. By means of an 
auxiliary optical system, visible or infra-red radi- 
ation from a projection lamp could be focused on 
the emitting area. This radiation did not excite 
photo-emission, of course, but it was used to 
detect surface non-uniformity of Ge crystals as 
mentioned in the next section. It could be used 
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Fic. 4. Lower portions of curves like those in Fig. 3. 
The ordinate scale is expanded by a factor of 100 relative 
to that in the previous figure. Numbers next to the curves 
give values of hy. At these levels, 5.78 ev is preferable to 
5.80 ev (used in Fig. 3), since its source emits no radiation 
of higher frequency. Note sudden departure of the curves 
from the reverse-current line. The dashed curve for 6.12 ev 
applies to a metal with the same work function as Te and 
with T=300°K. Values of Vo are marked with arrows. 
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also to test for changes in work function resulting 
- from illumination, as reported recently by 


Brattain.® : 
Other experimental details are given in a 
previous paper.”4 


VI. DISCUSSION OF RESULTS 
(a) Tellurium 


Figure 3 shows typical current-voltage charac- 
teristics for evaporated Te, sheet Ni, and sheet 
Pt. The similarity between these curves and 
those in Fig. 1 is immediately evident. Values of 
V,» determined by DuBridge’s method from meas- 
urements on Ni, Pt, Mo, and Ta in this tube lay 
in the range —1.06+0.01 volt for hy=5.80 ev, 
corresponding to a collector (Aquadag) work 
function, y, = 4.74 ev; other values of hy gave this 
same result for ¢,.2* Curves for Te (hvy=6.12, 
5.80, and 5.42) had a common saturation point, 
V,=—0.02 volt, as determined by parabolic 
extrapolation techniques.***4 The work function 
thus found for Te was 4.76 ev. 

Figure 4 shows the lower portions of character- 
istics analogous to those in Fig. 3, except that the 
ordinate scale is expanded by a factor of 100. At 
these levels a measurable fraction of the observed 
photo-current may be due to stray radiation 
scattered from the emitter to the collector and 
then to the hairpin.*° Hence the curves (after 
correction for reverse currents!*”) represent 
upper limits to the current from the Te. The 
dashed curve in Fig. 4 applies to an ideal metal 
with the same work function as the Te. Data for 
the Pt emitter in Fig. 3 fit this characteristic 
after correction for a relative reverse current of 
0.003. 

If the simple arguments of Section II are ade- 
quate, it is evident that photo-current originating 
in states above the Fermi level in Te amounts to 


29 The Ni and Pt had contaminated surfaces, since the 
degassing temperature after the last exposure to active gas 
was only 500°C. The curves therefore show peculiarities 
such as poor saturation and, in the case of Pt, a bulge at 
V~—0.8 volt. These effects have no important influence 
on the determination of Vo, however. Aquadag on glass, 
baked at 500°C, practically always has a work function 
within 0.1 ev of the value given above. 

80 An estimate based on the relative yields of the surfaces 
involved indicates that spurious current from this source 
amounts to less than 10-*J9 for V< —0.9 volt and hy=5.78 
ev. In a more refined experiment, such current may be 
isolated by covering the hairpin with sleeves held at an 
independent potential (see reference 24). 
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Fic. 5. Logarithmic plots of current vs. kinetic energy 
for Te. The solid curves are calculated from Eq. (13) with 
m= 4 and are identical except for appropriate horizontal 
displacements. Solid arrows mark values of E», open arrows 
En’. Values of 6 are 0.12, 0.10, and 0.10 ev for decreasing 
values of hy; corresponding values of EZ, are 1.36, 1.02, 
and 0.66. The dashed curve is for the Pt in Fig. 3 with 
T=300°K and with fy=5.78. Note that principal de- 
partures from the solid lines occur below I/Ji:9=107 and 
that the curves for Te and Pt are roughly parallel in this 
region. The curve labeled 5.42 has a 3 percent contribution 
due to hy=5.47. 


less than 10~‘Jy9 at either hy=5.78 or 6.12 ev. 
This is shown more clearly in the plot of Fig. 5. 
The solid arrows indicate values of E,, (corre- 
sponding to Vp in Fig. 4; see Eq. (7)). The open 
arrows indicate values of-£,,’ for the solid curves, 
which are calculated from Eq. (13) with m=}. 
Corrections were made for the reverse currents 
shown in Fig. 4. Within 0.02 ev, the intervals 
between arrows (both open and closed) agree 
with known differences in hy. Although the last 
1 percent of the current deviates markedly from 
the curves, the agreement is reasonably good 
above I/IJy=10-*%. As shown by the dashed 
curve, a metal with the same work function as 
Te emits at least 350 times as much relative 
photo-current capable of. overcoming the retard- 
ing potential Vp when hy=5.78 ev. 

Figure 6 shows the spectral distribution of the 
photoelectric yield Y for the Te and Pt emitters 
of Fig. 3. At hy=5.78 ev, yields varied by less 
than 2 percent from point to point on these sur- 
faces. The Pt sample is interesting because it has 
the same work function as the Te and because it 
has almost the same yield for hy=5.78 ev. For 
this reason, the curves in Fig. 6 and those for 
5.78 ev in Fig. 5 show similar behaviors. The solid 
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Fic. 6. Spectral distribution of the yield from the Te 
and Pt emitters of Fig. 3. The solid line through the points 
for Pt is computed from Fowler’s equation. For hy >5.0 ev, 
it is closely approximated by Y=5X10-*(hy—4.76)? 
electrons/quantum. The line through the points for Te is 
calculated from the relation Y=6X10~*(hy—4.89)*. Data 
for the Ge emitter of curve 7 in Fig. 10 are also shown. 
This sample has the same work function as the Te and the 
Pt. A measured point on the Ge curve at (hy=4.89, 
Y~4X10-) is not shown. The dashed line through the 
points for Ge is given by Y=4X10-*(hy—4.94)84, 


line through the points for Pt is computed from 
Fowler’s equation; in this particular case it is 
given by Y=7X10-"®[ (hy —4.76)/0.0258] elec- 
trons/quantum, where the quantity in brackets 
is the argument of Fowler’s function ®.: Above 
hv = 5.0 ev, this expression is closely approximated 
by Y=5X10-~‘(hy—4.76)*. The distribution for 
Te, in contrast, is given within experimental error 
by the equation Y=6X10-(hy—4.89)*. It falls 
to unmeasurable values when hv <5.0 ev, even 
though the work function is 4.76 ev. As deter- 
mined from these spectral data, m in Eq. (13) is 
2 instead of 3, as found from the energy data; 
the value of 6 is 0.13 as compared with 0.12, 0.10, 
and 0.10 in Fig. 5. Because of possible inaccu- 
racy of these measurements, discrepancies of 
this magnitude are probably not significant. 
Figure 7 shows high voltage portions of two 
Te characteristics with current plotted as a func- 
tion of V}. In this range, the data fit two straight 
lines having slopes with a ratio of roughly 1.7. 
For these same two values of hy, the slopes of the 
spectral distribution in Fig. 6 have a ratio of 


3t No corrections were made for losses in the fused quartz 
photo-tube windows, in the crystalline quartz thermo- 
couple window, or at the thermocouple receivers. 
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about 1.5. As nearly as one can judge from an 
experiment of this accuracy, the spectral charac- 
teristic for Te shifts bodily to the left by about 
0.01 ev when V is changed from +10 to +1000 
volts. The intensity of the field at the emitting 
area is difficult to determine because the geom- 
etry is complicated by the hairpin and by the 
bucket corners. One may estimate, however, that 
it is of the order of V/3 volts/cm.® At 330 volts/ 
cm the decrease in the work function of a uniform 
metal due to the Schottky effect is about 0.007 
ev. Although Te is a poor conductor, it has a 
dielectric constant of about 5,” and the lowering 
of the surface barrier should amount to at least 
70 percent of that for a metal. We conclude that 
the variation of photo-current with change in the 
applied field is of the same order of magnitude as 
that computed for a uniform surface.* Such be- 
havior is rare at these comparatively low fields. 
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Fic. 7, Relative photo-current from Te as a 
function of V3. 


# R. N. Hall, private communication. 

33 More accurately stated, the results agree with those 
expected for a surface with patches smaller than about 
10~ cm and with a value of 6 independent of V. See N. 
Morgulis, J. Phys. U.S.S.R. 11, 67 (1947); L. B. Linford, 
reference 19. 
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Figure 8 shows normalized energy distribution 
functions N(E)/Y for two extreme values of hy. 
The dashed curves apply to an ideal metal with 
the same work function as Te. Figure 9 shows 
values of N(E)/E« s(e)n(€) computed from Fig. 
8. It will be noted that the results are practically 
independent of hy as long as E>0.2 ev. Since 
the process of determining sm is unreliable when 
E is small, discrepancies in this region are not 
significant. One concludes, therefore, that within 
experimental accuracy, s is independent of » for 
Te. Current-voltage characteristics or energy dis- 
tributions for any frequency discussed here may 
be derived from the single curve for Te in Fig. 9. 

Data presented thus far apply to a Te layer 
deposited on a degassed Ni bucket near 300°K. 
Similar results were obtained for 8 other surfaces 
evaporated on to Pt and Ni substrates in two 
photo-tubes.* Film thicknesses range from 10-* 
to 10-? cm, and pressures during deposition 
ranged from less than 10-7 mm Hg (for evapora- 
tion from Ta) to 5X10~-* (for evaporation from 
glass). Some surfaces consisted of highly oriented 
crystallites, while others had random structure.* 
Values of g ranged from 4.76 to 4.83 ev. Other 
deviations from the results. already given were 
found only for two layers deposited on a Mo 
bucket; current-voltage characteristics were like | 
that in Fig. 3 but were shifted bodily toward Vo 
by 0.04 volt (as though 6 were slightly smaller 
than for the other samples). 

To obtain different types of surfaces, evapo- 
rated Te was heated to the melting point.** Visual 
inspection showed that the optical properties of 
the layers changed radically. Reverse currents 
indicated that the reflection factors for hy=5.80 
ev increased from two to eight times (this pre- 
vented measurements as precise as those in Fig. 
4). The photoelectric yields at hy=5.80 ev in- 
creased by about 10 percent, and the saturation 
points shifted toward positive voltages by about 
0.1 volt, indicating a slight decrease in the aver- 


* Non-uniformity of the collector in another tube 
rendered gy, uncertain by 0.1 volt; within this limit the 
results agreed with those above. 

% Miss Eileen Alessandrini kindly took electron diffrac- 
tion data on all samples discussed in this paper. 

36 In one case, a thick layer was partially re-evaporated. 
The resulting sample consisted of crystallites with [00- i 
axes pes ere perpendicular to the surface and with (00-1 
planes eee by thermal etching. We are grateful to 
Dr. David Harker and to Mrs. B. Decker for making x-ray 
diffraction_measurements on this sample, 
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age work function. On the scale of Fig. 3, the 
changes were hardly evident. 

On the basis of these measurements, we have 
concluded that the general behavior displayed in 
Figs. 3 to 9 is characteristic of crystalline Te and 
is not fundamentally affected by the procedures 
used in preparing particular samples. Admittedly, 
the methods of interpreting the data are crude. 
Without more complete knowledge of transition 
probabilities and energy structures, we are 
hardly justified in ascribing more than empirical 
significance to the values $ and 2 used for m in 
Figs. 5 and 6. These numbers are higher, how- 
ever, than would be expected from relation (14), 
- and we have found no experimental indication of 
a definite edge for the occupied band in Te. 
Values of 5 derived from the data depend, there- 
fore, on arbitrary extrapolation processes. such 
as those used in the figures above. Three con- 
siderations of particular interest have already 
been mentioned in Sections II and III. They are 
the following: The experimental curves may be 
made up of superposed characteristics having a 
smaller value of m than the composite curves and 
having various values of 6.37 Emission from sur- 
face states or similar levels may conceal the 
point Vo’ and give misleading values of m. The 
density of states itself may have a form like that 
in Fig. 9. 

In any event, though 6 cannot be determined 
uniquely, it can be correlated with estimated 
densities of surface levels. Thus, if 5=0.10 ev, as 
found for m= in Fig. 5, an upper limit®® to the 
current originating in the “forbidden” zone 
(e€>u—5) is about 4X10~’ electrons/quantum at 


hv=5.78 ev. As estimated in Section IV, this | 


corresponds to a density of occupied surface 
states, 10" cm-*. For hy=5.42 and 6.12 ev, the 
results of similar estimates are 2X10" in each 
case (taking account of ‘the change in ¢ with E 
as given by (10)). 

On the other hand, if the lower portions of the 
current-voltage curves are extrapolated to zero 
parabolically (as when m=1 in (13)), or if linear 
extrapolation is used in Figs. 8 and 9, then 
5~0.18 ev. The corresponding density of occu- 


37 We are indebted to Dr. W. Shockley for discussions 
of this subject. A family of curves with the parameter m 
and with values of 6 uniformly distributed in a given in- 
terval forms a composite characteristic (in the given range) 
for which the parameter is m+1. 
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Fic. 8. Normalized energy distribution functions for Te. 
The curve for hy=5.42 ev has a contribution due to 5.47 ev. 
The dashed curves are for an ideal metal with the same 
work function as Te and with T=300°K. Arrows mark 
values of En. 


pied surface levels is about 10" cm-*. Fewer than 
1 percent of these lie above the Fermi level 
at 300°K. 

Lark-Horovitz and his collaborators’? * have 
found that evaporated Te is a P-type semi- 
conductor (i.e., with hole conduction predomi- 
nating). The activation energy for electrical con- 
ductivity is about 0.36 ev in the intrinsic range 
and 0.04 ev at low temperatures. The impurity 
concentration in typical samples was '10!7 cm-*. 
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Fic. 9. Values of N(v, E)/E«s(v, e)n(e) for Te. The 
abscissa scale is reversed relative to those in Fig. 1. The 
arrow at the right marks E,,; the others mark points 
at which E=0 for the three values of hy. The dashed curve 
is for an ideal metal having the same yield as Te at hy= 5.80 
ev. If s(v, €) for Te is independent of ¢, as for the metal, 
the solid curve gives the density of occupied states in the 
vicinity of the F: ermi level. In the ranges where E is small, 
deviations from this curve are not significant; they may 
arise from the extrapolation process used in locating V.. 
Distributions derived from the solid curve represent the 
original data within experimental error. — 





1472 


The Te described here was similarly treated and 
had similar thermoelectric properties. Assuming 
that the impurity concentration was the same, 
the value 6~0.18 and the surface state density 
10” cm~ are not in disagreement with Bardeen’s 
conclusions;? the value 6~0.10 and the density 


2X10" deviate in the expected direction from’ 


these figures. 
(b) Germanium 


Curve 7 in Fig. 10 is a typical current-voltage 
characteristic for evaporated Ge. This particular 
sample was deposited on a Mo bucket. Approxi- 
mately 50 similar surfaces (most of them more 
than 10~ cm thick) were investigated in 4 photo- 
tubes. Pressures during evaporation ranged from 
values which were not measurable with an ioniza- 
tion gauge (<310-* mm Hg) when a graphite 
crucible was used, to values as high as 5107’. 
Substrates of degassed Ni, Ta, Mo, Pt, crystal- 
line Ge, and fused quartz were unavoidably 
heated by radiation from the evaporation cham- 
ber but were probably below 650°K during depo- 
sition of the Ge (the Ni buckets did not reach 
the Curie point). For some layers, electron dif- 
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Fic. 10. Current-voltage characteristics for several 
metals and semiconductors; hy=5.80 ev and T=300°K. 
Note that abscissa scales are set coincident at V= Vo. Work 
functions are given below in electron volts, yields in 


electrons/quantum: 

- Ni (sheet) *; Y =5 X10-. 
Y=5 X10~, 
Y =1 X10“. 

Y =3 X10“. 


Y =1 X10“. 
Y =4X10~. 
Y =2 X10-4. 
Y =7 X10-. 


e~5.3; 

¢ =4.76; 
¢ =4.74; 
¢ =4.15; 


e~4.6; 
¢ =4.76; 


. Pt (sheet) *; 
- Ni (sheet) *; 


. Ta pribbon); 


. Ge (7 after 
heating to 800°K); 
6. Te (evaporated); 
7. Ge (evaporated); ¢ =4.76; 
8. B (pyrolytic); e~4.6; 


Those marked * were degassed at only 500°C after the 
last exposure to air. 
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fraction photographs exhibited diffuse rings, but 
for others the patterns were sharp.'** 

Work functions ranged from 4.66 to 4.80 ev. 
For more than 80 percent of the surfaces, ¢ lay 
within a few hundredths of an electron volt of 
the latter figure. For the curve in Fig. 10, g=4.76 
ev, the same as was found for Te. This curve may 
be fitted approximately by Eq. (13) if m~2 and 
if 5~0.18 ev. 

A typical spectral distribution for Ge is given 
in Fig. 6. It is compared with the relation 
Y=4X10-*(hvy—4.94)* electrons/quantum; here 
5=0.18 ev, the value derived from the energy 
data. The experiments were not as precise as 
those for Te, and the comparatively high reflec- 
tion factor of Ge renders the points near hy=5 ev 
valid only as upper limits, since currents this 
small could be due to scattered radiation. At 
hv = 5.80 ev, yields varied by less than 2 percent 
when different points on the surfaces were irradi- 
ated. The slopes of the saturation lines were 
about twice as large as those shown for Te in 
Fig. 7. ; 

For hy =5.80 ev and 6=0.18 ev, the upper limit 
to current originating in the forbidden zone of 
Ge is about 10~— electron/quantum, correspond- 
ing to a surface level density, 5X10" cm~. 

As in the case of Te, a different value of 6 was 
obtained by linear extrapolation of N(E)/E (see 
Fig. 11). The result was 0.33 ev, and the corre- 
sponding density of occupied surface states was 
4X10” cm~. 

Thermoelectric measurements made on two of 
these evaporated samples showed that the con- 
duction was P type. The values of 6 given above 
may be compared with the total width, about 
0.75 ev, of the forbidden zone in crystalline 
Ge.} 13, 15 

When the Ge layers just described were heated 
to 800°K,** the current-voltage characteristics 
changed radically. The saturation points shifted 
in the positive direction by about 0.1 volt, and 
the lower portions of the characteristics shifted 
toward Vo, as shown by curve 5 in Fig. 10. 
Analogous changes occurred in the spectral dis- 
tributions; although the yields at hy=5.80 ev 


38 Ni is not a suitable substrate for this experiment, since 
the Ge apparently forms a metallic substance when heated 
in contact with it. Dr. W. H. Brattain has informed us that 
he has noticed a similar effect. 














decreased by a factor of 2, they increased by a 
factor of 40 at 4.89 ev. One concludes either that 
§ decreased practically to zero or that the density 
of surface states increased by at least an order of 
magnitude. Thermoelectric measurements made 
after the tube was dismantled showed that the 
samples were P type, a result consistent with a 
small value of 6. 

Data on (111) planes of degassed Ge single 
crystals*® were like those for the heated layers. 
These samples were also P type after removal 
from the tube. 


(c) Boron 


Curve 8 in Fig. 10 is typical of B layers (about 
0.005 cm thick) deposited by pyrolysis of BzHe 
on Ta at 1000°K.*° The samples were degassed in 
vacuum at 1600°K. If Eq. (13) is used to describe 
this characteristic, m~2 and 6~0.25 ev. The 
spectral distribution was given roughly by 
Y=10~(hy—4.9)4 electrons/quantum. The devi- 
ations from these simple expressions were greater 
for B than for Ge and Te. The saturation lines 
had slopes about 4 times greater than those in 
Fig. 7. 

Work functions for various samples ranged 
from 4.4 to 4.6 ev. When surfaces were allowed 
to stand at 300°K, ¢ increased by about 0.3 ev 
in the course of 20 hours. This effect was similar 
to that shown by degassed W in tubes with com- 
parable vacuum treatment.” The results for the 
contaminated surfaces of B having work func- 
tions as high as 4.9 ev were no different in 


3° Before these crystals were degassed, illumination of 
the emitting area with infra-red radiation shifted the 
saturation points of current-voltage curves by several 
tenths of a volt in the positive direction. The photoelectric 
yield, however, did not change by as much as 0.3 percent. 
The sample behaved as though a fraction of the emitting 
surface were charged ag with eo to the rest 
during illumination. The effect disappeared after the ne 
was heated to 1000°K for ten minutes. It may be related 
to the photovoltaic effects found in non-uniform samples 
by Benzer (see reference 15). Since the current-voltage 
curves did not undergo a simple translation, and since the 
effect occurred at 300°K, it was assumed that the phe- 
nomenon was not the one reported by Brattain (reference 
9). The crystals were N type when they were put into the 
tube, and they had a resistivity of p Baw 2 ohm cm at 
300°K. The surfaces were formed when the Ge solidified 
slowly. We are indebted to Mr. E. F. Hennelly for furnish- 
ing these samples and to Dr. W. C. Dunlap for the results 
of Hall effect measurements. 

40 A. W. Laubengayer, D. T. Hurd, A. E. Newkirk, and 
J. L. Hoard, J. Am. Chem. Soc. 65, 1924 (1943). We are 
indebted to Dr. Hurd and to Dr. L. V. McCarty for samples 
of pure BsHe. 
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Fic. 11. Curves showing N(», E)/E«s(v, e)n(e) for Te, 
Ge, and B with hy=5.80 ev. The results for Te are inde- 
pendent of », as shown. in Fig. 9. For Ge, results for 
hy =5.42 fit the curve shown. No data were taken at 6.12. 
For B, the results for hy=5.42 fit the curve shown if 
multiplied by 0.4. 


character from those for degassed samples and 
gave approximately the same values of 6. 

Taking 6=0.25 ev, one obtains an upper limit 
of 6X10-’ electron/quantum for photo-current 
originating in the forbidden zone when hy=5.80 
ev. The corresponding density of occupied sur- 
face levels is 3X10" cm~*. Linear extrapolation 
of N(£)/E in Fig. 11 gives 6~0.5 ev and a 
density 3X10" cm~. 

In the range from 300. to 900°K, the electrical 
conductivity of samples produced in the same 
way as those on the buckets was given by 
o=aexp(—b/kT), where a varied from 1000 to 
5000 ohm— cm-, and where 5 ranged from 0.4 
to 0.5 ev. Photo-conduction occurred in the near 


‘infra-red. Thermoelectric measurements showed 


that the material was P type at 300°K. Elec- 
tron diffraction photographs showed no sharp 
patterns, so the samples were presumably 
amorphous. 


VII. SUMMARIZING REMARKS 


The results in the preceding section indicate 
that the expressions of Section III give the gen- 
eral form of the spectral and energy distributions 
for Te, Ge, and B. While the work function ¢ and 
the value of the yield Y (at a single frequency) 
specify the emission near the threshold of a 
simple metal, the additional parameters m and 6 
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have been introduced for semiconductors. Alter- 
natively, the function N(», E)/E describes, in a 
simple but less specialized way, the influence of 
the energy structures in these materials. The 
latter approach is valuable for empirical pur- 
poses, whether or not it has the significance as- 
signed to it in this paper. It should be useful also 
in the case of metalloids and complex metals. 

Our failure to find definite stopping potentials 
corresponding to upper edges of occupied bands 
in the semiconductors can be appraised more re- 
liably after refined experiments are done. In com- 
paring the results with x-ray data, however, one 
notices that there is no clear-cut edge on the 
occupied band for evaporated B as determined by 
Skinner.” Si shows a similar effect; we have found 
no information for Te or Ge. If the high energy 
electrons observed in our tubes arise entirely in 
surface states, the elementary interpretations in 
this report indicate that the levels are not uni- 
formly distributed in energy. It would be desir- 
able to examine this point more closely in the 
light of Herring’s recent work.’ 

For Te, at least, the photo-current approaches 
zero as rapidly as that from a metal at 300°K. 
There is an effect like that discussed by Con- 
don,* and its magnitude agrees roughly with 
that expected from conductivity data. In agree- 
ment with Millikan’s early observations on 
CuO,’ there are large discrepancies between 
work functions and ‘‘photoelectric thresholds” 
for semiconductors. 
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Our emitters were all P-type materials. Similar 
experiments on reproducible N-type samples 
would be more interesting. In such cases, the 
currents presented here as upper limits to emis- 
sion from surface states could be differentiated 
more clearly from photoelectrons arising in the 
occupied band. Conversion of N-type materials 
to P type should produce easily measurable 
effects even more pronounced than those associ- 
ated here with the heating of evaporated Ge. 
Interpretation of results would be aided greatly 
by theoretical investigations comparable with 
those available for metals. 

Prilezaev* has made extensive photoelectric 
measurements on Sb-Cs alloys. The yields from 
these interesting emitters are several hundred 
times larger than those for the elements described 
here.*! The distributions, however, and the func- 
tion N(v, E)/E (determined roughly from data 
in Prilezaev’s Fig. 12) are similar in form to those 
for Te. If interpreted in the same way, they indi- 
cate that the emitters were semiconductors with 
a small value of 6. There was no sharp stopping 
potential and measurable currents originated 
even at the Fermi level. 

For helpful discussions and criticism, we wish 
to thank Professor V. F. Weisskopf, Dr. Harvey 
Brooks, and Dr. A. W. Hull, as well as those 
already mentioned. « 


41 More complete spectral data and optical properties 
have been given by J. A. Burton, Phys. Rev. 72, 531(A) 
(1947). We are indebted to Dr. Burton for calling Prile- 
zaev’s work to our attention. 
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A thermal theory of the production of electrode vapor jets by arcs and sparks is presented 


which accounts satisfactorily for all known experimental results on vapor jets. The computed 
vapor jet velocities are in excellent agreement with those measured for mercury sparks by © 
Haynes and for the high current carbon arc by the author and his co-workers. Theoretical 
predictions concerning the dependence of vapor jet production on the electrode materials 


provide a possibility for further checks of the theory. 








HE ejection of electrode vapor, frequently 

in the form of vapor jets, is a phenomenon 
well known for many arc and spark discharges. 
Detailed studies of such vapor jets have been 
made by the author and his collaborators! (cf., 
also, Rohloff?) for the anode vapor jet of the 
high current carbon arc, and recently by J. R. 
Haynes* for certain mercury sparks. It is the 
purpose of this paper to show that the mercury 
vapor jets, discussed by Haynes, which are 
emitted from the positively and negatively 
charged mercury surfaces by his spark discharge, 
can be explained satisfactorily by a thermal 
theory developed earlier by the author for the 
explanation of jet phenomena in the high current 
carbon arc. The basic concepts of this theory are 
as follows: 

Vapor jets are ejected from the electrodes of 
any discharge if sufficient energy for vapor 
production is transferred to the surface of either 
electrode by the incident electrons or positive 
ions accelerated by the anode or cathode fall, 
respectively. As a consequence of the continuous 
production of new vapor, the vapor produced in 
the time element just before is pushed away 
perpendicularly from the electrode surface by 
the vapor being formed; as if ejected from a 
nozzle in the electrode surface. The jet velocity 
then is uniquely determined by the vapor pro- 


1W. Finkelnburg, Zeits. f. ‘Physik 114, 714 (1939); 116, 
214 (1940); A Schluge and W. Finkeinburg, ibid. 122, 
714 (1944); W. Finkelnburg and G. Heinzmann, ibid. 
1948 (in press). " Monogra h: W. Finkelnburg, Der Hoch- 
stromkohlebogen (Verlag Julius Springer, Berlin, 1948); 
The High Current Carbon Arc, FIAT Final Report 1052, 
1947 (PB-81644, Office of Technical Services, Department 
of Commerce, Washington, B.C.) 

2 E. Rohloff, Reichsberichte f. Physik I 47 (1944). 

sj. R. Haynes, Phys. Rev. 73, 891 (1948). 
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duction per unit surface and the temperature- 
dependent vapor density. 

We begin by computing the energy released 
per unit surface of an electrode. Now a liquid 
mercury electrode, because of its limited temper- 
ature, cannot emit an appreciable quantity of 
electrons or ions, so that the current immediately 
in front of it must consist exclusively of the 
charge carriers arriving at it, i.e., electrons at 
the anode, positive ions at the anode. We 
designate by j. and j- the current density at the 
anode and cathode, respectively, by ¢ the work 
function of the material for electron emission, 
and by V, and V, the respective anode and 
cathode fall by which the charge carriers are 
accelerated. An electron incident on the anode 
surface then releases here 


W.a=j( Vat) watts/cm’. (1) 


At the cathode, also assumed not to emit elec- 
trons, a positive ion, incident with the kinetic 
energy eV,, can spend the energy e¢ in removing 
an electron from the metal and then returning 
neutralized into the vapor, thus releasing at the 
cathode the energy e(V.—@). It can, on the 
other hand, become bound to the metal and thus 
release its entire kinetic energy eV. plus its 
binding energy. We shall not make a very large 
error in assuming that on the average the energy 
loss ef of each neutralized ion will be compen- 
sated by the binding energy of other ions which 


become bound to the cathode, so that the energy 


released at the cathode will be 
W.=jV. watts/cm*. (2) 


We designate furthermore by Q the energy 
necessary to evaporize one gram of electrode 
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material and heat it to the jet temperature 
(watt sec./g), and by 6 the vapor density in 
grams per cm*. W/(Q is then the quantity of vapor 
produced per second and per cm? at the electrode 
surface, and 


u=(W/Q6) cm/sec. (3) 


is the initial velocity of the electrode vapor jet 
ejected perpendicularly from the electrode sur- 
face as a result of the vaporization. 

We now show that the values of the vapor jet 
velocity following from our theory are in agree- 
ment with the experiment for the mercury sparks 
of Haynes’ as well as for our high current carbon 
arc, and that the theory furthermore accounts 
for the fact that, contrary to the mercury spark, 
a negative vapor jet is not observed in the high 
current carbon arc at currents below 400 
amperes. - 

Data for the discharges under consideration 
and their electrode materials are presented in 
Table I. 

The current density at the electrodes of the 
mercury spark was computed from dimensions 
taken from the published photographs and the 
current intensity; for the carbon arc it was 
known from our earlier work.! The same applies 
for the anode and cathode fall of the arc (the 
last one being not too accurate), while for the 
spark only the sum of both figures has been 
published to be 40+5 volts, the distribution 
‘having been made by the author as plausible 
and in agreement with our general knowledge on 
mercury arcs. The vapor jet temperature near 
the electrodes has been measured by the author 
for the carbon arc, while it could be only esti- 
mated for the mercury arc; it is not too im- 
portant, however, for the final result. The vapor 


density can be easily computed for the carbon: 


arc (taking into account that according to 
spectroscopic evidence a large fraction of the 


TABLE I. Data on the discharges and electrode materials. 








Mercury 


spark 
amp./cm? 


20,000 
amp./cm? 100,000 
volts 30 


volts 10 
electron volts 4.5 
°K 


3 X10-4 
1.6 X10 





Anodic current density 
Cathodic current density 
Anode drop 

Cathode drop 

Work function 

Vapor temperature 
Vapor density 

Specific vapor 
Production energy 


7,000 
5 X10-5 
1.3 X105 


g/cm? 


watt sec./g 
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vapor consists of diatomic molecules and some 
percent of the particles are rare earth atoms), 
while for the spark the accuracy of our knowledge 
of the vapor density is limited by the uncertainty 
of the extent to which the pressure in the vapor 
jet is equal to the gas pressure in the spark 
chamber (900 mm Hg). The vapor production 
energy, necessary for the production of one gram 
of vapor at jet temperature from the solid (or 
liquid) state, is well known from several inde- 
pendent measurements for the carbon arc and 
agrees satisfactorily with the theoretical esti- 
mates (vaporization energy 4.6X10‘ watt- 
sec./gram, heating energy 20 to 30RT per mole 
=1.0 to 1.7X10° watt-sec./gram).! For mercury 
the vaporization energy of only 300 watt-sec./ 
gram is negligible, while the heating energy to 
10,000°K, according to Rompe and Steenbeck,! 
is 40RT/mole=1.6X10* watt-sec./gram. For 
carbon arc electrode material, Q is thus about 
one order of magnitude larger than for mercury. | 
The second essential difference between carbon 
and mercury electrodes (we consider the differ- 
ence between arc and spark, in agreement with 
Haynes, as rather unimportant) follows from 
the energy balance at the electrodes. From Eq. 
(1) and the data of Table I we get for the energy 
released per second per unit anode surface: 


W.(Hg spark) = 7 X105 watt/cm?, 
W,(carbon arc) = 1X10‘ watts/cm?. 


The surface energy density at the anode thus is 
70 times larger for the spark than for the high 
current carbon arc. At the cathode the difference 
is still more pronounced. As the mercury cathode 
cannot emit an appreciable quantity of electrons, 
the current at the cathode consists wholly of 
positive ions which here release, according to 
(2) and Table I, the energy 


. W.=1X108 watt-sec. /cm?. 


The carbon cathode, on the other hand, with its 
temperature of approximately 4000°K emits 
thermally an appreciable electron current, each 
electron carrying away from the cathode the 
energy ed. According to v. Engel and Steenbeck,*® 
in this case the ion and electron currents in 

4 R. Rompe and M. Steenbeck, Ergeb. d. exakt. Natur- 
wiss. 18, 335 (1939). 


5 A. v. Engel and M. Steenbeck, Elektrische Gasentlad- 
ungen (Verlag Julius Springer, Berlin, 1934). 





ELECTRODE 


front of a thermally emitting cathode adjust 
themselves so that the energy released at the 
cathode by the arriving positive ions is equal to 
that required for the release of the electrons: 
je ¢=jet(Ve—¢), (4) 
if we designate by j,- and j,* the electron and 
ion current densities at the cathode, respectively. 
In contrast to the mercury cathode, there is no 
energy available for vapor production at the 
carbon cathode. In agreement with the few 
reported experimental results, a vaporization of 
the carbon cathode can occur only if its current 
density is so large that the thermal electron 
emission can account for only a small fraction 
of the cathodic current, i.e., for 
W.=jct(Ve—$) —je o> 0. (S) 

This discussion has thus revealed why the 
high current carbon arc usually does not show a 
negative vapor jet, while Haynes with his 
mercury sparks finds two seemingly identical 
positive and negative vapor jets. The quantita- 
tive check of the initial vapor jet velocities u 
from formula (3) and the figures of Table I 
leads to the results which are listed and compared 
with the experimental values in Table II. 

In the calculation neither the radiation of 
electrodes and vapors nor the heat conduction 
in the electrodes have been taken into account. 
The last contribution can be proved to be 
negligible, while the energy loss of the electrodes 
resulting from radiation is approximately com- 
pensated by an energy gain due to absorption 
of energy from the luminous vapor.® The accuracy 
of our results thus is limited mainly by that of 
the figures of Table I. 


Considering these uncertainties, the agreement 


of our theoretical and experimental vapor jet 
velocities, according to Table II, is even better 
than we should expect. Our theory thus not 
only explains why the positive vapor jet velocities 
of mercury spark and high current carbon arc 
differ by two orders of magnitude and why a 
negative vapor jet usually is not ejected by the 
high current carbon arc, but accounts also, with 
a surprising accuracy, for the absolute values of 
vapor jet velocities. We take this agreement as 
evidence for the correctness of our basic theo- 


° Cf. W. Finkelnburg, Der Hochstromkohlebogen (Verlag 
Julius Springer, 1948). p. 172 and 173. 
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TABLE II. Theoretical and = apm vapor jet velocities 
for mercury spark and high current carbon arc. 





Hg spark Carbon arc 


1.5 X10 





Comonted = asteshy of eatin jet (cm /sec.) 1.4 X108 
Observed velocity of ive jet (cm /sec.) 1.55X10® 1.5—4X<10* 
ake jet (cm/sec.) 2.1 105 0 


Observed velocity of negative jet (cm/sec.) 1.9 105 0 





retical ideas on the mechanism of vapor jet 
production. 

Quite generally, we conclude from our theory 
that positive vapor jets ought to be observed in 
all discharges having a sufficient anodic current 
density. The initial jet velocity ought to be the 
larger, the higher the current density and anode 
drop, and the smaller the vapor production 
energy of the electrode material in question is. 
Negative vapor jets, on the other hand, according 
to our theory, should be ejected at the same 
current density only from cathodes of compara- 
tively low temperature which cannot emit an 
appreciable amount of electrons, or at so high 
a current density that the thermal electron 
emission accounts for only a small fraction of 
the cathodic current. There is a relation, how- 
ever, between current density and electrode 
material. High current density is not possible for 
a pure electron or ion current because of its high 
space charge; it requires a compensation of the 
space charge by charge carriers of the opposite 
sign. These can be formed, even in the last mean 
free paths in front of an electrode, by ionization 
of an evaporating metal, while there are not 
enough ionizable atoms (and of much higher 
ionization potential) near an electrode of suffi- 
ciently low vapor pressure. Any evaporation of 
an electrode thus, resulting from increased ion- 
ization, tends to increase the current density by 
contraction of the discharge and thus increases 
in turn the vapor production. Vapor jet pro- 
duction, requiring high current densities, there- 
fore is much more probable when easily evapo- 
rated electrodes are used instead of metals like 
molybdenum or tungsten. Investigations with 
different electrode materials and current densities 
would permit a check of these predictions and 
thus of the correctness of our theory of vapor 
jet production which seems to describe satis- 
factorily the experimental results known at the 
present time. 
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Measurements of paramagnetic resonance absorption at room temperature in single crystals 
of potassium chrome alum and ammonium chrome alum made at a frequency of 9375 mc/sec. 
are described. The method makes use of a magic-T bridge with a low level crystal detector 
which essentially measures the magnetic susceptibility. Data are given for three orientations of 
the crystals for both the diluted and undiluted salts. The Stark splitting and the g factor of the 
ground state are evaluated from the positions of the absorption peaks. The theory which is used 
for the computation of the Stark splitting is extended to include the (110) orientation. 





I. INTRODUCTION 


HE magnetic resonance absorption of micro- 
waves by paramagnetic salts first reported 
by Zavoisky! provides a direct and powerful 
method for investigating the lowest quantum 
states of the paramagnetic ion of the salt. The 
method as usually applied?-* consists in sub- 
jecting the salt to a fixed frequency microwave 
magnetic field and a d.c. magnetic field per- 
pendicular to the r-f field. When the intensity of 
the d.c. field is adjusted to the resonant value 
an absorption of r-f power occurs, corresponding 
to induced transitions between the lowest energy 
states of the paramagnetic ion. The magnetic 
absorption as a function of the d.c. field’ shows 
one or more absorption peaks having line widths 
of the order of several hundred oersteds. _ 
The condition for resonant absorption is given 
by the well-known relation, 


hv = g6H, (1) 


where » is the frequency of the r-f field, g is the 
gyromagnetic ratio, 8 is the Bohr magneton, and 
H is the intensity of the d.c. field. For a free 
electron spin (g=2) and a frequency of 9375 
mc/sec. the resonant value of the d.c. field is 
3340 oersteds. 

In the hydrated salts of the iron group, 
measurements at low temperatures of the para- 
magnetic susceptibility and the specific heat 
indicate that the orbital angular momentum of 

+E Zavoisky, J. Phys. U.S.S.R. 10, 170, 197 — 

7R ummerow, D. Halliday, and G. E. Moore, 


Phys. Rev. 72, 1233 (1947). 
*D. M. S. Bagguley and J. H. £. Griffiths, Nature 160, 
532 (1947). 


* P. R. Weiss, C. A. Whitmer, H. C. Torrey, and Jen-Sen 
Hsiang, Phys. Rev. 72, 975 (1947). 


the paramagnetic ion is quenched by the cubic 
electric ftelds of the neighboring atoms and 
molecules. There is, in addition, a fine splitting 
of the ground state of the order of 0.1 cm=. In 
magnetic resonance absorption experiments, the 
d.c. field produces a Zeeman splitting of these 
levels. Consequently, different pairs of levels are 
brought into the resonance condition by different 
values of the applied field. From these values of 
the d.c. field it is possible to deduce the magni- 


- tude of the zero-field splitting. 


In the case of chrome alum the zero-field fine 
splitting can be explained by the presence of a 
small cylindrically symmetric electric field. In 
the unit cell there are four paramagnetic ions, and 
the axes of the cylindrical fields are arranged 
along the body diagonals of the cube. The level 
separations depend on the orientation of the axes 
of the cylindrical electric field with respect to the 
d.c. magnetic field. The energy level separations 
have been computed by one of us® as a function 
of d.c. field strength and zero-field splitting. 


. There, computations were made for two orien- 


tations of the d.c. field, namely, perpendicular 
(a) to a (111) face, and (b) to a (100) face. The 
alums belong to the cubic system so that in orien- 
tation (a) the d.c. field is parallel to one of the 
body diagonals of the unit cell. In the present 
paper computations are included in Section V 
for the case in which the d.c. field is perpendicular 
to the (110) face. Similar computations have been 
made independently by Kittel and Luttinger® for 
chrome alum for the (100) orientation. 

For a given value of 6, the zero-field splitting, 


5 P. R. Weiss, Phys. Rev. 73, 470 (1948). 
548) Kittel and J. M. Luttinger, Phys. Rev. 73, 162 


(1948 
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the theory predicts a set of values of the d.c. 
field at which resonance peaks may be expected. 
Conversely, if the peak fields are known, a value 
of 6 can be chosen which gives best agreement 
between computed and experimentally deter- 
mined positions of the peaks for each of the three 
crystal orientations. 


We have previously reported in Letters to the 


Editor of this journal*’ preliminary results of our 
measurements at room temperature of the reso- 
nance absorption in single crystals of ammonium 
chrome alum and potassium chrome alum, and in 
diluted crystals of these salts in which some of 
the chromium ions are replaced by aluminum 
ions. It is the purpose of this paper to give a 
more complete and detailed account of the experi- 
mental methods and results. 

Independent experiments similar to ours on 
undiluted chrome alum have been reported by 
Bagguley and Griffiths’ and by Halliday and 
Wheatley.* A comparison of results is given in 
Section VI of this paper. 

Accurate determinations of the zero-field 
splitting are necessary to establish a theoretical 
relationship between the absolute temperature 
scale and the Curie scale used at very low tem- 
peratures. Measurements of the resonance ab- 
sorption of microwaves therefore afford a very 
convenient tool for the accurate determination 
of this quantity. Recent experiments by Bleaney 
and Penrose,? who determined the zero-field 
splitting in ammonium chrome alum as a function 
of temperature down to 20°K, show that the 
splitting decreases down to about 80°K, at which 
temperature an abrupt increase occurs. It is 
necessary therefore to make these measure- 








_ |G—GotjoC+ {jolL-+L.(1+4ax' —4njx") ]}- 





ments at very low temperatures for the purpose 
mentioned. 


Il. EXPERIMENTAL METHOD 


The resonance absorption was obtained by 
observing the decrease in the Q of a resonant 
cavity containing the salt, through the measure- 
ment of the reflected, power in a magic-T bridge. 

The equivalent admittance of a resonant 
cavity is given by 


Y=G+joC+1/joL. (2) 


The magnetic absorption from a paramagnetic 
salt in the cavity may be regarded as a change in 
the complex permeability, 1+ 42(x’ —jx’’), of the 
salt, where x’—jx” is the complex susceptibility 
of the salt. The total inductance, L, of the 
cavity and salt is given by 


L=L,+L,(i+4ax' —4xjx”), (3) 


where L, is the contribution of the inductance of 
the cavity alone and L,(1+42x’—4mjx’’) is the 
contribution of the salt. 

With zero magnetic absorption 


L=LIo=L.4+L.. (4) 


This condition is realized experimentally by 
tuning the cavity to resonance for a value of the 
d.c. magnetic field large compared to that for 
which resonance absorption occurs. 

The reflection coefficient, y, for a cavity ter- 
minating a transmission line of characteristic 
conductance Go is given by 


y= |(Y¥—Go)/(Y¥+Go) |. (S) 
Equations (2), (3), and (5) combine to give 


‘ (6) 





Since the cavity is matched to the transmission 
line and tuned to resonance for zero magnetic 
absorption, 


G=G) and jwC+1/joL=0. 


7™C. A. Whitmer, R. T. Weidner, and P. R. Weiss, Phys. 
Rev. 73, 1468 (1948). 

8 D. Halliday and J. Wheatley, Bull. Am. Phys. Soc. 23, 
No. 3, 13 (1948). 

*B. Bleaney and R. P. Penrose, Proc. Phys. Soc. 60 
395 (1948). 
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Since x’ and x’”’ are small compared to unity, Eq. 
(6) reduces to 


— (4 /joLo)(L./Lo)(x’ —jx”’) 


wets (2) 
2Go— (44 /jwLo)(L./Lo) (x’ —jx’’) 











The small term in the denominator can be 
neglected and 


v= 49° O?(L./Lo)*(x? +x"), (8) 
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Fic. 1. Block diagram of the apparatus. 


where 
Qo = 1 / wLoGo. 


Thus Eq. (8) shows that the measured power 
is proportional to x’?+ x’, the absolute value 
squared of the complex susceptibility of the salt. 
If a single resonance alone is involved and if the 
absorption follows a dispersion law (which is 
highly unlikely in these measurements), it follows 
that x”+ ’”" is proportional to the imaginary 
part of the susceptibility. That is, 


x/2-+-x/"? = vox0x”’/Ap, 


where vo is the resonance frequency, Av the 
width of the absorption peak, and xo the d.c. 
susceptibility. 

If overlapping absorption lines occur, an inter- 
ference between the lines is present in the method 
used here. This affects the shape of the curve in 
a manner different from that which occurs in a 
method which measures x” alone for multiple 
resonances. Consequently, the locations of the 
absorption peaks are somewhat different in the 
two cases. In the present method the reflected 
waves tend to cancel in the region between the 
peaks and therefore tend to increase the observed 
peak separation. In a method which measures 
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Fic. 2. (a) Crystal mount, (b) crystal grinding jig. 
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x”’ alone, the addition of the absorption from 
adjacent peaks tends to decrease the observed 
peak separation. The correction for these effects 
requires a knowledge of the shape of an absorp- 
tion line. In the absence of these corrections it 
seems probable that the true peak separations 
lie between those determined by the two methods. 
It should be pointed out that the present method 
is advantageous in resolving lines which are 
close together, but it suffers from the fact that 
the quantity measured is not strictly the power 
absorbed. 
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Fic. 3. Reflected power as a function of d.c. field for 
ammonium chrome alum with the d.c. field perpendicular 
to a (111) face. The full line curve refers to the undiluted, 
the dashed curve to the diluted salt. The scales for the 
undilute (left) and the dilute (right) salts refer to the 
same input power. 


The power reflected from the cavity is mea- 
sured by the apparatus shown in the block 
diagram of Fig. 1. Microwave power from the 
frequency-stabilized oscillator divides at the 
magic-7 into arms 1 and 2, which are terminated, 
respectively, by the cavity and a matched load. 
The power is monitored by a crystal detector 
which is connected through a directional coupler 
to arm 2. The power incident upon the cavity 
was about one milliwatt. The cavity which con- 
tains the paramagnetic crystal is a shorted wave- 
guide section which is tuned to resonance and 
matched by the use of a sliding micrometer tuning 
screw. The loaded Q of the empty cavity was 
1700. A dielectric absorption Q of 500 was found 
for both undilute and dilute crystals. A para- 
magnetic absorption Q of 1400 was found for the 
undilute crystals; the corresponding value of x” 
is of the order of 0.3 X10-*5 cm?/ion. 








When the cavity is tuned to the matched con- 
dition no power reaches the low level square-law 
crystal detector terminating arm 4. When the 
magnetic field is adjusted for resonance absorp- 
tion the detector current is accurately propor- 
tional to the power reflected from the cavity and 
hence proportional to +’. 

The d.c. magnetic field was calibrated by 
means of a ballistic galvanometer and search 
coil with an accuracy of 0.2 percent. The calibra- 
tion was checked against the proton magnetic 
resonance absorption using the accepted value 
of the proton moment. 


Ill. PREPARATION OF THE SPECIMENS 


The single crystals used in this investigation 
were grown from the saturated solution by 
evaporation at room temperature. Since the 
alums have a face-centered cubic lattice, the 
interatomic distance is least in the (111) plane 
and the crystals grow along the (111) face in the 
form of octahedra. The samples were grown to a 
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Fic. 4. Reflected power as a function of d.c. field for 
ammonium chrome alum with the d.c. field perpendicular 
toa (110) face. The remarks in the title of Fig. 3 apply here. 


thickness of about 1 cm between opposite (111) 
faces, forresponding to a mass of about 2 grams. 

The diluted crystals were grown from a solu- 
tion made up of 5 parts by weight of aluminum 
alum to one part chrome alum. A quantitative 
analysis showed the ratio of aluminum to chrome 
atoms to be 8.5 to 1. 

The samples were mounted on curved strips of 
polystyrene which fitted into the wave-guide as 
shown in Fig. 2a. A crystal is mounted so that 
its center is about one-half wave-guide wave- 
length from the shorted end. 
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Fic. 5. Reflected power as a function of d.c. field for 
ammonium chrome alum with the d.c. field perpendicular 
toa (100) face. The remarks in the title of Fig. 3 apply here. 


Three orientations of the crystal with respect 
to the d.c. field were used, namely, with the d.c. 
field perpendicular (a) to the (111) face, (b) to 
the (110) face, and (c) to the (100) face. For 
orientations (b) and (c) surfaces were ground 
along the appropriate crystal faces by mounting 
the crystal in a jig and grinding the surfaces 
with dry emery paper. The jig consists of a 
V-shaped slot in a metal plate which holds the 
crystal as shown in Fig. 2b. The part of the 
crystal projecting through the slot is ground off 
flush with the surface of the plate. The angle 
between the faces of the slot is 70° 32’ for the 
(100) orientation and 109° 28’ for the (110) 
orientation. 

The curved strip of polystyrene (Fig. 2a) 
presses the appropriate face of the crystal 
against the broad face of the wave-guide, per- 
pendicular to the d.c. magnetic field, thereby 
fulfilling the condition of perpendicularity of the 
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Fic. 6. Reflected power as a function of d.c. field for 
potassium chrome alum with the d.c. field perpendicular 
toa (111) face. The remarks in the title of Fig. 3 apply here. 
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TABLE I. Observed and calculated magnetic field values 
of the absorption maxima for »=9375 mc/sec. The values 
of 6 and g used for the calculated values are those listed in 
the table. Spaces marked with an asterisk indicate unre- 
solved peaks. 








NHi.Cr(SO«)2 -12H20 KCr(SO«)2°12H:0 
Undiluted Diluted Undiluted Diluted 


0.143 cm=! 0.100 0.130 0.91 
1.99 1.97 1.99 1.98 





6 
g 
H 
(oersteds) Calc. » elie. . Cale. Exp. . Hap. 
1830 2310 1990 2450 
2780 2970 2840 2800 3020 
(111) 3370 3400 3370 3380 
3770 * 3720 3750 * 3670 
4910 4490 4480 4450 
2740 2500 
2860 
3330 3280 
3500 3550 
3830 
3910 
3280 


3480 

















r-f and d.c. magnetic fields. The error in the 
orientation of the crystals is estimated to be no 
more than one degree. 


IV. RESULTS 


Figures 3-5 show the absorption at a fre- 
quency of 9375 mc/sec. of undiluted and dilute 
single crystals of ammonium chrome alum 
(NH,Cr(SO,4)2-12H2O) for the three orienta- 
tions, and Figs. 6, 7, and 8 are corresponding 
absorption curves for undiluted and. diluted 
single crystals of potassium chrome alum 
(KCr(SO,.)2-12H2O). All experimental points 
fell accurately on the curves shown, and all 
curves were checked by measurements on at 
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Fic. 7. Reflected power as a function of d.c. field for 
potassium chrome alum with the d.c. field perpendicular 
to a (110) face. The remarks in the title of Fig. 3 apply here. 
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least two crystals. The positions of the sharp 
peaks could be determined to within +10 
oersteds. The scale of the reflected power has 
been adjusted for the same input power in all the 
curves. 

It is seen that the dilution improves the reso- 
lution of the peaks by decreasing the widths of 
the lines; also it is to be noted that the resolution 
is more pronounced for both the undilute and 
dilute crystals of the ammonium salt than for 
those of the potassium salt. Furthermore the 
dilution decreases the crystalline field splitting 
for both salts, as shown in Table I. 

Table I shows the magnetic field strengths for 
the peaks, taken from the absorption curves, and 
as calculated from the theory using the g-values 
and zero-field splittings, 5, shown there. The 
g-values are calculated from the principle absorp- 
tion peak in the (111) orientation, as described 
by one of us in an earlier paper. It is clear that 
there is some uncertainty in the g-value because 
of the effect on the position of this peak of the 
interference from adjacent peaks. 

All the principal lines predicted by theory for 
the three crystal orientations are resolved for the 
dilute ammonium salt. The agreement between 
the observed and calculated peak positions is 
better for the diluted salts than for the undiluted 
salts; the discrepancies for the undiluted salts 
are probably due to interference in amplitude 
and phase between the several overlapping 
resonances. 

The crystalline field splitting is smaller in the 
potassium than in the ammonium salt for both 
the undiluted and diluted salts. 
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Fic. 8. Reflected power as a function of d.c. field for 
potassium chrome alum with the d.c. field perpendicular 
to a (100) face. The remarks in the title of Fig. 3 apply here. 








Since the absorbed power was found to be 
proportional to the incident power, no saturation 
effects occur at the power level used. The dielec- 
tric losses were found to be closely the same for 
all diluted and undiluted crystals used, whose 
volumes differed by no more than a factor of 1.5. 
Nevertheless, the measurements show a marked 
diminution in the peak absorption with dilution. 

A simple computation based on the supposition 
that the width of the line is due to spin-spin 
interaction shows that the peak intensity is 
independent of the density of the absorbing spins. 
Actually this involves the tacit assumption* that 
the change in density is brought about by a 
. change in lattice size but no change in the 
regularity of the positions of the spins. When, 
however, the change in density is achieved by the 
substitution of non-absorbing atoms in the 
lattice, the absorbing spins may occupy random 
positions in the lattice. In case the positions are 
completely random, the width of the line is 
affected by space fluctuations in the positions of 
the absorbing spins. In this case the width of the 
line is proportional to the square root of the 
density of the absorbing spins rather than to the 
density. In this event the peak absorption is pro- 
portional to the square root of the density. 
Further experiments are in progress to study the 
effect of dilution on peak absorption. 


V. SOME ADDITIONAL THEORY 


Detailed computations of the magnitudes of 
the d.c. field at which resonance absorption 
occurs in chrome alums have been recorded for 
the (111) and (100) orientations of the d.c. field. 
In this section the corresponding results are 
presented when the d.c. field is perpendicular to 
a (110) plane. In this orientation, the axes of the 
cylindrical electric fields at two of the four 
chrome ions of the unit cell are perpendicular to 
the magnetic field; the axes of the electric fields 
at the other two chrome ions make an angle of 
35° 16’ (sin-1/v3) with the magnetic field. The 
Hamiltonian of the ion in the case of per- 
pendicularity can be solved in closed form. The 
levels are: 


E=+}t+(?Fé+1)! 


* This was pointed out to us in a private communication 
from Dr, E, M, Purcell. 
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Fic. 9. Energy levels (in units of 6/2) as a function of 
£=2g8H/é for chrome alum crystals oriented with the d.c. 
field perpendicular to a (110) plane. The full line curves 
belong to atoms for which the axis of the cylindrical 
electric field makes a polar angle of @=90° with the mag- 
rity yr, the dashed curves belong to atoms for which 


and 
E=+}§-—(?Fé+1)!. 


The notation is the same as in reference 5, 
namely, 6 is the energy separation of the levels 
in the absence of a d.c. field; g, the effective 
g-value of the spin ; 8, the Bohr magneton ; H, the 
magnitude of the dc. field; §=2g8H/6 and 
E=2W/s. A plot of these energy levels in units 
of 6/2 as a function of the magnetic energy in 
the same units is shown by the full line curves 
in Fig. 9. In the case where the angle between 
the d.c. field and the axis of the electric field is 
6=35° 16’, the secular equation expressing the 
energy levels is the quartic 


E*— E?(2+ (5/2)#) —2?E+ (1— 4%)? =0. 


For each value of ~ this can be solved by suc- 
cessive approximation. The results, the energy 
levels as functions of £, are shown by the dashed 
curves in Fig. 9. 

When the frequency of the r-f field is large 
compared to 6/h (h=Planck’s constant), the 
resonance absorption occurs only at large values 
of the d.c. field; that is, large values of & For 
this region, the only allowed transitions are those 
of a ‘‘free’’ spin in a magnetic field. The energy 
levels can be designated by the usual m-values 
and the selection rule is Am = +1. Consequently, 
six absorption peaks appear in this region as 
shown in Fig. 10, where the energy differences 
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Fic. 10. Level separations (in units of 5/2) as a function 
of £=2g8H/é for chrome alum crystals oriented with the 
d.c. field perpendicular to a (110) plane. The full line 
curves belong to atoms for which the axis of the cylindrical 
electric field makes a polar angle @=90° with the magnetic 
ro i pe dashed curves belong to atoms for which 
6=35° 16’. ? 


between levels involved in the absorption are 
plotted as a function of & The width in field 


strength of the entire pattern is less in the (110) 
orientation than in the (111) orientation. For 


very large frequencies of the r-f field this width 


is roughly 6 as measured in oersteds for the (110) 
orientation compared to 26 for the (111) orien- 
tation. The resolution of the lines in the (111) 
orientation is better than in the (110) orien- 
tation. The lines occur in closely neighboring 


. pairs. The width of the lines causes overlapping 


of these lines and therefore obscures the funda- 
mental pattern more so in this than in the (111) 
orientation. When the frequency of the r-f field 
is not large compared to 6/h, the selection rules 
stated above do not apply and the intensities of 
other transitions become significant. The pattern 
then can contain more than six absorption lines. 
For purposes of computation in the region of 
large field strengths it is convenient to use series 
expressions for the positions in field strength of 
the six lines. These are, to terms in &°*, 


@=sin-11/v3 =35° 16’ 
($99): §-1 +§e* 
($495): € +i¢° 
(—$<99): &+1 a 
9=90° 
($99): E+1 +(4/3)E"* —(11/8)E° 
(f>—-}): & — (5/8) 
(—34-—§): €-1 4+(4/3)E"* +(11/8)E~. 
VI. CONCLUSION 


Our values of the zero-field splitting for un- 
diluted single crystals of ammonium chrome 


alum and potassium chrome alum are compared 
with the published results of others in Table II. 
All of the values listed in this table were com- 
puted from data taken at room temperature. The 
first, second, and third columns in the table list, 


TABLE II. Published values of the zero-field splitting, 5, of 
the undiluted chrome alums. 











Salt\ Reference 7 3 8 


NH,Cr(SO,4)2-12H2O 0.143 cm™ 0.135cm— 0.13 cm 
KCr(SO,)2-12H:O 0.130 0.12 0.12 











respectively, the values obtained by the authors, 
by Bagguley and Griffiths,*+** and by Halliday 
and Wheatley.® It can be seen that the results 
obtained by the authors are larger than the other 
reported values; this discrepancy is considerably 
larger than can be accounted for by the experi- 
mental error in fitting the computed peaks to the 
experimental values. The interference effects dis- 
cussed earlier in this paper may account for.the 
discrepancy in the values of the splitting com- 
puted from the absorption peaks. A comparison 
of our curves with those of Bagguley and 
Griffiths shows that our method yields a better 
resolution of the lines. 

The results of experiments described here show 
excellent agreement with the theory and sub- 
stantiate the following conclusions: 


1. The Stark splitting of the ground state of the chrome 
ion can be explained by the presence of a cylindrical 
electric field. 

. The splitting is larger for ammonium than for potassium 
chrome alum. 

. The effect of dilution is to narrow the line widths and 
decrease the zero-field splitting for both ammonium and 
potassium chrome alum. The peak intensities are mark- 
edly diminished by dilution. 


In conclusion we should like to acknowledge 
the support of the Rutgers University Research 
Fund, the Research Corporation, and the Office 
Naval Research. We are indebted to Dr. H. C. 
Torrey, who suggested the use of a magic-T 
bridge for this work. 


** The value of 0.135 cm for ammonium chrome alum 
is quoted by Bleaney and Penrose (reference 9) from 
unpublished results of Bagguley and Griffiths. 
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The quantization of the phenomenological field is carried through with the presence of 
charged particles described by a Dirac Hamiltonian. The elimination of the longitudinal field 
presents some features which are qualitatively different from the vacuum case. In the first 
place the Coulomb energy has an angular dependent term. Further the elimination procedure 
introduces an additional term in the interaction Hamiltonian which is proportional to the 
medium velocity. The physical significance of this term is clarified in the discussion of the 
Cerenkov radiation which is carried through in the two coordinate systems: medium at rest, 
particle moving and particle at rest, medium moving. The result for the total radiation emitted 
is in agreement with the corresponding classical calculation. 





A. CLASSICAL FIELD WITH CHARGES 


N the first part we have developed the classical 

and quantum theory of the pure radiation 
field in a refractive medium. In this part we 
shall study the interaction of charges with the 
field. In classical field theory the charges and 
current density together form a four-vector 
density which we may call j*. Here j®=p is the 
charge density and j#=s* (k=1, 2, 3) is the 
current density. Maxwell’s field equations are 
now in rationalized units of the charge (such that 
e? = 49/137) 


VXE=-B, VXH=D+s, (1) 
V-B=0, V-D=p, (2) 
D=cE, B=uH. (3) 


Charges and currents are connected by the con- 
tinuity equation 


p+V-j=0. (4) 


hateioniias the tensors F™ and G™ of Part I 
(Eqs. (4) and (5), Part I) we may write Egs. (1), 
(2), and (3) in the form 


nF wt OF xt 9, Fy, =0, (S) 
0,G™ = uj’, (6) 
Gru = Fry t «(Fuetr — Fredy)’: (7) 


It is seen that in Eq. (6) the constant yu enters 
explicitly in contradistinction to the radiation 


field where ¢« and yu entered only in the com- 
bination n?=ey. In order to have the radiation 
field only dependent on n? we have defined the 
tensor G, different from the usual way' by 
multiplying it with wu. For the radiation field the 
equations for G, are thereby not changed since 
they are homogeneous. However, when sources 
are present the » shows up explicitly either in 
the definition of the G, or on the right-hand side 
of (6). We have maintained here the definition 
of the G,, for the pure radiation field and cor- 
respondingly find the inhomogeneous field equa- 
tions in the form (6) and therefore in the fol- 
lowing all the expressions for the energy will 
occur multiplied with yu. The continuity equation 
for charge and current density is then 


Onj* =0. 


Equation (5) is the same as for the radiation 
field and permits the introduction of the vector 
potential 


Fy = Onbu — O4r. (9) 


The field equations for the potentials are then 
from (6): 


(—04d,+0,00,0°)V =p jr. (10) 


Here we have used again the subsidiary con- 
dition 


x = 0°, — xv’0,'v, = 0, (11) 


1 See, for instance, W. Pauli, Encyklopddie der math. Wiss. 
(B. G. Teubner, Leipzig, 1921), V. 19, p. 655. 
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and for ¥* we have, as in Part I, 


Y= ¢— xg"00. (12) 


B. LAGRANGEAN FORM OF THE FIELD 
EQUATIONS 


If we consider the current density vector 7* 
as a given space-time function, then the classical 
field equations (9), (10) can be derived from the 
variational principle. 


5 f Lax?=0 . (13) 


L=L4+L'= f Ld*x. (14) 


L® is given by Eqs. (15), (16) of Part I. For L’ 
we have 


L’= fears, (15) 


L'’= +p jo’. (16) 


The Euler-Lagrange equations which follow 
from (13) are : 


d*(3/d0*$*) — (3/dg*) =0 


PG yx — O (Bry, — KUNU,) X =p Ju (17) 


These equations are identical with (10). If we 
impose the subsidiary condition (11), they 
become identical with (6). From (17) and the 
continuity equation (8) follows 


(0d, —xd’n,3"2,)x=0, (18) 


exactly as for the radiation field. Just as in the 
latter case one concludes from this that the sub- 
sidiary condition (11) is identically satisfied if 
it is valid together with its time derivative at a 
given value of the time ¢=0. 


C. HAMILTONIAN FORMALISM 


The canonically conjugate variables II, are 
defined by 


aL j 
sa =G,°- (g.°— Kvv,) x (19) 
3 (do¢*) 


” 


and the Hamiltonian is then 


H= { seats 


with 7 
KH =I," — £. (20) 


We may decomposite it into the two 
H=H+H’, (21) 


where H® is the expression given by Eq. (25), 
Part I, and 


H' = —uf ajo (22) 


The Eggs. (7), (9), and (17) are then equivalent 
with the Hamiltonian equations 


Il, = —dH/s¢", ¢*=6H/5ll,. (23) 


Since this Hamiltonian differs from the Hamil- 
tonian H° of the radiation field only through the 
presence of the interaction term H’ (22), we may 
find an explicit expression for it in exactly the 
same way as the expression (30) in Part I was 
derived. Thus for the Maxwell case (that is, sub- 
sidiary condition x=0 (11) satisfied) we may 
write 


1 


1 
KH=- I -18+2xv°(vxX W-1) 


2 1+ Kvo? 


K 


+ (II-v)?+-«(vX (vx W)-W) 
1+« 


LW-W+I1-Vo. (24) 


The last term may be transformed in the fol- 
lowing way. We have 


II - Vo = V - (IIo) — (V- II) do. 


Here the first term is a space divergence and may 
be omitted from the density function since it 
contributes nothing to the integrated Hamil- 
tonian. For the second term we get from (19) and 
(17) 

V-M= —pjp’+2k(v-V)v°x. (25) 


Since the last term is zero, if (11) holds we may 
replace the last term in (24) by ujogo. For the 
total Hamiltonian density we obtain thus 


H=Ho+f,, (26) 
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1 
Ho= 
2 1+ Kuo? 





— f{u- Ti+2xv°(vxX W-1) 





a(x (WxW)-WIate 


+4 f W-Wa'x, (27) 


(28) 


= — nf axi-¢. 


D. QUANTIZATION 


The quantization procedure for the field with 
charges can be carried through in exactly the 
same way as for the radiation field. For the 
charge and current we shall assume here that 
they are described by the charge and current 
operators of the Dirac theory for particles of spin 
3. Furthermore, we shall introduce the Hamil- 
tonian for the particles alone. In order to simplify 
the procedure and also to avoid the well-known 
divergence difficulties of the hole theory, we 
describe the particle system in configuration 
space. 

For the charge and current density operator 
we have in the Dirac theory 


p. n €n0(X—Xn), 

J x)= n €nG@nd(X—Xn). 
Here the index is the particle number with the 
charge én. @, is the Dirac matrix vector and Xx, is 
the position vector of the mth particle. With these 


expressions we obtain for the interaction Hamil- 
tonian (28) 


(29) 


1= — Mt Din nO@n* O(n). (30) 
For the particle Hamiltonians we have the well- 
known expressions 


AP =o n(@n* Pn +MnBn) (31) 


and for the total Hamiltonian of the system we 
write therefore 


H=H)+Ait+H?. (32) 


' The Schrédinger functional depends now besides 
the field variables g also on the particle variables 
which we symbolically denote with qi, gz, --:, 
gx, -**. Thus the Schrédinger equation may be 
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written 
HOQ(g; gi, G2, ++ +t) =42(g3 Qu ga, +t) ~— (33) 
with H defined by Eqs. (32), (31), (30), and (27). 


E. ELIMINATION OF THE LONGITUDINAL 
FIELD 


The elimination of the longitudinal com- 
ponents of the field in ordinary quantum electro- 
dynamics leads to the Coulomb interaction 
potential between the charged particles. We 
shall now carry out the analogous calculation for 
the field in a refractive medium. To that end we 
go into momentum space with the transformation 
formula | 


> 


®(x) = (2x) f d*kQ (Ik)etx 
1 (34) 








II (x) = (2x) f dP (ee ** 


In order to distinguish the longitudinal and 
transverse components we introduce again the 
special coordinate system @;, @2, e; for each k 


defined in Eq. (61) in Part I. 
P=Pe,4+ Pe,+ Pie, ‘id 
Q=0%e,+0e,4+0e3 


The Hamiltonian for the field may then be 


written as 
Hy =H'+H* (36) 


with 


H*=} f av {pepe 
1+ Kv9? 








xv? sin? 
+perpo(14" sin *) 
1+x« 
x?v? cos?a 
+i(1 -— eww 
1+ Kv9? 





+#(1- 


— 2xiv°(v-k) (QnPn+9%P%)| (37) 





1488 


1 
1+ Kv? 
— 2xiv*kv| sina|Q@P® 

ant 


er: (P2)+P@)4 P@*+p@)) 
1 


+x 


Fone = 4 fare 


kv? =) 


| Poepan( 1+ 
1+« 


X |sine| cosa}. (38) 


This expression may be transformed with the 
help of Eq. (25) which may be written (since 
x2=0) 


(V-I+up)2=0. (39) 


If we develop p(x) into a Fourier series according 
to the formula, 


p(x) =(2m)-8 f dtkp(k)e-**, (40) 


Eq. (39) may be written 


{—7P® (k)k+up(k)}2=0, (41) 


which must hold for all values of k. This means 
that for a Maxwell field we get an equivalent 
H'*¢ if we replace everywhere P®(k) according 
to the equation 


P (kK) =1(u/k) p(k). 


In this way we obtain for H'"* an expression 
which we conveniently separate into two parts 
as follows: 


(42) 


Hi = H+ He, 


Big xv? cos?a 
H,=- fare(a+ ) 
21+ xv9? «+1 


u°p* (Kk) p(k) 
x cee oe 


(43) 


(44) 





vK | sina| 
i= f d*k——up(k) 
1+ Kv9? k 


-k 
J | i(v-k) P)*(k) —kv°9Q@(k)$. (45) 


k(x+1) 


The expression H, is the generalization of the 
Coulomb energy for moving media. For the 
density corresponding to point charges we have 
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Eq. (29) and therefore for p(k) we obtain from 
(40) 
p(k) = (2m)? Don ene™ 2, 
Inserting this in (44) we obtain 
1 p? d®k 
H,= -, Cn€n’ — 
2(2m)® 1+ xv9? nn! 


K 
(14 
k+1 


(46) 





) exp[ik:(x,—Xn’) ]- (47) 


These integrals can be evaluated if we drop the 
divergent self-energy terms and we find thus for 
the Coulomb energy 


is Cn€n’ {14 
ee | 2 


an n>n®* | Xn—Xn’ 


1+kx 
(VX (Xn —%n‘))?*] pe? 


|Xn—Xn’|? J1+- xv? 





(48 


The second term in (43) given by expression 
(45) is a non-static interaction term. We write 
it by introducing the emission and absorption 
operators (Eq. (70), Part I) 


Pine fotelsinail- 
v2 (1+ xv?) B k(x+1) 
X [a2 (Ik) p(k) +-aa* (k) p+ (k)], 


where 8 is given by Eq. (73), Part I. 

This result differs in two respects from the cor- 
responding result in the vacuum theory. Equa- 
tion (48) shows that the Coulomb law for two 
particles at rest in a moving medium is modified 
by the presence of an angular dependent term. 
The second difference is the appearance of an 
additional interaction term H2 which depends on 
the medium velocity and goes to zero with. the 
latter. The physical significance of this term will 
be discussed in connection with the problem of 
the Cerenkov radiation. 

The elimination of the longitudinal field can 
now be completed by introducing the Schrédinger 
functional 


~ aut | 


(49) 


Ot = SO, (50) 


with 


s=exp| - f 0° enka (51) 














The transformation operator S has the property 
that it commutes with all the variables which 
occur in H*, H*, H?, H;, and He except with the 
particle momentum p, which occurs in H?, the 
Hamiltonian for the particles. One verifies easily 
that this momentum operator satisfies the com- 
mutation rule 


[Pn, S] > — Cn gp'™®(x,)S, 


where ¢!°£ is defined as 


(52) 


sre(x) = (2m) f exQ(kjeadre. (53) 
Writing further 
¢* = @ beets gions, 


We obtain finally for the Schrédinger equation 
for Q* 


HOt =i0*, (54) 


H=H*+H*+H’?+H,+A2. (55) 


With the exception of H, the various terms are 
defined in Eqs. (37), (44), (31), and (49). 
Hi, is now given by 


Hy= —p LY €ntin: $* (Xn). (56) 


F. THE CLASSICAL FIELD OF A POINT- 
CHARGE AT REST 


In the following sections we shall discuss a few 
applications of the theory so far developed. As a 
first example we shall study the classical field 
around a particle at rest in a moving medium. 
Since the classical equations hold also for the 
expectation values of the field quantities, we 
may consider the Eqs. (9)—(12) as the differential 
equations for the problem. 

Let e be the charge of a particle at rest located 
at the origin. The density function is then 
j’=e6(x). The currents j* vanish (k =1, 2, 3). We 
want stationary solutions of the differential 
equations (1) which vanish at infinity. They are 
of the form ¥*=0, +0. W is the solution of 


{ —V?+- «(v-V)?} W° =eyd(x). (57) 
We write the solution as a Fourier integral, 
W°=(2r)-3 | F(k)e* *d*k. (58) 
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From (57) follows then for F(k) 


{k?—x(v-k)*} F(k) =e 
or 


Cu ete 
W°= (27) toa «dR, (59) 


In order to evaluate the integral we assume first 
mw? <1, (60) 


By a convenient choice of the coordinate system 
we may assume the direction of velocity to be 
the 3-direction. Introducing further the new 
variables 


ky’ =k, 
x1’ =X, 


k,! = ke, 
X! =Xe2, 


ks’ =k; (1 —xv*)}, 


x3 =x3/(1—x*)}, a) 


we obtain for (59) 
W° = (27)-*[eu/(1 — xv?) *] f eik’ -x’ /R!/2q3p! 


W°= (1/4) [eu /(1—xv?)*](1/|x’|). (62) 


For a general coordinate system this may be 
written 


W° = (eu/4m) {x2(1—xv*)+-«(x-v)?}-4. (63) 


On the other hand, if «v?>1 the integrand of 
(59) has two poles for real values of k. We shall 
again choose the notation (61) and carry out 
first the integration over k;’. In order to make k;’ 
and x;’ real they are now defined as 


ks’ =k3(xv?—1)!, x3! =x3/ (xv? — 1)4 
and the integration over k;’ gives 


etks’ x3’ 
I= fan . 
ky'2+-Ry!? — ks’? 


There are two different solutions possible which © 
are real according to whether we displace the 
path in the upper or lower half-plane around the 
two poles k;’ = +(k1?+,’")!. In the rest system 
of the medium these two solutions correspond to 
the advanced and retarded potentials, respec- 
tively. The principle value, on the other hand, 
gives a linear combination of these two solu- 
tions. Just as in the case of the advanced poten- 
tials, we must exclude the first solution on 
physical grounds, We obtain in this way for J 


(64) 
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with the residue theorem 


_j0 for x3’ <0 
‘ eae /k) for x3’ “| (65) 


with k=(k;?+,?)!, and, consequently, 
eu e*k-x sinkx;’ 
W°= (27)? fox 
(xv?—1)4 k 
Integrating over the angles first this gives 


Y= (eu/2m)[1/(nv?—1)4] 





4 f Jo(kr) sinkx3’dk, (67) 
0 e 


(r = (x1?-+%2")4). 


The last integral can be evaluated with the help 
of the formula? 


ad 0 b<a 
f Jo(at) sinbidt = | ; 
0 1/(b?—a?)? b>a 


Hence after transforming the result back to the 
general coordinate system, 


0 for x-v<ur(xv?—1)! 
W°=4 (eu /2m) {|x |?(1—xv?)+x(v-x)?}-? «+. (68) 
for x-v>vr(xv?—1)} 


We see from this, the solution W® vanishes every- 
where except inside the cone given by 


x-v=rv(xv?—1)!. (69) 


On the cone itself the solution (68) becomes 


* infinite.* From (68) and with the help of Eqs. 


(12) and (9) it is easy to obtain the field strengths. 
Since 


P=aW4[x/(1 +0) ]Vv0, 
b'=[«/(1+«) lov, (70) 
b= W114 («/(1+x))0%v], 


the field strengths are given by 


F,= [x/(1+x) ]vo(0.0;— 0,0.) V°, (71) 
Fin =O WoL 1+ (k/(1+4)) 0% ]. i 


2See G. N. Watson, Theory of Bessel Functions (Cam- 
bridge University Press, 1922). 

*We notice that the expression (68), insofar as it is 
different from zero, is twice as large as (63). This means 
that the field simply “folds over” to the inside of the cone 
(69) for velocities v larger than x«~, 


G. THE SELF-FORCE ON A PARTICLE AT REST 
IN A MOVING MEDIUM 

We consider now, still in the classical case, the 
net force which the field exerts on a particle at 
rest when the medium is moving. In vacuum 
electrodynamics this force is, of course, always 
equal to zero since the field is spherically sym- 
metrical around a point particle. However, this 
is, no longer the case when the particle is at rest 
in a moving diffracting medium. 

According to Lorentz the four-vector density 
of the force is given by** 


Su=vF 7’. (72) 
For a particle at rest this reduces to 
fi=uFiop; fo=0. (73) 


The total force on the charge is then 
Fimu f Fap(xate. (74) 


In order to evaluate this expression we assume 
a charge distribution p(x) with the Fourier 
expansion 


p(x) = (2n)-4 f dtkp(k)e-*x, (75) 


The field strength¢ are then by the obvious 
generalization of Eqs. (59), (71) for a continuous 
charge distribution 


Fyo(x) = — (: when wot) (2n)-¥ f a 
1+k 
a Rig? xO-7) p(y) 
x f _—_.___ gik (x-y ? 
"Ponteis died 


and hence for the force (74), 


k Ri? 
F;= (——v—1)é fae 
1+x k?—x(v-k)? 
X p(k)e(—k). (76) 
Since the integrand in this expression is odd, we 


see that F;=0 if the denominator has no singu- 
larity, that is, if «?<1. In the other case 


** The explicit appearance of the factor w in Eq. (72) 
— from our definition of energy and momentum of the 
eld, 
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(xv®>1), we must evaluate it again with the 
path of integration chosen according to the 
solution (68). In this way we obtain again with 
the residue theorem the expression : 


2m? xv?—1 
F;=——- —— I, (77) 
1+x_ «xv? 
with ‘i 
is f kdkeu?p(k) p(—k) (78) 
0 


for spherically symmetrical charge distribution. 

For a point charge p(k) =e(2r)-?, independent 
of k and the integral (78) is divergent. This 
means in a medium with constant e and yu a 
point particle can never be accelerated to a 
velocity such that «v?>1. The situation is dif- 
ferent, however, in a dispersive medium. In that 
case the factors in front of J will be frequency- 
dependent and will therefore go under the 
integral sign. The integral is then always con- 
vergent provided «0 for kR->~. 


H. THE CERENKOV RADIATION 


With Cerenkov radiation one denotes the 
radiation emitted by a charged high speed par- 
ticle traversing a refractive medium with a speed 
so high that «v?>1. This radiation is essentially 
different from and must not be confused with the 
bremsstrahlung. It was discovered experimen- 
tally by Cerenkov in 1934 and subsequently 
studied by other workers.’ The classical theory 
of the radiation was given by Frank and Tamm.‘ 
We shall here develop the quantum-mechanical 
theory of the radiation by using the two repre- 
sentations: medium at rest, particle moving and 
medium moving, particle at rest.** 

In the first case the interaction Hamiltonian is 
given entirely by the term H, in Eq. (55). We 
consider an electron of rest mass m and mo- 
mentum p, such that p?x>m. This electron can 


3P: A. Cerenkov, C. R. Acad. Sci. U.R.S.S. 2, 451 
(1934); 3, 413 (1936); 14, 99, 103 (1937); 20, 651 (1938); 
21, 116, 319 (1938) ; Phys. Rev. 52, 378 (1937). G 
Collins and V. G. Reiling, Phys. Rev. 54, 499 (1938). H. 6: 
Wyckoff and J. E. Henderson, Phys. Rev. 64, 1 (1943). 

41, M. Frank and Ig. Tamm, C. R. Acad. Sci. U.R.S.S. 
14, 107 (1937). Ig. Tamm, J. Phys. U.R.SS. 1, 439 (1938). 

“* A quantum mechanical treatment of the Cerenkov 
radiation has also been a by V. L. Ginsburg, J. Phys. 
U.R.S.S. 2, 441 (1940). However, the relativistic invariance 
and the elimination of the longitudinal field are not dis- 
cussed in this paper. 
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carry out a transition to a state with momentum 
p’ under emission of a photon of momentum and 
polarization k, r and energy k/n. The probability 
per unit time for such a process is given by 
quantum-mechanical perturbation theory as 


dP =2ndpr(| Hi|*)w. (79) 


Here (| H;|*)w is the square of the matrix element 
of H, for the transition in question averaged over 
all the spin states of the initial and final states of 
the electron. dpr represents the density of the 
final states, per unit energy range for photons 
emitted into the solid angle d2. By denoting the 
spinor amplitudes of the plane waves of the 
electron with u(p) and u(p’) for initial and final 
states, respectively, we obtain from Eq. (56) the 
following expression for the matrix element 


(| Hi | *)w = [e2u?/1602e(1+«)*] 
Xt L|u*(p)(a-e,)u(p’) | ?. 


The summation in this expression extends over 
all the spin states of the initial and final state of 
the electron with positive energy. This sum may 
be evaluated in the following way. We introduce 
the annihilation operators 


A a@: E, |/2E 
Poe a ag tea 


(80) 


[2Ey, SY 
with 
E,=+(p*+m)}, Ey =+(p'+m?)), 
We obtain then for this sum 
=} DL |u*(p)(a-e,)u(p’) |? 


= fir (a-e,)Ap(a-€,)Ap | (82) 


{E,E, —(p-p’)+2(p-e,)?—m?}. 





2E,'E> 


In the applications the only case of importance 
is that for which the photon quanta have mo- 
mentum very much smaller than the momentum 
of the particle k<p. For this case (82) may be 
developed in powers of k/p, In this way we 
obtain for the sum (82) 


S=(1/E,*)(p-e,)?. 


From this expression it may be seen that the 
Cerenkov radiation is polarized with the electric 


(83) 
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vector in the plane of the vectors p and k. The 
total photon-emission probability is then propor- 
tional to 


S=(1/E,’) {p?—[(p-k)*/k?]}. 
For the density of final states we have 
dpr=k*?(dk/dE,r)dQ. (85) 


The conservation of energy gives for the final 
energy the expression 


Er=(k/n)+[((p—k)?+m?]}. 

From this we get 
dEr/dk=(1/n) . 
+(k—p cos6)[(p—k)*+m*}"}, (87) 


where @ is the angle between p and k. This angle 
is entirely determined by the conservation of 
momentum and energy. For we obtain for the 
parallel and perpendicular components of mo- 
mentum the equations 


pb=putk cos8, 
and for the energy 


E,=Ep+(1/n)k. 


(84) 


(86) 


O=p,+ksiné, (88) 


(89) 


The sum of the squares of the first two equations 
gives 


p= p?+k?—2pk cosé (90) 


and the square of the last 
p?=p?—(2/n)kRE,+ (1/n?)k?. 
Equating the last two expressions gives 


cos =[E,/pn ]+[x/(x+1)]Lk/2p], (92) 


which is the desired relationship between @ and k.. 
We mention here that in the classical theory‘ 
only the first term occurs on the right-hand side 
of Eq. (92). That the quantum theoretical 
treatment leads to the additional term on the 
right was pointed out before by Cox.® Inserting 
(84), (85), (87), and (92) in (79) gives us the 
desired cross section for the photon emission per 
unit time into the’solid angle dQ. 

We shall carry out the discussion of the result 
in the approximation kp which was already 
used to get the result (84). In this case we obtain 


(91) 


5R. T. Cox, Phys. Rev. 66, 106 (1944). 
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[u=v/(1+v*)*]: 
dEr/dk~[k/2E, ][x/(x+1)], 
dpr~2kE pl (x-+1)/x]dQ, 
S~w i —(1/n?)u?], 


(93) 
(94) 
(95) 


~ and therefore from (79) 


dP =E,[ (x +1)/« ][e*u?/402(1+x)?] 
Xu?(1—(1/u2n?)). (96) 


The emission probability as a function of the 
angle is then obtained by expressing k as a 
function of @ by Eq. (92). 

In order to obtain the total energy radiated 
per unit time dw/dt we write 


dQ2=sinddédy = —dg[x/(x+1)](dk/2p), (97) 


dake f dP-(k/n) 


= (¢#/4n) f (kdk/n2)u*C1—(1/n?)u2]. (98) 


It is seen that this expression diverges if no dis- 
persion is assumed. It can be made finite with 
any kind of dispersion law which assumes only 
n—1 for k—«. Incidentally, the expression (98) 
is identical with the classical expression given by 
Frank and Tamm.‘, 

We shall finish the discussion of the Cerenkov 
radiation by considering the same problem in the 
coordinate system for which the particle is at 
rest. In this case H, does not contribute anything 
for km since the matrix element s of @ are 
proportional to k/m. At first hand it seems, 
therefore, that no radiation will be emitted. 
However, the part H2 given in Eq. (49) will now 
contribute the necessary interaction terms. We 
recall that He was introduced into the Hamil- 
tonian by the process of eliminating the longi- 
tudinal ‘part of the field. Since in ordinary 
quantum electrodynamics this term does not 
appear, its physical significance was not im- 
mediately obvious. We see now better what its 
physical implications are. 

The probability for the emission of a photon 
of momentum k and a corresponding change of 
the electron momentum from 0 to —k is then 
given by 


dP’ =2npr(| He|?)w. (99) 
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A straightforward calculation along the lines of 
the previous case leads to the following result for 
the probability of photon emission in a direction 
k into the solid angle dQ. 


dP’=[e*y?/2 ][1/(2m)?] 
X [(«v® — 1)/« L(«)4#/(1 + «) Jae. 


The conservation of momentum and energy 
give for the angle a of the direction of the emitted 
photon with the velocity v 


cosa — [v°/2mv ]k —[1/ (xv?) 4]. 


(100) 


Thus for d2 we may write 


dQ =sinadad gy = (v°/2um)dkd ¢. 
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If we calculate the total momentum transferred 
to the electron per unit time, we find the ex- 
pression 


F= - fe cosad P’ 


or for the ith component, 
F;=([e*u?/4m J[1/(1+«)] 

XL (*—1) aos fede. (101) 
This expression is identical with the classical 
expression obtained in Eq. (77) for the static 


self-force of an electron at rest in a moving 
medium. 
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The method introduced by Bethe and Peierls for treating 
the problem of order-disorder in alloys is applied to the 
problem of ferromagnetism. The method is first applied to 
the Ising model of the spin in which case the treatment is 
much the same as it is for the alloy problem, as has already 
been pointed out by Peierls. The correct treatment of the 
spin is used for spin values of $ and 1 per atom. The critical 
temperatures of different types of lattices are investigated. 
The method gives results in agreement with the rigorous 
results of the Bloch spin-wave theory in that only three- 
dimensional lattices are found to be ferromagnetic. The 
values of the critical temperatures of these lattices are 
found to lie between the values predicted by the two 
Heisenberg approximations. The discontinuity of the spe- 


I. INTRODUCTION 


HE calculations described below are based 

on the physical model of ferromagnetism 

first introduced by Heisenberg.! This model can 
be described briefly as follows. Each atom in a 
domain has a spin S which is the resultant of the 


* Some of the developments reported here are contained 
in a thesis submitted in 1940 in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy at 
Harvard University. These developments are also con- 
tained in a review article, J. H. Van Vleck, Rev. Mod. 
Phys. 17, 27 (1945). 

1 W. Heisenberg, Zeits. f. Physik 49, 619 (1928). 


cific heat at the critical temperature is computed for a 
body-centered lattice and for the two values of the spin. 
The magnitude of the discontinuity is larger than that pre- 
dicted by Heisenberg’s first approximation. The magnitude 
for the spin 1 is 3.4 k per atom and compares favorably 
with the experimental value for iron. The susceptibility is 
computed as a function of the temperature above the 
critical point. The variation of the susceptibility with tem- 
perature does not obey the Curie-Weiss Law but displays 
some curvature. This curvature explains qualitatively the 
difference between the ‘‘paramagnetic’’ and ferromagnetic 
critical temperatures and also helps remove some of the 
discrepancy between the number of Bohr magnetons per 
atom as measured at high and low temperatures. 


spins of individual electrons (or holes) residing 
in an incomplete inner shell. The orbital moment 
is quenched so that the magnetization arises en- 
tirely from the spins and is, in the first approxi- 
mation, isotropic. The exchange interaction in- 
tegral is significant only when it refers to elec- 
trons in neighboring atoms and is the same for 
all such pairs of atoms of the domain. The ex- 
change integral, J, is positive. The incomplete 
inner shell referred to is, in iron, nickel, and 
cobalt, the 3-d shell and, in gadolinium, the 4-f 
shell. It is also assumed in this model that all 
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atoms are in the same atomic state so that the 
same spin quantum number applies to all atoms. 
Measurements at low temperatures on the satu- 
ration intensity of magnetization show the num- 
ber of contributing spins per atom to be non- 
integral. The model, therefore, is not complete 
but does have the virtue of simplicity from a 
mathematical point of view. 

The spin-dependent part of the exchange inter- 
action can be shown to be, in vector form, 


H=-—2/> S;,-S;, (1) 
>i 

where J is the exchange integral, 7 and j refer to 
neighboring atoms, and the summation is taken 
over all VV atoms of the domain. The solution of 
this Hamiltonian for the energy levels is prac- 
tically impossible, and consequently several ap- 
proximation schemes have been tried. The most 
notable of these are the two Heisenberg? approxi- 
mations and the method of spin waves introduced 
by Bloch.* The latter method, which is rigorous 
at very low temperatures, shows that only three- 
dimensional lattices can display ferromagnetism. 
The criteria arrived at by the Heisenberg ap- 
proximations can be expressed in the coordina- 
tion number of lattice (the number of nearest 
neighbors about any one atom). In the first ap- 
proximation, which neglects entirely thé spread 
of energy levels, every lattice type becomes ferro- 
magnetic at sufficiently low temperatures; in the 
second approximation, in which the energy levels 
are distributed according to a Gaussian distri- 
bution about the mean value, ‘the criterion is 
simply that the coordination number must be 
equal to or greater than eight. 

A different type of approximation is afforded 
by the method introduced by Bethe‘ and Peierls® 
in connection with the theory of order-disorder 
transformations in binary substitution alloys. 
The method can be described in terms of the 
present problem as follows. An arbitrary atom of 
a domain, the central atom, and its immediate 
neighbors 2” in number (2m=the coordination 
number) are considered in detail. The exchange 
energy (1) of this cluster which consists of only 


2See J. H. Van Vleck, Electric and Magnetic Suscepti- 
neg aaa University Press, Teddington, 1932), 

2. Bloch, Zeits. f. Physik 61, 206 (1930). 
4H. A. Bethe, Proc. Roy. Soc. 150, 552 (1935). 
5 R. Peierls, Proc. Roy. Soc. 154, 207 (1936). 


a few atoms can be diagonalized in a correct 
fashion. The interaction of the neighbor atoms 
with those outside the cluster and of the remain- 
ing atoms with each other are replaced by an 
internal field, Hi, which acts on the atoms of the 
first shell alone, and not on the central atom. 
The internal field H is determined by the condi- 
tion that the average magnetic moment of the 
central atom in an applied magnetic field Hp is to 
be the same as the average magnetic moment of 
an atom of the first shell in this field since, ac- 
tually, there is no distinction to be made be- 
tween the central atom and an atom in the first 
shell. The two fields are in the same direction 
since, in this approximation, directional effects 
are being neglected. The critical temperature is 
determined as that temperature below which the 
internal field does not vanish in the absence of 
an externally applied field. 

Conceptually, this is the first of a series of 
approximations. At each stage an additional shell 
is included in the part which is treated rigorously, 
the remaining interactions being replaced by an 
internal field which acts only on the outermost 
shell. The second of this set has been carried 
through in the problem of alloys and yields re- 
sults only slightly different from the first. Pre- 
sumably the series converges rapidly which may 
be assumed to be tfue in the present problem as 
well. It should be remarked that this approach 
imposes the character of the transformation at 
the critical point, namely, that of a transforma- 
tion of the second kind, in which the specific heat 
is discontinuous. On the other hand, the very 
first approximation includes more properties of 
the lattice than the coordination number because 
the structure of the first shell has a direct bearing 
on the exchange energy of the cluster. Moreover, 
the results of this method are different from those 
of the Heisenberg procedure since this method 
yields different approximations to the higher 
(than second) moments of the distribution 
function. 


II. THE ISING MODEL* 


The simplest application of the method lies in 
the use of the Ising* model of the spin. In this 


** After this had been submitted, a paper by U. Firgau 
(Ann. d. Physik 40, 295 (1941)) came to my attention. 
This contains the results of Section II and uses a method 
identical with that of Bethe and Peierls. 

6 E. Ising, Zeits. f. Physik 31, 253 (1925). 
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model the spin per atom is } and the off-diagonal 
elements of the matrix representatives of the spin 
operators in (1) are equated to zero. This means 
that each spin is oriented either parallel to or 
anti-parallel to an applied field. Peierls’ has al- 
ready remarked that with this model of the spin, 
the mathematical problem of ferromagnetism is 
the exact parallel to that of order-disorder in 
alloys. For this reason the mathematical develop- 
ment of this section parallels closely the treat- 
ment of Bethe.® 

In the presence of the applied field Hy in the 
z direction, the Hamiltonian is 


= —2ISo2Siz—gBSozHo—gBSizHi. (2) 


Here g is the spin g-factor (=2), 8 is the Bohr 
magneton eh/2mc. Soz, Siz are the z-components 
of the spins of the central atom and of the first 
shell. So, has the values +3 while S), assumes the 
values —(n), —(m—1)--+-+(m). The number of 
states associated with a given value of Sj, is just 
the number of ways in which (Si,+) spins 
pointing parallel to Hy can be arranged on the 
(2m) sites, or 


w(Siz) = (2n)!/(Siz+)!(n—Si2)!. (3) 


For convenience in writing we replaced g8H» and 
gBH, by Ho and Mi; kF by T, and set 


Ay, J 


x1=exp——, y=exp—. (4) 
‘ T 2T 


Ho 
Xo =exp ——, 
2T 


The partition function is 
1 y 2Siz 
P=E w(Si){—(7) “teoteorl, 
Xo \X1 


with the summation taken between the limits 
Siz= —n and S;,=-+n. The summation can be 
performed and is 


1 X1 y 2n 1 2n 
-—|"4) +o ye+—} 
yx 


ol Y XX, 


The average magnetic moments of the central 
atom mp and of an atom in the first shell m,, in 
the direction of Ho are, according to the rules of 


7R. Peierls, Proc. Camb, Phil, Soc. 32, 477 (1936). 


statistical mechanics, 


7] 1 te] 
Mo=Bxo—InP and m,=$8—x:—InP, (7) 
0X0 2n 0x1 


accordingly, 


Mo 17)” .14495 m2 
P= x9|yxs+—} eee pos 
B YX 1 Xol'X1 Yy 


1 2n—1 1 
P—=Xo et —| ya -—| 
B yx 


yxX1 


(8b) 


“1 Y 


4A f2 


Xo 


7. om 
H, is determined by setting 

mi = Mo. (9) 
In the region below the critical point it is suffi- 


cient to consider these quantities in the limit of 
vanishing external field, x»=1. This yields 


(s+—)” =a At (10) 


which after some manipulation can be separated 


to give 
exp— =| sin — sin —j}. 
PT 2n—1 T 2n—1 T 


This is precisely the result which Bethe’ obtains 
in the case of binary alloys. As there, the critical 
point is evidence by the fact that as the tem- 
perature increases from very low values, where 
H,=(2n—1)J, the right-hand side of (10) ap- 
proaches a minimum value of (m)/(m—1). At this 
point Hj vanishes (i.e., the intensity of mag- 
netization vanishes) in the absence of Hy. The 
temperature where this occurs is 


J/T,=\n2n/(2n—2)=Inn/(n—1). (12) 


In the temperature region immediately below 
the critical point the internal field is given by 


Fe 


To the same degree of approximation, the rela- 
tive intensity of magnetization 


f=mM0/B, 


—- 1)(n— )(exp=- p=), (13) 


(14) 














is given by 





“fo Ge 


{—(2n- 1)(n—1) 


or, 
2n 


2n—112 





oo 


P 2 
X { exp—— exp— & “ga 
(apZ-ap7)} + as 


so that the saturation intensity of magnetization 
increases below the critical point as the square 
root of the temperature departure from the criti- 
cal temperature. The complete expression for ¢ is 


¢=tanh(n/2n—1)(A;/T), (16) 


as can be seen from the first of (8) and from (9). 
Thus ¢ has the same behavior below the critical 
point as does the long distance order, S, in 
reference 5. 

The consideration of the energy per atom is 
somewhat different in the present case since there 
is no convenient parameter which takes the place 
of that which describes the local order in alloys. 
This is to be expected since the numbers of the 
two different types of atoms is fixed in the alloy 
while here the numbers of the atoms parallel and 
anti-parallel to the fields change as the tempera- 
ture decreases from the critical point. In view of 
this, it is rather surprising that, as will be shown, 
the discontinuities in the specific heat at the 
critical temperatures are the same in the two 
cases for the same lattice types. The total energy 
of a domain consisting of N atoms can be ob- 
tained as follows. Suppose there are J; spins 
which point parallel to and Nz=N—A, spins 
which point anti-parallel to a given direction. If 
m, is the average number of atoms neighboring a 
parallel type which are also parallel, and if m2 
is the average number of atoms neighboring an 
anti-parallel type which are also anti-parallel, 
then the total number of different neighboring 
pairs which are aligned parallel to each other is 


2(Nimit+Noeme). | 


The total number of different pairs is 3Nz antl 
therefore, the number of different pairs which are 
aligned oppositely to each other is 


3[ Nz —_ (Nimi+ None) |. 
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The energy for a pair which are similarly aligned 
is —3J; for a pair which are oppositely aligned 
+4J. The total energy is then 


—3I(Ninit+Nome)+(1/4)NzJ. (17) 


N; and Nz are determined by the intensity of 
magnetization 


M=2N(1+S), 


m, is given by 


N2=3N(1-s). (18) 


2n 1 pases 
=( k ) win +H) (k—n) 
n= . (19) 
z(”) ex + LH) k—n) 
iy 





The limits in the summations are k=0 and (2n). 
A similar expression obtains for m2 although here 
the sign of H; is reversed. The results are 


J+A, 
ma=n( 1+ tanh ). (20) 
2T 


The total energy is, except for a term independ- 
ent of ¢ and A, 








n J+A, 
= -=w5| (1+¢) tanh 
4 ee 





J-H, 
+(1—¢) tanh (21) 
2T 


The energy per atom is E/N =e. Above the criti- 
cal point the energy is 


€9 = —(n/2)J tanh(J/2T). (22) 


On expanding the tanh functions in (H/2T) and 
in using (11) and (14) the energy immediately 
below the critical point is 


2n?(n—1) 
Gi ee, (= —). (23) 
(2n—1)? \2T 


The discontinuity in the specific heat is 
C/k ( : ( )) 
A =| —(e—e 
e oT : T=T- 


_3n*(n—1) n \? 
sf (2n—1) (nm). 


(24) 








fo 
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Ill. ENERGY LEVELS OF THE CLUSTER 


An advantage of the present method is that 
the Hamiltonian of the cluster can be dealt with 
in a correct fashion without invoking an approxi- 
mate model of the spin as was done in the previ- 
ous section. The Hamiltonian is 


H,)=—2/ > S;-S;—So-Ho— Sih, (25) 


>i 


where we have replaced g8H» by Ho and g@Ai 
by H,. The summation is taken over the (2n+1) 
atoms of the cluster and can be written as 


2n 
So-D S;+%d S;-S;=So-Si+X S;-S;. (26) 


j=1 i>j i>j 


S: is the spin of the combined first shell; the 
second summation takes account of interactions 
within the first shell. This interaction is absent 
in the linear chain, the quadratic layer lattice, 
the simple cubic, and body-centered lattices. In 
the hexagonal layer lattice, each atom of the 
first shell has two of its six nearest neighbors in 
that shell; in the face-centered lattice, each atom 
of the first shell interacts with four other atoms 
of the first shell. The simplest cases are those for 
which such interactions are absent and these 
are considered first. 
The vector model yields the energy values 


FE exch = +J(Si+1), S=S;—3, 
E+ exch = —JSi, S=S,+}. (aia) 


When the spin per atom is } and 


E~exch = +2)(Si+1), S=S,-1, 
E® «n= —2J, S= $j, (27b) 
E+ exch = —2JS1, S=S;+1, 


when the spin per atom is 1. A system of repre- 
sentation is used in which the exchange energy 
is diagonal. m is the magnetic quantum number 
of the total spin S=S)+5S;. When the spin per 
atom is $ the levels are: 


W=—JSi¥F}(2S:\4i1+Ho), . (28a) 


for m= +(Si+}) and when |m|<(Si—}) the 


matrix is 
Y ae 
B: Aas 


Ag=J(Si+1) —mH,— (Hi—Hp), 
2Si+1 


with 


A,=—JS:—mH,+ (H:—H)), 


2Si+1 


| 4m? 
al (2,41)? 


; 
(H,—H). 


The Hamiltonian is more complicated when 
the spin per atom is 1. First, it is of third rather 
than second order and second, there is a degener- 
acy in the exchange energy when S,=1 for the 
levels S=S,+1 and S=S;. Because of these 
difficulties, a discussion of this Hamiltonian is 
reserved for an appendix. . 

The secular equation for the levels belonging 
to the matrix (25) is of second degree and conse- 
quently the expressions for the energy levels con; 
tain a complicated square root of a sum of terms 
involving J, H;, and Ho. Numerical computations 
of the intensity of magnetization are difficult to 
perform when these expressions are used. The 
internal field is small in the immediate vicinity 
of the critical temperature and a series expansion 
in terms of H/J is possible in this temperature 
region. This expansion permits the computation 
of the critical temperature, of the variation of the 
susceptibility with temperature, and of the dis- 
continuity in the specific heat. It is necessary to 
include terms in the fourth powers of H/J al- 
though the computation of the critical tempera- 
ture and of the susceptibility require only terms 
through the second degree in H/J. The levels are, 
for a spin of 3, 


Wi( Sim) = Ai +i +cx(Hi — Ao) 
+di(i —Hp)?+e.(Hi—Ho)' 
+fi(Hi—Ho)*. (29) 


k=1, 2. corresponds to the anti-parallel and 
parallel alignments of the spins of the central 
atom and of the first shell. A corresponding ex- 
pression to be given in the appendix applies as 
well for the case of a spin of 1, The coefficients 
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TABLE I. Ratio of exchange integral to critical tempera- 
ture (J/kT.) for different lattice: types as computed by 
different approximations. 























—* 
re) 
— = Heisenberg App Present 
Lattice bors atom I II method 
Linear chain 2 4 1.000 None None 
tic layer 4 4 0.500 None None 
Simple cubic 6 ; 0.333 None 0.540 
Hexagonal layer 6 0.333 None None 
ae ee 8 4 0.250 0.500 0.3445 
Modified body-centered 8 4 0.250 0.500 0.4620 
Body-centered 8 1 0.0937 0.1502 
here are 
Ai=J(Sit1); As=—JSi; b1=b2=—m, 
m 
12> F ‘ 
(2.S1+1) 
1 4m? 
kia ef) 
4J(2S,+1) (2S,+1)? 
m 4m? 
A a a 
2J2(2S1+1)? (2S,+1)? 
f 1 
arr 
16J7(2.S,+1)8 





24m? 80m! 
fh tie. 
) (2S:+1)? (2S;+1)4 
IV. THE CRITICAL TEMPERATURE 


The partition function of the cluster is 


1 
P=)" w(2n, s){x oe ee 


1 
+> a (31) 


The first summation is over S; from 0 to 7; the 
first of the inner summations is over m: from 
m= —(S,—}) tom=-+(S,—}4); the second of the 
inner summations is over m from m= —(S1+}) 
to m= +(5:+4). The multiplicities w(2, Si) of 
the different S, levels are obtained from the 
branching rule expressed in the formula 


(2n)! 


(n—Si)\(n+5S;)! 
‘(2n)! 





w(2n, Si) = 


(32) 





~ (n—Sy—1) (nS: +1)! 
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for a spin $ and 

w(2n, S:)=L(S1)-—L(Si+1), 
with 
L(S1) = coefficient of Xin (X+1+X—!)**, (33) 
for a spin 1. The parts of the exponentials con- 
taining the field strengths can be expanded in 
power series, again preserving terms through the 
fourth powers. The average magnetic moments 
of the central atom and of an atom in the first 
shell are found by 


] 1 re] 
my= —gBT—InP. m,= ——g8T—— InP. (34) 
0H, 2n dH. 


0 1 


The field Hy can be taken to be zero in the result- 
ing expressions in the computation of the critical 
temperature; both moments then have terms in 
H, and H;’. The consistency requirement (9) 
yields the equation which determines A, 


A+CH;=0, (35) 


one factor of H; having been canceled from each 
term. This indicates that Hi=0 is one (an un- 
stable one) solution. The quantities A and C are: 


2 A;} 
A = - 7. w(2n, S1) At+—| 


k=1 8; 


* (36) 
xexp—-—-, 
att 


1 

C= e - a“ S1) | Ci +e 

1 1 A; 

+= 08+— cit} exp-—, 

T? T3 T 

Aff=> (—2dx), 
(14+2n)A=> {(de+cx)?+2ncr(det+cx)}, 

C= dL (—4fi), (37) 


(142m) C= ¥ {2(1+-2m)dy2+ (4+ 6m) ede 
, +4(1+2n)exce}, 
—(14+2n)C2=D {2de(b.+cx)? 
+ 2ndi(be+cx) (bi +2cx)}, 


6(1+2n)Ci2 => { (be+cx)*+20c4(b,+cx)*} 




















The sums are to be taken with |m|<(S:—4) for 
k=1 and |m|<(Si+4) for k=2. Only terms in 
even powers of m are involved because sums over 
odd powers vanish. The summations can be per- 
formed by using 


+7 
> 1=2T+1; 
m=—T 
+T 
LD m=3T(T+1)(2T+1); y 
m=—T 
and (38) 
+T 1 
D_ mt=— 


IT (T+1)(3T?+3T—1). 

m=—T 15 
The complexity of the expressions (36) and (37) 
arises from the off-diagonal elements of the ma- 
trix representatives of the spins. It is not possible 
to perform the summations over S; in closed 
form and computation shows it is not possible to 
neglect those terms which arise from the off- 
diagonal elements. In fact, it is primarily these 
terms which give results concerning the critical 
temperature which are different from the Ising 
model, and from the Heisenberg approximations. 

The critical point is found by numerical com- 
putation as the temperature for which A of (35) 
and (36) changes its sign. Each lattice requires a 
separate computation number. The critical tem- 
peratures provided by Heisenberg’s first and 
second approximations for a spin of 4 


J/T.)r=1 ITF. a 1 1 a 
(J/T)r=1/m, (J/ du={ -( --) | (39) 


provide useful starting points. The results of the 
computation for several lattice structures are 
shown in Table I. 

The hexagonal layer lattice and the modified 
body-centered lattice contain interactions be- 
tween atoms in the first shell. The exchange 
energy for the configuration presented by the 
first shell of the hexagonal layer lattice has been 
solved by Serber.* The levels in units of J along 
with their multiplicities are: 

5S, =0 Si=1 S1=2 Si=3 
—4.606 (1) —4.561 (2) —5.000(2) —6.000(1) (40) 
—2.000 (2) -—4.000 (1) -—3.000 (2) 
+2.606 (1) —3.236 (1) —2.000 (1) 

—1.000 (2) 
—0.4385 (2) 
+1.236 (1) 


®R. Serber, J. Chem. Phys. 2, 697 (1934). 
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To these must be added the interaction of the 
central atom with the first shell +(S,:+1) and 
— S, for the anti-parallel and parallel alignments 
respectively. The corresponding values of A, and 
Aap can be inserted into (36). The “modified” 
body-centered lattice is an imaginary one in 
which the eight atoms of the first shell are divided 
into two groups of four; in each group all atoms 
are nearest neighbors to each other but not to 
any of the atoms of the other group. This is an 
artificial lattice imagined in order to try to de- 
termine the effect of the interactions inside the 
first shell on the critical temperature. The ex- 
change energy is 


4 
Huxch = —2J8o:Si—2/ > Wa §;-S; 


>j=1 


—2J > S:-S;, (41) 


i>j=5 
Wereh = —2ISo°Si—J{S1'(S'+1) —3} 
—J{Sy"(Si+1) —3}. 


Here S,’, S,’’ are the total spin numbers of the 
two groups of four atoms. The terms independent 
of spin can be dropped; the energies are: 


Ag= —J{S:+Si(Si +1) +Si"(Si" +1}, 
Aap= +J{(Si1+1) —S1'/(S1'+1) (42) 
— Sy/"(S1'"+1)}. 


The summation over the S,; levels must be 
taken as 


4 Si-Si"" 2 1 
> DY Lwé4, Si’)w(4, Si’) exp——Axz, (43) 
Si: S81’ 81" T 
with S;=S,/—S,"- - + S;'+S,'". The w factors are 
computed with (32) using 2m =4, as indicated. 
The results as shown in Table I are notable in 
that of the lattice types investigated only those 
which are three-dimensional display a critical 
temperature. This is in agreement with the 
rigorous results of the Bloch theory and, perhaps, 
attests the effectiveness of the present method. 
Also, the critical temperatures found lie between 
the two Heisenberg approximations, the second 
of which is known to overemphasize the disper- 
sion of the energy levels. The method also takes 
into account in the first approximation the inter- 
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action inside the first shell. In this respect, it 
takes into account some terms which enter first 
in the moment method only in the third power 
of the energy. The critical temperature is found 
to be lower in the modified than in the actual 
body-centered lattice. The interaction inside the 
first shell serves merely to increase the local order 
and does not serve to increase the long-distance 
order. 


V. THE DISCONTINUITY IN THE 
SPECIFIC HEAT 


The discontinuity in the specific heat at the 
. critical temperature is one of the properties of 
ferromagnetics through which the theory can be 
compared with experiment. Actually, this is com- 
plicated by the fact that it is not certain, on the 
basis of measurements of the specific heat, that 
the transformation is one of the second kind. 
Usually, the specific heat falls sharply on the high 
temperature side of the critical point but not in 
the fashion required for this type of transforma- 
tion. This essential feature is easily obscured by 
non-uniformity of temperature in the samples. 
At any rate, the usual practice is to extrapolate 
back to the critical point from the high tempera- 
ture side and to measure the discontinuity from 
this point to the maximum value of the specific 
heat reached on increasing the temperature from 
below the critical point. 

The average energy of a domain of N atoms is, 
since there are N central atoms 


=4N(—2J)(So-S1)w=3NSI{(S(S+1))w 
—(Si(Si1+1))w—So(So+1) }. 


The angular brackets denote ensemble averages 
and the factor of $ is inserted since otherwise the 
interaction energy of each pair would be counted 
twice. These expressions are valid for lattice 
types in which the atoms of the shell do not 
interact with each other; the modifications neces- 
sary to take such interactions into account are 


(44) 


TABLE II. Values of the discontinuity in the specific heat 
at the critical temperature per atom in units of k. The 
computed values are all based on a spin of 1 per atom and 
are for a body-centered lattice. 








Present 
method, 


3.40 


Heisenberg 
approx. J 


2.00 
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obvious. The numerical computation of the dis- 
continuity in the specific heat have been carried 
through for the body-centered lattice for the two 
spin values $ and 1. The expression (44) agrees 
with the dunidadinant in Section II when the 
specialization required by the Ising model of the 
spin is made: S(S+1) and S,(S$:+1) are replaced 
by S? and S,? respectively. The ensemble averages 
are, for the case of a spin value of 3, 


P((S(S+1))m—(S1(Si+ 1))m) =2 w(2n, Si) 


x {(S1-3) (Si +3) -—SP-Si} DL 


1 
Soils iia S)+>d w(2n, S1) 
S1 


X {(Si+4)(Sit%) —S?-Si} LD 


1 
ie Wei S}). (45) 


In the neighborhood of the critical point, the 
field dependent parts of the exponentials can be 
expanded in series in H;. To terms in H;? (45) 
is, except for a constant term which can be 
dropped, 


P((S(S+ 1) w= (Si(Sa+ 1))wv) 


1 
=—7(2Poot+H*Ps}, (46) 


with: 


\ 


A; 


2Poeo= LL w(2n, Si) u A, exp——, 
k S81 T 
Ax 


Po=>d Dd w(2n, Si) & exp——, 
k S81 m 7 
=> ¥ w(2n, S:) u 


zk 8 


J?(b,+cx)? 
x(—- 
2T? 


=) A; 


A; exp—-—. 
k Exp T 


To this degree of approximation, the partition 
function P is 


H? 
P=P)+—P,, 
J? 
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with 
P2=L DL w(2n, Si) DL 
k S81 m 


x J? (by +cx)? 
( 2T* T 





- ~) A; (47) 


exp——. 
T 


The energy per atom is 


1H? /P; P, 
). (48) 


é= 69+ ———| ——2ee— 


2J We Po 


numerical computation yields, for a spin of 3, 


H? 


e=e— (0.0498)—. (49) 


With the use of (35) one obtains, in this case, 


H? ae 
—=201(—-— 
J 


50 
TT. (50) 


The discontinuity in the specific heat per atom is, 


AC/k=2.05. (51) 


The Ising model discussed in Section II yields 
the numerical value 


AC/k =1.71. 


The computation for a spin 1 follows the same 
procedure. Here, however, the levels for S=S, 
make no contributions to the quantities ¢) and 
P; in (46), so that in the summation over k, the 
term with k=2 must be omitted. One finds that 


Gtr) 


corresponding to (50) and 


(52) 


(53) 


(54) 


H\? 
€=€9— (—) - J(0.3740), 
2J 


corresponding to (49). The discontinuity in spe- 
cific heat per atom is 


AC/k =3.40. 


The experimental data on the discontinuity in 
the specific heat is meager and not very con- 
sistent for iron. Stoner? quotes the values 3.4, 


%E. C. Stoner Magnetism and Matter (Methuen and 
Company, Ltd., London, 1934), p. 373. 


te 3.0 


Fic. 1. 


2.3, and 3.6 obtained by Weiss, Piccard, and 
Carrard, by Umino, and by Klinkhardt, respec- 
tively, and gives greatest weight to the value 3.6. 
The computed value of 3.4 compares very favor- 
ably with this. The Heisenberg first approxima- 
tion leads to a value of 2.0 for AC/k. The results 
are listed in Table II. 


VI. THE SUSCEPTIBILITY 


The internal field is zero in the temperature 
region above the critical temperature so long as 
the external field is absent. In the presence of an 
external field, however, the internal field is no 
longer zero because of the exchange interaction. 
It is because of this internal field that the Curie- 
Weiss Law is not obeyed immediately above the 
Curie Point. In fact, it is easily seen that the 
susceptibility is increased there by the exchange 
interactions and consequently the reciprocal of 
the susceptibility is decreased. Moreover, the 
ratio of the internal to the external field decreases 
with increasing temperature so that the recipro- 
cal susceptibility vs. temperature curve is convex 
toward the temperature axis. The difference be- 
tween the ‘‘paramagnetic’”’ and ‘‘ferromagnetic’”’ 
critical temperatures and the difference between 
the low and high temperature magneton numbers 
find a natural explanation in the present method. 

It is legitimate to neglect saturation effects in 
this region and therefore the expressions for mo 
and m, as obtained from (34) need only retain 
first power terms in Hy and H;. Now, however, 
Hy is not permitted to be zero. H; is replaced by 
H,=H)+H in the expressions for m%» and m1. The 
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internal field H is determined by the consistency 
requirement to be 


AH,+BH=0, 
where A is defined by (36) and B is 


(55) 


(2n-+1)TB = ¥ w(2n, Sy) 


k=1 81 ™ 


A 
X {b,2+ (2n-+1) dace} exp—— (56) 


It is more convenient in computation to deal with 
the moment of the entire cluster, % =71(2n) + mo 
than with the moment mp as obtained from (34) 
mM is then obtained by 


Mo = (1/2n+1)m. 


The susceptibility is simply g@m%o/Ho since satu- 
ration effects are being neglected. It is 


(57) 


1 x. 
— TPy=> T w(2n, Ss) X bi? 
2n+1 g°p? a 4: ” 


hy 
Xexp——+— LY LD w(2n, Si) 
T HAgt & 


A; 
x Le be (de+cx) nies (58) 


A corresponding expression is obtained when 
the spin per atom is 1. The computations have 
been carried through for the body-centered lat- 
tice for both spin values and the results are shown 
in Fig. 1, where g’6?/Xo7- is plotted as a function 
of 7/T.. The curvature is actually surprisingly 
small and consequently the curve could easily be 
taken as a straight line but with an intercept on 
the temperature axis different from the Curie 
temperature. This is called, generally, the ‘‘para- 
magnetic’”’ critical temperature. In the case of a 
spin of 4, the relation between the two critical 
temperatures is roughly 7,~1.057;, the para- 
magnetic critical temperature is about 5 percent 
higher than the ferromagnetic one. For a spin 1, 
the curve gives T,~1.037;. If we ascribe a spin 
per atom of 1 for iron, this leads to a paramag- 
netic critical temperature which is about 30° 
higher than the ferromagnetic one, a value which 
is somewhat larger than that obtained experi- 
mentaily. From the slopes of the curves, one can 
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obtain pg, the number of Bohr magnetons per 
atom. The values of pg would be 1.73 and 2.83 
for the spins $ and 1 respectively. The experi- 
mental value for iron!® is higher than either of 
these and seems to lie between 3.5 and 4.0. The 
discrepancy has caused some concern, since it 
implies that the number of contributing spins is 
different in the high and low temperature regions. 
Some of the discrepancy is removed by the 
present treatment, for the values of pg obtained 
from the curves are 1.87 and 3.06 for spins 4 and 
1 respectively. 


VII. CONCLUSION 


The method, so far as it has been applied, is. 
seen to lead to very satisfactory results. Of the 
various lattice types considered, only those which 
are three-dimensional have been found to display 
ferromagnetism. This is in agreement with rigor- 
ous results of the spin-wave treatment. More- 
over, in the three-dimensional lattices the critical 
temperature is found to lie between the two 
Heisenberg approximations in which the first 
takes no account of this dispersion of the energy 
about the mean value and the second overempha- 
sizes this dispersion. The method applied to the 
body-centered lattice with spin 1 per atom leads 
to a value for the discontinuity in the specific 
heat of 3.40 k per atém which is in fair agreement 
with the experimentally determined value of 3.6 k 
and in far better agreement than is the value 
obtained by Heisenberg’s first approximation. It 
must be remarked, however, that the method 
leads to a transition of the second kind at the 
critical temperature although this has not been 
established satisfactorily by experiment. Finally, 
the method gives some explanation of the differ- 
ence between the ‘‘paramagnetic” and ferro- 
magnetic critical temperatures as being due. to 
the persistence of local order of the spins above 
the Curie Point, even though the long-distance 
order is zero. The difference between the high- 
temperature and the low-temperature magneton 
numbers is partly explained in the same way. 

The author is indebted to Professor J. H. Van 
Vleck for suggesting the problem and for some 
discussions concerning it. 
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APPENDIX 


The system of representation of the Hamil- 
tonian for a spin 1 used here is one which di- 
agonalizes the exchange energy. When the mag- 
netic quantum number |m|<(S:—1) the Hamil- 


tonian is 
as B @ 
B Az Ch, 
oS Cc 
with 


m 
Asn 0c hee eel 


1 


(59) 


A,= —2J—mH,+ (Hi—HAb), 


Si(Si+1) 
m 
A3= —2JS,—mH,+ (Hi—H), 
(Si+1) 
a S1?—m? 
Sy US +1)(25:41) 





| an.) 





5, aes 


| cn. —H) 


~ Sit1l $4(2S:+1) 


Here, as in the text, the factors g8 in the mag- 
netic energy have been absorbed in Ho and A. 
When m= +5; the matrix is of second order 


ne 
fg A 3 ’ 
with 


1 
A?! =2JFSiM+ 
(S 


1 


(60) 
(Ai —H)), 


s 
As! =2JS;-S,H;+—-—(H:—F)), 
(Si+1) 


C= (S:)*(Hi—Ho), 
Si+1 1 1 0 
when m= -+(5:+1), the matrix has the one term 


As” =2JSi (Si+1)AiF (Ai — Ap) (61) 
=2JS,;FS,HiFHp. 


(59), (60), and (61) hold for all values of S; except 
Si:=0 and 1. When S,=0, the exchange energy 
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is zero and the total energy is only magnetic. 
(62) 


When S,=1, there is a degeneracy in the ex- 
change energy for the levels S=S; and S=S,+1 
and this case must be considered separately. S 
has the values 0, 1, 2 so that the Hamiltonian is 
of third order for m=0, of second order for 
m= +1 and of first order for m= +2. The energy 
levels can now be obtained through the fourth 
power terms in the field strengths and are 


S:=0, W=mH), 


=—mHy, m=0, +1. 


1 
Si=1, m=0, ee 


1 
eee ay Sag 


63 
972J* oe 


-1 


1 
—~—(H,~Hi 
18J 


v3 
-——(Hi-—H)»)* 
648 J? 
+ J (Hi—Hp)*, (64) 
im4y CC 
W= —2JF¥Hp, 
= —2/FA, 
m=+2, = —2J+(Hi+H)). 


m=-+1, 
(65) 


When S,>1 the energy values are 
W,(S1, m) =Ait+b.Hi+¢c.(Hi—Ho) 
+d;(Hi —Ho)?+¢.(Hi—Ho)* 


+f:(Hi—Ho)*, (66) 


where 
A,=2J(S:+1), A,=-—2J, A;=-—2JS), (67) 
—m 


7 a ’ 
1 


b,=b.=6b3;= —m, 


+m m 


(qe; ’ 
* Si(Si+1) Sit 





~ 2F(S:+2)(2S:+1) 
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(Si+1) (: m? 
Si" 





alee ate) 
~27(28,4+1)18,-1\ (S141)? 


(i! ~)| 
Sth S87) 


Si {1 m* 
2I(Si—1)(2Si+1) 0 (S412) 








4 m (: m? 
APS(S:4+2)25+)\ Sel’ 





Sole 
4J2(28,4+1)(Si(S:+2)\ S2 





a 
(S;—1)(Si+1) (S,4+1)2 J’ 


m 


4J?(S;—1)(Si:+1)(25:+1) 


m? 
ae 
(Si+1)?/ 








1 
ieee 
8J®(2.S:+ 1) (Si+2) =, 





. -. (Si1+1)? (: m? 
(Sit1)S?  (S1+2)?(2S:+1) 


S? 
Si(Si+1) m? 
+ Carer 
(Si+2)(2S:1+1)? (Si+1)? 








1 m? 
“oe 
8J*(S;—1)(2S:+1) (Si+1)? 
m? S? 
x| 
Si(Si+1)? (S,—1)?(2S$:+1) 








P 1 
(ata) 
(Si+1) 8J?(Si+2)(2Si+ 1) 
m? (Si+1)? m?* 
2 Sea-Z) 
S27 ((Si+2)?(2S1+1) S? 


a 
3 eee 

3S1(S1+1) 
+ 87(S,—1)(Si4+2)°2Si4 1)? 


«(-Z)0 “an) 


—1 
3= i-— 
. 8J3(Si—1)(2Si+ it (Sit a 
m? 1 
Qooee 
Si(Si+1)? (S,:—1)?(2$1+1) 


_ (: rae 7 GS sete 1)? 
«(Fh 


The summations over m where indicated are 


m= —(Si—1)---+(Si—1) for $=S,-1, 
m=—S, -+> +S; for S=Sy, 
m=(Si+1) ---+(S:+1) for S=S,+1, 


and can be performed by use * (38). The entire 
procedure followed for a spin 3 3 can be repeated 
for a spin 1 using the energy values given here. 
The multiplicities of the different S, levels are 
given by (33). 
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The problem treated is the rectification by a blocking layer of low inherent conductivity. 
The potential distribution is determined by the space charge due to free, current-carrying 
charge instead of by that due to fixed charge. The difference between this case and that 
treated by previous theories is pointed out. The theory is applied to copper oxide rectifiers. 
The result is found to agree with experimental results better than the previous theories. The 
applicability of the theory to other cases is also discussed. 





INTRODUCTION 


ECTIFICATION at the contact between 
different solids depends upon the existence 
of a blocking layer, which may be classified into 
two types: natural and artificial blocking layers. 
A natural blocking layer is one that is produced 
as the result of the contact. A metal and a semi- 
conductor brought into contact may give rise to 
such a blocking layer in the semiconductor even 
when the semiconductor is homogeneous to begin 
with. If one of the two materials in contact has 
inherently a layer of different properties or if a 
thin layer of entirely different material exists at 
the boundary, then we may have an artificial 
blocking layer. 
A conducting material in its normal state has 
a certain density of free charge (electrons or 
holes) which is balanced by an equal density of 
fixed charge of opposite sign. If the layer of 
substance playing the role of the blocking layer 
has a conductivity lower than its normal con- 
ductivity, then it must have a lower than normal 
density of free charge. This is true for all natural 
blocking layers. For efficient rectification the 
density of free charge in the blocking layer must 
be greatly reduced below its normal value and, 
therefore, becomes negligible in comparison with 
the density of fixed charge. The potential dis- 
tribution in the blocking layer is determined by 
fixed space charge. We have then a simple prob- 
lem of electrostatics. Most rectifier theories deal 
with such cases. 
In the case of artificial blocking iayers the 
density of free charge need not be lower than 
its normal value. If the layer is inherently a good 


*On leave of absence from National Tsing Hua Uni- 
versity, Peiping, China. 


insulator, it may acquire a much higher than 
normal density of free charge when it is put in 
contact with two conducting materials. Mott! is 
first to treat artificial blocking layers. He as- 
sumes a straight line potential distribution 
neglecting space charge due to both free and 
fixed charges. Such an assumption cannot be a 
good approximation over a wide range of cur- 
rent. The theory of artificial blocking layers is 
of practical interest. A number of practical 


_problems involve such layers. Copper oxide recti- 


fiers are known to have near the contact a layer 
of much lower conductivity. than that of the bulk 
of the oxide.'? Certain oxide cathodes have been 
shown to possess a layer which is of different 
composition, has much lower conductivity, and 
shows rectification. De Boer and van Geel‘ 
and Hartmann‘ have shown that a layer of good 
insulator (e.g., shellack, mica, sulfur) put be- 
tween two conducting materials gives rise to 
rectification. It cannot be readily decided 
whether blocking layers in all these cases have 
higher than normal density of free charge 
throughout the range of operation. It is certain, 
however, that all artificial blocking layers have 
excess free charge density for large currents in 
the direction of easy flow. It is our purpose to 
treat the problem of blocking layers with excess 
density of free charge where the influence of the 
fixed charge on the potential distribution is 
negligible in comparison. It is immaterial for the 


1N. F. Mott, Proc. Roy. Soc. A171, 27 (1939). 

2W. Schottky and E. Spenke, Wiss. Veroff. Siemens- 
Werke 18, 225 (1939). 

3 A. Eisenstein, Phys. Rev. 71, 473 (1947); W. E. Mutter, 
Phys. Rev. 72, 531 (1947). 

4J. H. de Boer and W. Ch. van Geel, Physica 2, 309 
and 321 (1935). 

5 W. Hartmann, Physik. Zeits. 37, 862 (1936). 


1505 





1506 


treatment whether we have conduction by elec- 
trons or by holes. To be definite we shall assume 
conduction by electrons. 


THEORY 


Under equilibrium condition the blocking 
layer has a definite density of free electrons at 
each boundary determined approximately by the 
difference between the inner potential ¥ (energy 
of the bottom of the conduction band) of the 
layer and the work function of the material in 
contact at that boundary ¢. When the work 
functions of the two materials in contact with 
the layer are different, the layer will have dif- 
ferent densities of free electrons at the two 
boundaries. With a fraction of one ev’s difference 
between the work functions the ratio of the elec- 
tron densities ”:/n2=exp[(¢2—¢1)/kT _] becomes 
very large. It is usually assumed that the block- 
ing layer has a constant density of free electrons 
at each boundary independent of the current if 
the material in contact is a good conductor. 
Actually we have the bottom of the conduction 
band at the boundary of the blocking layer at a 
constant level (6—%) above the Fermi level of 
the conductor. This is because when two ma- 
terials of different conductivities are in contact 
there is comparatively little potential variation 
in the better conducting material caused ‘by the 
contact. With constant (¢—%) the boundary 
density of electrons will not, however, be con- 
stant with changing current. In equilibrium the 
electron current crossing the boundary in either 
direction is the same and equal to’ 


eno(k T/2xm) ,, 


where mo is the boundary density of electrons in 
the blocking layer when «=0. When a net cur- 
rent of electrons 7 is crossing the boundary into 
the blocking layer, the electron current crossing 
the boundary from the blocking layer is 


en(kT/2xm) i, 


where m; is the boundary density of electrons at 
current 7. With constant (¢—%) the electron cur- 
rent coming from the other side is the same as 


6H. Y. Fan, Phys. Rev. 62, 388 (1942). 
7R. H. Fowler, Statistical Mechanics (1936), p. 347. 
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in equilibrium. Therefore 


4=eno(kT/2xm)*—en(kT/2rm)}, 
Ni = No — (4/e)(2arm/kT)}?. 


Consequently our boundary conditions are® 


N1=Ni0— (412/e)(2xm/kT)}, 1 
na = tao (ins/e)(24m/kT)?. (1) 


For large 7, m, reduces to zero and we have 
saturated emission from the conductor 1. For a 
given system we are given 710, M20 and the thick- 
ness of the layer L. We can easily calculate m; 
and m2 for each value of the current. Our problem 
then is to determine the potential drop across 
the blocking layer for given m1, m2, L, and 3. 
The Poisson equation is 


dE/dx =(4ne/x)n, 


where « is the dielectric constant of the blocking 
layer. We shall assume that the motion of elec- 
trons can be determined in terms of diffusion 
coefficient D and mobility b. In the case of 
natural blocking layers, sometimes the layer is 
so thin that it is comparable with the electron 
mean free path or the electric field is so high that 
the energy gained per mean free path is higher 
than the average energy exchange per collision.® 
For such cases diffusion coefficient and mobility 
lose their meanings. For artificial blocking layers 
we are not likely to have such troubles. The cur- 
rent is then given by 


4=nebE —eD(dn/dx). 


‘We shall take z to be the electron current and E 
the force on unit negative charge. Then e and b 
are positive and the potential is given by 
V=fEdx. Schottky and Spenke? have shown 
that these equations can be simplified by ex- 
pressing the factors involved in a system of ra- 
tional units: 


€ =E/Eo, 
v= V/ Vo, 


p=n/N, 7 =1t/%0, 
(2) 


where the unit of density of electrons JN is arbi- 


£=x/xo, 


8 After these results had been dreived the author came 
upon the work of R. G. Sachs, NDRC Div. 14 Report 129 
(1942) who arrived at the same results by a more elaborate 


analysis. 
*H. A. Bethe, RL Report No. 43-12 (Nov. 23, 1942). 











trary and the other units are 

49 = 2ebN*(xkT/x)}, 

Eo=2N*(xkT/x)}, 

Vo = kT/ é, 

xo = (1/2e)N-*(kkT/x)}. 
All the units depend upon the unit of density V 
chosen, except the unit of potential which de- 
pends upon the temperature only. We shall take 
N to be the smaller of the two boundary values 
n,and take the origin x =0 to be at this boundary. 
With the relation b/D=e/kT the Poisson equa- 
tion for current reduce to: 


de/dé=p, 
ep — (dp/dé) =+. 


The boundary conditions are p=1 at ¢=0 and 
p=pr=n2/m at E=L/xo=l. Integrating we get 


(de/dt) —(¢/2)-+7é+const. =0, (S) 
(de/dé) — (2/2) +(E+C) =0. (6) 
Let ¢=£+C and 
u=exp[ —3S df ]=exp[ —}/S edt]=exp(—}p). 
We get 


(3) 


(4) 


or 


Pu/dy? =Fyfu. 
For y>0, i.e., for electron current from the 


boundary of low electron density, p=1, to the 
boundary of high electron density, p= pz, we get 


du/de = bu, (7) 


0=§Ly/2}#=(€+C) [7/2]. (8) 


For y<0 it is more convenient to treat it as a 
current y’>0 flowing from a boundary p;’=1 at 
¢’=0 to the boundary p2’=1/nz at ¢’=l’. The 
quantities are now rationalized with N=m,. 
Equation (7) is known as Stokes equation. When 
the quantities involved are all real, it is conveni- 
ent to express the solution in terms of Airy 


integrals: 
u=AAi(9)+BBi(6). (9) 


The values of Ai(6@) and Bi(@) can be found else- 
where in tables.!° The potential is given by 


— }v=InA +In[Ai(6) + (B/A)Bi(6)]. 


where 


(10) 


10 British Association Mathematical Tables (1946), Part- 
Volume B, 
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Putting v=0 at £=0 we have 


— 30 =In[A1(6)+ (B/A)Bi(4)] 
—In[A1(60) + (B/A)Bi(90) J. 


The constants of integration B/A and C in- 
volved in @ and @ are to be determined by the 
boundary values of ». The field intensity is 


e=dv/dt =dv/dg = —(2/u)(du/dg) 
= —2(y/2)§[[A0'() + (B/A)Ba’(0)1/ 


(11) 


[A1(6)+(B/A)Bi(6) J}. (12) 
Equation (6) gives 
p=(e/2)—y(E+C). (13) 
So the boundary conditions are 
pi=1=[2(6)/2]-C, aie 


p2=n2/m =[e(02)/2]—v(/+C). 


The determination of the integration constants 
would involve laborious calculation. Fortunately, 
the properties of the functions Ai(@) and Bzi(é@) 
are such that for large values of v a great simpli- 
fication results. Since the unit of v, RT /e, is very 
small, we shall be interested primarily in large 
values of v. The details of the method of calcula- 
tion are given in the appendix. 

The solution (7) is inapplicable for y=0 be- 
cause then we cannot go from (5) to (6). Equation 
(5) can in this case be written 


de/dé = (€/2) + («?/2). (15) 


The solution is obtained by straightforward 
integration : 


e=« tan(x/2)(é+x«:), 
p=«"/2 cos*(x/2)(€+ x1). 


The integration constants are determined by 
boundary values of p: 


cos?(xx:/2) = x?/2, 
cos?(«/2) (1+ «1) = «?/2pe. 


For comparison with experimental results, the 
slope of v versus y curve at y=0 is often im- 
portant. This resistance can be calculated in the 
following manner. From the second of the general 
equations (4) we get, upon integration, 


(16) 


(17) 


sion f (4¢/p) +1n(p2/p)). 
0 
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It follows that 


| | 
dv/dy= f dtp. (18) 


0 
To obtain dv/dy at y=0 we have only to use 
(16) for p in the integrand. 


APPROXIMATE SOLUTION 


When the current due to diffusion is very 
small compared with the current due to the field, 
|\dp/dt|<«|ep|, this term can be neglected in 
(4) and (5) becomes 


é/2 =yé+const. (19) 


Denoting the boundary value of electron density 
at £=0 by po, we get 


e=[2yé+ (y/po)? J}, 
b=yL2vE+ (y/bo)? "4, 
v= (y?/3)[ (21+ (y/po?))! — (v/po?)*). 


This is essentially the solution given by Mott 
and Gurney." They also pointed out that for 


y/perK2l or yK2lp?, y=(9/8)(v°/P); (21) 
for 
y/per>al or y>2Ip°, Y =vpo/I. (22) 


We note that the solution contains only one 
boundary value of , i.e., the boundary from 
which the electrons flow. As is shown in the 
appendix, for large v the influence of p at the end 
boundary on v becomes small. The approximate 
solution will thus be expected to apply for large 


(20) 
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uN . F. Mott and R. W. Gurney, Electronic Processes in 
Ionic Crystals (1940). 
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v. In fact, comparing (19) and (5) we see that 
the approximate solution will apply if 


&>de/dé. (23) 


Mott and Gurney taking for the average value 
de/d§~e/l get from (23) the following condition 
for the applicability of the approximate solution: 


v~le>1. (24) 


This condition may be too lenient since, strictly 
speaking, (23) should be true for all & On the 
other hand, for the assumption and the result of 
the approximate solution to be consistent, we 
should have, by substituting (20) into (23), 


[2vé+ (v/po)? > v. (25) 
This will be true for all é if it holds for §=0, i.e., 
y> bo. (26) 


This condition may be too stringent. If J is not 
too small, then for very large po (25) may be 
satisfied for most part of the layer even though 
(26) is not satisfied. Let us denote yci1= po! and 
C2=2lp,?. Provided (24) is satisfied, we may 
expect that for y<~yc: (20) may not be good 
approximation, for yc<y<vyce2 the solution 
should be closely represented by (21) and for 
y>yc1 and y>vycz the relationship between the 
current and the potential drop should be very 
nearly a straight line (22). 


RESULTS OF CALCULATION 


Figures 1 and 2 show the calculated electron 
density », electric intensity ¢ and potential drop 
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v for the equilibrium condition, y=0, and for 
two values of current, y=1 and y=5, flowing 
in the direction from the boundary of ~,=1 to 
the boundary p2=1000. It is seen that as the 
current increases, large ~, due to its large value 
at the boundary toward which the electrons are 
flowing, is restricted to a smaller and smaller 
region. For currents in the reverse direction we 
will have just the opposite situation. For large 
currents, when the approximate solution becomes 
justified, the electron density over most part of 
the layer depends only upon its value at the 
initial boundary. This is basically the cause of 
rectification in this model. The field intensity at 
the initial boundary may be negative for small 
currents (see curve for y =0). It becomes positive 
for large currents and will increase with current. 
It will, however, always be the lowest in the 
whole layer because de/d§=p>0. The sharp rise 
of € at the end boundary is required to balance 
the large gradient of electron density in this 
region. Although it may be quite large even at 
7y=0, it increases very slowly with current. The 
potential is not greatly affected by the sharp 
rise of e at the end boundary as this is restricted 
to a small distance. _ 

Figures 3, 4, and 5 show the relationship be- 
tween current and potential drop in the blocking 
layer. These curves are calculated for constant 
pi and pe. The more correct boundary conditions 
(1) can be written 


Pi = — yrbn3o'(2m/«) ‘ 


pe= pot yrbnio'(2m/«)}, (27) 


taking N=. When the values of #19 and mo 
are known, we have no difficulty in applying 
these boundary conditions. In the discussion of 
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copper oxide rectifiers below we shall see when 
the variations in p; and pz become important in 
an actual case. For not too large y when ; and 
p2 are approximately constant we have general 
curves for different values of 2/1 independent 
of the absolute value of #19. Curves of Figs. 3—5 
are so calculated. They show general character- 
istics under this approximation. In interpreting 
these curves it should be borne in mind that the 
values of / and y are relative only since their 
units depend upon 7. The values of v are definite 
for a given temperature, .its unit being kT/e. It 
should also be pointed out that v is the potential 
drop across the layer. The applied voltage is 
Vap. =U—Vy—0. The values of vyeo is In(p2/p1), 
thus for p2/p1=1000, v,-1=6.9. 

It is interesting to compare these curves with 
the approximate solution (20). The values of 
yc, and yc for these curves are given in Table I. 
We see from this table that in all three figures 
the curves for the direction of high resistance 














TABLE I. Values of yC; and yCz. 











Curve C1 YC2 





Direction of high resistance 1 3 
Direction of low resistance 2: 10 31.6 300 
Direction of low resistance 21000 31600 3X10° 


Direction of high resistance » 1 10 
Direction of low resistance 2 10 31.6 1000 
Direction of low resistance 2 1000 31600 10’ 


Direction of high resistance 1 40 
Direction of low resistance p2 10 31.6 


4000 
Direction of low resistance 21000 31600 4X10’ 








should agree well with the approximate solution. 
The points shown by circles in the enlarged 
plots are calculated by using (20). We see that 
they actually check well with the curves. Most 
of the curves in Figs. 3 and 4 are for y>vye2; 
they are accordingly approximately straight 
lines with slopes //p)>=/. The curve in Fig. 5 
approximates the square law (21) since it is in 
the range yc1<7<-y¢C2 for the most part. In the 
direction of low resistance the approximate 
solution should hold for the curves p2.=10. 
Points calculated by using (20) are shown by 
circles. They do agree well with the curves. 
According to Table I, solution (20) may not be 
good approximation for the curves p2= 1000. The 
points calculated according to (20) are shown by 
crosses. The agreement with the corresponding 
curves are not very good. In the case of Fig. 3 
the deviation is quite large. 

It is interesting to note that according to (22) 
for sufficiently large currents the ratio of re- 
sistances in the two directions becomes 2/1, 
independent of /. But comparison of the calcu- 
lated curves shows that the larger the thickness 
the poorer is the rectification at small voltages. 


DISCUSSION 


The essential point of our theory is that it 
takes into account the space charge due to cur- 
rent carrying charge, whereas the fixed space 
charge is considered negligible in comparison. As 
pointed out in the introduction, this theory 
should apply to all artificial blocking layers, at 
least for sufficiently large currents in the direc- 
tion of easy flow. A natural blocking layer should 
disappear with the current approaching infinity 
(resistance approaching zero) as the applied 
voltage approaches (k7/e)In(m2/m),? which is 
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usually around a few tenths of one volt. Mott’s 
theory of artificial blocking layers,’ which like- 
wise neglects the free space charge, also predicts 
that when the voltage applied to the layer in 
the direction of easy flow approaches (kT/e) 
In(m2/m), “the resistance of the contact (layer) 
should drop to a value comparable with a slab 
of the semiconductor having the same thickness 
and should thus be independent of the field.” 
Mott was referring to an artificial blocking layer 
of the same material as the bulk semiconductor 
only with fewer impurity centers; i.e., the density 
of free charge carriers m2 of the blocking layer 
at the boundary with the semiconductor is the 
same as the normal mp» of the bulk semiconductor. 
If the layer is of a different material, the mz is 
not necessarily the same as mo, but the conclu- 
sions of this theory will be essentially the same: 
when voltage applied in the direction of easy 
flow approaches (kT/e) In(m2/m1) the resistance 
of the blocking layer should drop to a value 
corresponding to the normal resistance of a slab 
of material, with free charge carrier density nz, 
having the same thickness as the layer, and 
should thus be independent of the field. Accord- 
ing to our theory the resistance of the layer 
should also reach such a stage as is shown by 
(22), but not necessarily at Vap,=(kT/e) 
In(m2/m1), which is only a fraction of a volt. 
Equation (22) becomes valid only when y>2/p,’. 
In fact, all our curves for 2=1000 in Figs. 3-5 
cover ranges of y far below 2/p,?, although the 
voltages reached are considerably above (kT/e) 
1n1000 (0.175 volt at room temperature) ; as high 
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as 800k7/e in Fig. 5. This essential difference 
between the results of our theory and those of 
previous theories brings out the effect of the free 
space charge. 

Thermionic oxide cathodes with coating con- 
sisting of BaO and nickel core containing a small 
percentage of Si have been found to form a 
layer of BazSiO, between the core and the 
coating,’ having a much higher resistivity than 
the coating. Such a layer exhibits rectification.” 
In the direction of easy flow for voltages as high 
as several hundred volts across the layer (inter- 
face), its resistance continues to decrease. Such 
behavior cannot be explained by the previous 
theories but can be understood in the light of 
our theory. 

Copper oxide rectifiers have been found to 
have a high resistance layer near the contact due 
smaller concentration of excess oxygen near the 
contact than in the bulk oxide. This is a case for 
the application of our theory. Figure 6 repro- 
duces the data given by Brattain." The capacity 
C is given to be of the order of 2X10- micro- 
farad/cm?. From this the thickness of the block- 
ing layer can be estimated : 

L=k/4rC=5.3X10-5 cm, 
taking x=12.2 The curve shows that for the 
direction of high resistance the resistance be- 
comes practically constant for V~1 volt (dashed 


curve). This, in the light of our theory,.is the 
value given by (22). In terms of ordinary units 


Ri =L/ebny. 


12 W. E. Mutter, Quarterly Progress Report, Research 
LT. (Ay 


Laboratory of Electronics, . (April, 1947). 
13 W. H. Brattain, Bell. Lab. Record 19, 153 (1941). 
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Taking b=80 cm?/sec. volt! and R=1.5 ohm for 
one cm? from the curve, we get 2:=2.83X108 
cm at the contact with copper. The value of 
m2 at the other boundary will be the same as 
that of the bulk oxide, the resistivity of which 
is given to be of the order p=2X10* ohm cm. 
In terms of units rationalized with respect to 
the thickness is /=2.2210-*. We shall take 
m=3X10*® per cm*, m,.=3X10" per cm* and 
1=3X10-. These values give L=7.16X10-5 cm, 
R,=1.87X10* ohm for one cm? and p=2.98 
X10* ohm cm. 

The resistance at zero applied voltage, Vay. =0, 
is calculated by using (18). It comes out to be 
1.63 X10* ohm for one cm*. Referring to the ex- 
perimental curve (Fig. 6) we see that this is of 
the correct order of magnitude. This result is 
reassuring. The relationship between current and 
potential drop across the layer for the direction 
of low resistance is calculated by the rigorous 
solution (11). Figure 7 gives the calculated curves 
of i versus V and logi versus logV. It would be 
interesting to carry the calculation to smaller 
values of 4, especially for the logarithmic plot. 
Unfortunately, we are limited by the range of 
the table of Airy integrals, for the direction of 
high resistance (20) is used for the calculation. 
This should be good approximation for the range 
covered (for v>In(2/m1) or Vap.>(RT/e) In(n2/ 
m1) =0.292 volt). Figure 8 gives the semiloga- 
rithmic plot of the calculated resistance of the 
rectifier against the applied voltage. A constant 
resistance of two ohms per cm? corresponding to 
the resistance of the bulk oxide, as estimated 
from the experimental curve, is added to the 
calculated resistance of the layer itself, which, 
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as shown by the dashed curve, differs appreci- 
ably from the total resistance only for large 
currents in the direction of easy flow. Comparing 
this curve with the experimental curve (dashed 
curve in Fig. 6) we see the general satisfactory 
agreement. In the direction of low resistance, 
which is the important region for the test of our 
theory, the calculated curve drops too fast. The 
previous theories would, however, give an even 
faster drop, since they make the resistance of 
the layer drop to the low value Ry_. (shown in 
Fig. 8) at a voltage V~(RT/e) In(m2/m1) =0.292 
volt. In fact, the slope of our calculated curve R 
at V.».=0 corresponds to 


d InR/dV =(1/1.91)(e/kT), 
where Mott’s theory gives at Vp. =0 
d \InR/dV=e/kT. 


Thus our theory gives better agreement with 
experiment than the previous theories. The re- 
maining discrepancy may be due partly to some 
error in the choice of constants for the calcula- 
tion. The thickness of the layer is determined 
from the given representative value of the 
capacity. The actual value may vary from speci- 
men to specimen. Furthermore, the capacity 
really gives a measure of only a part of the block- 
ing layer, which has low charge density. Only 
with sufficient voltage applied in the blocking 
direction will the low charge density extend to 
almost the whole of the layer (see Fig. 1). There- 
fore, depending upon how it is measured, the 
capacity may correspond to a much smaller 
thickness than the true thickness of the layer. 
Still there may be other more fundamental 
causes for the discrepancy between theory and 
experiment, such as non-uniformity of the block- 
ing layer as suggested by Mott.! 

Our curves are calculated for constant m, and 
m2. More accurate calculation should take into 
account their variations according to (1). Actu- 
ally the current values for the range calculated 
makes little change in m:. But m should change 
according to the curve shown in Fig. 8. Although 
in the direction of low resistance m, varies greatly, 
the ratio m2/m, remains sufficiently large for the 
effect of this variation on the results of calcula- 
tion to be small. For the direction of high re- 
sistance m, remains sensibly constant up to 
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Vap.~1 volt. Then it begins to drop. The re- 
sistance should then rise steeply. However, as 
shown by Mott for copper oxide rectifiers with a 
blocking layer thickness of 10-‘ cm, the effect of 
mirror-image force becomes appreciable at ap- 
plied voltages ~1 volt. This effect increases n, 
and decreases the resistance. We shall not go 
into the effect of the mirror-image force which 
has been treated in a number of previous works." 

Schottky'® has shown that selenium rectifiers 
with evaporated electrodes show straight line 
relationship between 1/C? and the applied volt- 
age, which indicates according to his theory 
uniformity of impurity (Stérstellen) concentra- 
tion or the absence of artificial blocking layers. 
According to the same author selenium rectifiers 
with electrodes deposited by cathode sputtering 
have layers (of the order of 310-5 cm in thick- 
ness) of reduced impurity concentration. For 
such cases our theory should apply, at least 
when the voltage applied in the forward direc- 
tion approaches (k7//e)In(m2/m1). 

In conclusion we wish to point out that be- 
sides‘the various existing cases of application of 
our theory, of which copper oxide rectifiers 
have been discussed in detail, there is the possi- 
bility of development of rectifiers with an arti- 
ficial insulating layer between two good con- 
ductors. Such rectifiers should have certain ad- 
vantages, as pointed out by Torrey and Whitmer 
(see reference 14, p. 70). Our theory will be help- 
ful for such development. 


APPENDIX 


The functions Ai(@) and Bz(@) are oscillatory 
for 6<0. Only for @>0 do we get large values of 
v. For 6>0 the function Az(@) decreases toward 
zero and Bi(@) increases continuously. For v>0 
we have 


Ai(6:) + (B/A)Bi(0s) <Ai(0,)-+(B/A)Bi( 6), 


(B/A)[Bi(@2) —Bi(@o) ]|}<At(@) —Ai(02) <Ai(O). 
Since Bi(@) increases very fast with @ we have 
Bi(6:)>>Bi(0n), 

(B/A)Bt(82) <A1(40), 
(B/A)Bi(6o)<KAi(o). 


4H. C. Torrey and C. A. Whitmer, Crystal Rectifiers 


(1948). 
15 W. Schottky, Zeits. f. Physik 118, 539 (1942). 
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Equation (13) can be written: 
p=2(R?—6)[y/2 }8, 


R=u'/u. 


where 


From the condition at the initial boundary 
RoW Ai'(00)/Ai(@0) can be easily calculated. 4 
can be found then from the table. For the end 
boundary, 0.=0@.+/[7/2]', we can similarly 
calculate Re=u'(02)/u(62) from pe. Since ° 


u’ (02) /u(@2) =(At' (02) + (B/A) Bt’ (62) ]/ 
[Ai(42)+(B/A)Bi(62) ], 


taking the values of Az(62), Az’(@2), Bi(@.), and 
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Bi'(@2) from the table, the yalue of B/A is 
readily calculated. The term involving B/A is 
significant only in the immediate neighborhood 
of the end boundary. It serves to adjust the 
boundary value of p. Since it becomes negligible 
for small values of A0=6@.—@ a large p2 results 
only in a sharp rise of p near the very boundary. 
The density of electrons over most of the layer 
is not much affected by the value of 2 (all this 
is for large v). The dashed lines joining the curves 
of v at the end boundary in Fig. 2 is calculated 
by neglecting the term involving B/A. We see 
that for v>40 neglecting this term will involve 
little error. 
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The theory of diffusion in alloys is discussed on the 
basis of the migration of lattice vacancies in an attempt to 
interpret the experiments of W. A. Johnson on diffusion in 
gold-silver alloys. It is assumed that the lattice network 
preserves its identity during the diffusion even though there 
is a resultant vacancy current passing through any region. 
It is also assumed that two types of atom, designated as A 
and B atoms, are present in the lattice. The diffusion coef- 
ficients are expressed in terms of a function (ma1, a2) 
giving the probability that a vacancy in jumping from one 
atomic plane (designated as plane 2) to a neighboring 
plane (designated as plane 1) will interchange places with 
an A atom if there are mg, A atoms per unit area of plane 1 
and maz A atoms in plane 2. It is found that the chemical 


I, INTRODUCTION 


HE experiments of W. A. Johnson! on the 

diffusion in 50-50 gold-silver alloys have 
raised an interesting question concerning the 
theory of diffusion in alloys. Johnson investi- 
gated the rate at which radioactive silver and 
gold atoms diffuse in the alloy as well as the rate 
at which a minor gradient in composition is 
made uniform. The system studied is rather an 
ideal one because the constituent atoms combine 
substitutionally over the entire range of com- 
position in the face-centered cubic system and do 


1 W. A. Johnson, Trans. A.I.M.M.E. 147, 331 (1942). 


(Received July 12, 1948) 





diffusion coefficient is related to the function p in a very 
different way from the diffusion coefficients for radioactive 
tracers if the latter migrate when no chemical gradient is 
present. Models of increasing complexity are employed to 
derive explicit expressions for the function p. It is found 
that Johnson’s experiments can be explained only with the 
use of models that are more complex than those commonly 
used, The theory of vacancy diffusion is also employed to 
interpret the experiments of Smigelskas and Kirkendall 
concerning the relative displacement during diffusion of 
fiducial markers placed at the interface between copper 
and brass. An experiment which could provide an absolute 
test for vacancy diffusion is proposed. 






not seem to exhibit the development of long 
range order at particular compositions, as in the 
copper-gold system. The specimens on which 
measurements were made contained planar 
gradients of the diffusing atoms, so that only one 
Cartesian variable enters in the diffusion equa- 
tion. 

Figure 1 shows the measured diffusion coef- 
ficients when plotted as functions of temperature. 
As is conventional in the field, the logarithm of 
the diffusion coefficient is plotted as a function of 
the reciprocal of the absolute temperature. The 
upper curve represents D,, the diffusion coef- 
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Fic. 1. The diffusion coefficients in the 50-50 silver-gold 
system (after Johnson). D, is the chemical diffusion coef- 
ficient; Dag and Day are the coefficients for diffusion of 
radioactive tracers of silver and gold measured in a system 
in which there is no chemical ort ent. The logarithm of the 
diffusion coefficient is plotted as a function of the reciprocal 

of the absolute temperature. 


ficient that governs the rate at which a gradient 
in chemical composition is smoothed. In deter- 
mining this Johnson used in conjunction speci- 
mens of two alloys in the 50-50 range of com- 
position having about 14 percent of difference 
in concentration of the constituents. The second 
and the lowest curves depict the diffusion coef- 
ficients for migration of radioactive silver and 
gold, respectively. The coefficients were measured 
by using pairs of specimens which had identical 
chemical composition; however, one member con- 
tained a radioactive tracer. 

Johnson found that the best straight lines 
which would fit the experimental points cor- 
. responded to the relations: 


D,=0.14 exp(—41,700/RT) cm?/sec., 
Dag=0.39 exp(—44,700/RT) cm*/sec., (1) 
Day =0.12 exp(—44,100/RT) cm?/sec. 


The activation energies appearing in these equa- 


tions are expressed in cal./mole. R is the gas | 


constant. The fact that the activation energies 
are not quite equal implies that the best straight 
lines passing through the points of Fig. 1 are not 
quite parallel. 

If we were to assume that all three activation 
energies actually are equal, and arbitrarily chose 
the common value to be that for gold, namely, 
44,100 cal./mole, the corresponding functions 
would be 


D,.=0.41 exp(—44,100/RT), 


Dag =0.30 exp(—44,100/RT), (2) 
Day =0.12 exp(—44,100/RT). 


Thus the measured value of D, is approximately 
1.4 times larger than the value of Dag and 
approximately 3.5 times larger than Day. It is 
evident from Fig. 1 that this conclusion is quite 
independent of the question of whether the 
activation energies are equal or slightly different. 

It is difficult to visualize, at first glance, the 
circumstances which might make it possible for 
the chemical diffusion coefficient to be larger 
than those for radioactive tracers, yet it is not 
apparent that this could not be the case. This 
topic has been discussed by several investigators,’ 
most notably. Darken.? 

Darken has assumed that each atomic con- 
stituent of the lattice has its own characteristic 
diffusion coefficient and that the structure 
manages by an unspecified form of mass motion 
to keep the density of atoms per unit volume 
constant in spite of the fact that one type of 
atom may be diffusing in or out of a given region 
of the specimen more rapidly than other atoms 
diffuse out of or into it. If, for example, the 
system is a binary alloy and if A atoms are dif- 
fusing out of a given volume more rapidly than 
B atoms diffuse into it, the volume would con- 
tract in such a way as to maintain constant 
density. This type of contraction or expansion 
would impart a material velocity v to any atom 
or object in the lattice which does not participate 
in the diffusion. Since the local velocity of flow 
must be such as to compensate for the net dif- 
ference in flow of atoms by diffusion, Darken is 
able to relate the velocity v to the diffusion cur- 
rents. If D, and D, are the diffusion coefficients 
for the two constituent atoms, the velocity of 
flow at a given point in the specimen is 


v=(D, —_. . (3) 
Ox 


where f, is the fractional concentration of A 
atoms. It is assumed that the concentration 
gradient is along the x axis. The axis of reference 
is chosen so that the velocity vanishes at regions 
of the specimen where the concentration gradient 


2 C, E. Birchenall and R. A - Mehl, Trans. A.I.M.E. 171 


(1947); J. C. Fisher and J. H - Hollomon, Metals Tech., 


Tech. Pub. 2344 (1948). 
’L. S. Darken, Metals Tech., Tech. Pub. 2311 (1948). 
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is zero. Darken’s diffusion equation is 
0 if a 0 Of. a 
ae -| (faDa+foDr) =| 
Ot Ox Ox 


(4) 


so that 
D=(faDat foDs) (S) 


plays the role of the chemical diffusion coefficient. 

The key assumption of Darken’s treatment is 
that the metal can swell or shrink in a more or 
less plastic manner to compensate for unbalanced 
diffusion, maintaining constant atomic density 
thereby. If diffusion occurs by the migration of 
vacancies in the alloys of interest, it is conceiv- 
able that shrinking could occur by condensation 
of vacancies in a local region to form small 
plate-like voids which draw themselves together 
and disappear by inducing plastic flow in the 
surrounding metal in much the way that voids 
can be closed by pressing a ductile substance. In 
a polycrystalline mass the vacancies could ‘‘con- 
dense’ at grain boundaries. If diffusion occurred 
by migration of interstitial atoms, a swelling 
could be induced in a region by precipitation of 
interstitial atoms which have diffused to the 
volume. The precipitate might induce a plastic 
expansion to compensate almost exactly for the 
volume of precipitated matter. 

In tentative support of his viewpoint, Darken 
calls attention to a very interesting set of experi- 
ments of Smigelskas and Kirkendall.‘ These 
investigators studied the migration of the 
boundary between 70-30 alpha-brass and copper. 
An accurately shaped rectangular bar of brass 
was plated with a thick coating of copper on all 
four lateral surfaces in such a way that a number 
of small molybdenum wires were imbedded at the 
interface between the metals. It was found that 
after diffusion had been allowed to take place the 
spacing between wires on opposite rectangular 
faces was smaller than before diffusion by a much 
larger amount than could be accounted for by 
normal change of lattice parameter with com- 
position. The change in spacing when plotted as 
a function of the square root of the time of dif- 
fusion is shown in Fig. 2. Smigelskas and Kirken- 


4A. D. Smigelskas and E. O. Kirkendall, Trans. Am. 
Inst. Min. Met. Eng. 171, 130 (1947). The earliest experi- 


ments of this of which the writer is aware were carried 
out by W. Sh rs in 1938. Shockley observed a displace- 
ment of the type found by Smigelskas and Kirkendall. 
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dall noted that the original boundary between 
the two metals was clearly marked by non- 
metallic inclusions which, like the molybdenum 
wire, presumably did not enter into the diffusion 
process. These inclusions moved with the 
molybdenum wire. The experiments also show 
that the amount of zinc on the copper side of the 
boundary after diffusion is greater than the 
amount of copper that has diffused into the 
brass side by just about the amount needed to 
explain the contraction if the atomic density 
remained constant. 

From Darken’s viewpoint, Smigelskas and 
Kirkendall’s results are to be explained by 
assuming that zinc diffuses out of the brass more 
rapidly than copper diffuses into it. In conse- 
quence, the brass core shrinks in the manner 
described above, pulling the molybdenum wires 
and other fiducial marks at the initial grain 
boundary with it. Darken has shown that his 
equations give an adequate description of the 
effect if proper values for the diffusion coef- 
ficients for copper and zinc are assumed. 

The purpose of the present paper is to attempt 
to shed more light on Johnson’s experiments 
with the use of a more explicit mechanism of 
diffusion than that employed by Darken. It will 
be assumed that all of the measurable mobility 
in the silver-gold alloy is the result of vacancy 
diffusion, that is, that a given atom can move 
from one site to another only when a vacant 
lattice site appears among its neighbors and the 
given atom jumps into this vacant neighboring 
position. The calculations of Huntington® and 
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Fic. 2. The contraction of the region within the fiducial 
markers of molybdenum in the experiments of Smigelskas 
and Kirkendall. The contraction is plotted as a function of 
the square root of the time. 


5H. B. Huntington and F. Seitz, Phys. Rev. 61, 315, 325 
(1942). 
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the writer on this topic for the case of copper 
seems to leave little doubt that the vacancy 
mechanism is strongly preferred over the ‘direct 
interchange’”’ or interstitial diffusion mechanisms, 
at least in the case of the metals having large 
inner shells. In any case, the vacancy mechanism 
is at least as complex as the other two and hence 
should permit as intricate processes as the other 
two. In fact it offers a greater range of permis- 
sible phenomena than the direct interchange 
mechanism, since the latter does not permit a 
net flow of atoms across any boundary. 

We shall see that it actually is possible to 
envisage a model in which the chemical diffusion 
coefficient is larger than the diffusion coefficients 
for radioactive tracers. On the other hand, it is 
not possible to explain Johnson’s results with the 
more obvious models of a binary alloy that 
might be employed to simulate an actual case. 

To simplify the situation we shall assume that 
the concentration gradient, whether a chemical 
gradient or that of a tracer, depends only on one 
Cartesian variable which will be taken to be the 
x coordinate. Without loss of generality we may 
also assume that well defined crystallographic 
planes separated by distance \ lie normal to the 
x axis. Since we shall:be primarily interested in 
cases of very high symmetry, we shall assume 
that neighboring crystallographic planes of this 
well defined type are symmetrically equivalent, 
that is, can be sent into one another by means of 
one of the symmetry elements of the lattice. 

Whenever we discuss a practical diffusion 
experiment, it will be assumed that the specimen 
consists of two halves which individually have 
uniform concentration at start; however, the 
initial concentration in each half will differ. The 
two halves of the specimen will meet at an 
essentially infinite plane that coincides with the 
plane x =0. It will be assumed that the specimens 
extend for a very large distance along the x axis, 
so that all surfaces other than the two in contact 
can be treated as if at infinite distance. If the 
concentration of migrating atoms satisfies the 
conventional diffusion equation 


0c O OC 
pa 


‘ (6) 
Ot Ox 0x 


the solution appropriate to the boundary con- 
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ditions described above for the hypothetical 
experimental specimen consisting of two infinite 
halves in planar contact is 


(Co—C1) fx/2(D0) , 
ce, ert f " exp(—a)da, (7) 


when D is a constant. Here c¢; is the initial 
uniform concentration (¢=0) for the half of the 
specimen lying on the negative side of the 
x axis, and ¢, is the initial concentration on the 
positive side of the axis. This solution depénds 
on x and ¢ only through the combination x?/Dt, 
a fact which remains valid in the case of planar 
symmetry even when D in (6) is a function of 
concentration. 


Il. THE DIFFUSION CURRENTS 


Let us designate the chemical species present 
in the alloy by A and B, and assume that in any 
given crystallographic plane there are n,A atoms 
and mB atoms per unit area. If there are n 
atomic sites per unit area of the plane we shall 
have the relation 


NatMm+ny,=N, (8) 


where n, is the number of vacant sites per unit 
area. We shall assume that , is very small com- 
pared to m, and m,*so that the relation 


m=Nn—Ng (9) 


can be used to determine the density of B atoms 
from the density of A atoms if the latter is given. 
This assumption is justified by the fact that the 
density of vacant lattice sites is probably small 
even at the melting point. The calculations for 
copper indicate that the energy required for 
formation of a vacancy is of the order of 1.8 ev. 
In any case the fraction of vacant sites probably 
is not larger than 10-* at the melting point in 
the metals of interest to us. 

Let us focus attention on a region of the alloy 
in which there is a small gradient in concentration 
of A atoms (and hence of B atoms) or a gradient 
in a radioactive tracer. We shall assume that 
there is a uniform current of vacancies through 
this region, the direction of flow being the same 
as the direction of the concentration gradient, 
namely, the x direction. The mobility of vacan- 
cies is so much greater than the mobility of atoms 
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that a concentration gradient in vacancies that 
exists in a specimen in which diffusion is being 
studied will tend to decrease much more rapidly 
than a concentration gradient in the distribution 
of atoms. As a result, the vacancy current which 
exists in any region of the specimen after a 
period of time will be the result of flow of vacan- 
cies from relatively widely separated regions in 
which differences in concentration exist. In this 
connection it is to be noted that when two 
specimens of an alloy, which are individually 
uniform but contain slight differences in com- 
position, are brought together the thermo- 
dynamic potential of the vacancies in each 
specimen will be equal if the specimens are 
individually at equilibrium. As a result there 
would be, at least initially, no reason for a 
vacancy current to flow. As the chemical diffusion 
takes place there may be a tendency for vacancies 
to diffuse to or away from the zone in which 
chemical interdiffusion has occurred, because the 
equilibrium density of vacancies in this region 
may be different from the density which existed 
there initially. This flow will presumably be small 
because the total number of vacancies involved 
will be small if the zone of interdiffusion is small. 
It seems safe to conclude that a large vacancy 
current will be present only if the vacancies are 
not at equilibrium initially in one or both halves 
of the specimen, in which case there will be a 
stream of vacancies moving through a large part 
of the system. 

Consider two neighboring crystallographic 
planes which are normal to the x axis. We shall 
call the plane on the negative side number 1 and 
the plane on the positive side number 2 (Fig. 3). 
The density of A atoms in each plane will be 
designated by mai and ma2. Now suppose that 712 
vacancies are jumping from plane 1 to plane 2 
per unit area in unit time, and that a number v2; 
are jumping in the reverse direction. The vacancy 
current in the positive x direction will then be 
Vie— Voi. If p(mMa1, Maz) is the probability that a 
vacancy in jumping from plane 2 to plane 1 will 
jump into the site occupied by an A atom, and 
if (m2, %a1) is the probability that a vacancy 
will replace an A atom in a jump in the reverse 
direction, the current of A atoms between planes 
is 


Iq = v21P(Ma1, Ma2) — Viz (Ma2, Ma1)- (10) 


DIFFUSION GRADIENT ——=— 


wget 








! 2 


Fic. 3. Two consecutive planes in the direction normal 
to the diffusion gradient. The density of atoms in the planes 
is designated by m. \ is the spacing between planes. 


Since mq, and m2 are nearly equal, we shall 
expand (é, 7) in the manner 


Op ONgr APdngr 


P(Mai; Na2) =p(ma, Na) -— -4+-—-—.-, 
0& Ox 2 An Ox 2 


Op OnadK AP ONagdA 


D(Ma2, Ma1) = P(Ma, Ma) +: 
"at ax.2 On dx 2 


(11) 


Here %g=(MaitMa2)/2 is the average density of 
A atoms in the two planes. The derivatives 
dp/dé and 0p/d7n are evaluated for £=7=M,, and 
\ is the separation of the two planes. When the 
relations (11) are substituted in (10) we obtain 


r ON, 
I,= —I,p(ma) —(v12+ vo1)—(a—8) ’ (12) 
. 2 Ox 


where 


op 


as, 


D(a) =P(Ma, Ma), 
dé 


(f=n=m,). (13) 


Since the volume concentration of A atoms in 
the neighborhood of the two planes, Ca, is ma/X, 
I, may be expressed in the form 


0Ca : 
I= —I,p(n.) -D.—, (14) 
Ox 


where 


2 
Da=(vi12+ vai) (a—B). (15) 


Now 
Ca dp(na) Ona 0a 


—=-div/,=IT, —D—, 
ot dn, Ox Ox OX 


(16) 


provided J, is independent of position (but not 
necessarily of time) in the region considered. If 
the variation in concentration is relatively small 
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in the specimen, dp(,.)/dn, may be treated as a 
constant. We note that this equation may be 
transformed to the form 


a. 2 


0Ca 


< (17) 
Ot Ox Ox 


by means of the transformation 


x’=x+u, t=, (18) 
where 


v=I,Adp(ma)/dna, (19) 


provided J, is independent of time as well as 
position, so that v is a constant. Thus the motion 
of the A atoms is a superposition of a drift with 
uniform velocity v given by (19) in the negative 
x direction and diffusion with the diffusion coef- 
ficient D,, when J, is constant. 

A similar analysis of the migration of B atoms 
shows that the current of B atoms, J, satisfies 
the equation ; 


(20) 


0Ca 
I= —I,(1 — p(ma)) +D.—, 
Ox 


where (1 —(m,)) is the probability that a vacancy 
will jump into the site occupied by a B atom when 
the planar density of A atoms is the same in 
neighboring planes and has the value m,. Since 
divJ,=—divZ, when J, is constant, it is clear 
that (20) may be transformed into (16). More- 
over, since the time and space derivatives of ca 
are the negative of those of c, the volume con- 
centration of B atoms, it follows that the migra- 
tion of B atoms is also governed by the super- 
position of a uniform velocity v in the —<x direc- 
tion and diffusion with diffusion coefficient Da. 

Consider next the migration of radioactive A 
atoms. We shall assume that the specimen has 
uniform chemical composition except for the 
fact some of the normal A atoms are replaced by 
radioactive atoms. If ma:* and mg2* are the con- 
centrations of radioactive atoms in the two 
neighboring planes described above, the current 
of radioactive atoms is 


Na2* 


— vie (Ma) 


Na Na 


Nai* 


I,* = verp (a) 


Na* * 0Cq* 
= —I,p(n.)——D.*—, 
nN Ox 
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where Fie 
P(Na 
D,* = (v12+ ma ’ 


Na 


(22) 


and ¢,* is the volume concentration of radio- 
active atoms. It follows that the migration of 
the radioactive atoms is the superposition of a 
uniform motion with velocity v*=J,p(ma)/n, 
and diffusion with the diffusion coefficient D,* 
when I, is constant. The corresponding diffusion 
coefficient for radioactive B atoms is 


? 1- a, 
D.* = (vie+ ¥o1)— Ona). 
2 Nb 


(23) 


where m, is the planar density of B atoms. 

It is evident from the form of (14) and (20) 
that D, is the quantity that should be designated 
as the chemical diffusion coefficient and may be 
called D, in the following. 


Ill. MIGRATION OF DIFFUSION BOUNDARY 


Before considering the differences between the 
diffusion coefficients derived in the previous 
section, it is fruitful to contemplate the effects 
of a steady vacancy current in somewhat more 
detail. 

If the mathematical framework of lattice 
points between which the atoms jump could be 
regarded as rigidly fixed, fiducial inclusions, such 
as the molybdenum wires employed in the experi- 
ments of Smigelskas and Kirkendall, which do 
not participate in diffusion would remain fixed 
relative to the framework and provide an origin 
for the stationary x coordinate. We shall keep 
this possibility in mind in the ensuing discussion. 

The fact that the diffusing atoms experience a 
uniform drift as well as Brownian migration 
when there is a constant vacancy current is not 
surprising. If this current is present, the initial 
boundary plane between two specimens will 
cease to be the plane at which the concentration 
is just half-way between the initial values in the 
two halves of the specimen when D is constant 
(see solution (7)). Instead, this intermediate 
plane will be displaced by a distance vt at the end 
of time ¢ in the case of chemical diffusion or by 
v*t in the case of radioactive diffusion. 

If the initial difference in composition of the 
two halves of the specimen is relatively large, 
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dp(ma)/dm_ in (19) will not be independent of 
position, and the drift motion of the atoms 
resulting from the vacancy current will be a 
function of position. We shall consider this case 
in conjunction with that in which J, varies with 
time. 

Suppose that the vacancies in the two halves 
of a specimen have different chemical potentials 
so that a vacancy current flows across the 
boundary when diffusion begins. We shall assume 
that the vacancies diffuse in accordance with 
Eq. (6), D being replaced by the appropriate 
diffusion coefficient in each half of the specimen, 
and c being the concentration of vacancies. We 
shall assume that the diffusion coefficient for 
vacancies is several orders of magnitude larger 
than D,, D,*, or D,*, so that a uniform vacancy 
current is established in the boundary region 
where chemical or radioactive diffusion occurs 
before appreciable chemical or radioactive dif- 
fusion has taken place. This current, though 
uniform throughout the interesting region of 
space, will not be constant in time. It may 
readily be shown that the interesting solution for 
the concentration of vacancies depends upon 
position and time through a factor x/(¢)#, so that 
the vacancy current varies as 1/(é)# at the 
boundary where chemical or radioactive diffusion 
is occurring. In this case, the equations of the 
form (16) and (21) may be written as 


Ot (t)tdx ax\ dx 


Oc poc 20 0c 
>) 


(24) 


As previously c is the concentration of the dif- 
fusing atoms, D is the appropriate diffusion coef- 
ficient and yu is a quantity independent of time 
and postion. Both D and u may depend upon the 
composition. They may be treated as constants 
in radioactive diffusion if the two halves of a 
specimen have the same chemical composition. 
Their dependence on composition is important in 
chemical diffusion if the initial difference in com- 
position of the halves of the specimen is suf- 
ficiently great. The (¢)# appearing in the de- 
nominator of the first term on the right arises 
from the dependence of J, on time described 
above. 

Equation (24) may be expected to possess a 
solution that satisfies the boundary conditions of 
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interest to us and is purely a function of the 
variable s=x/(t)4. The corresponding function 
c=f(s) satisfies the ordinary equation 


(s+2u) df dy _d 
(0< po a 

ds 
in which D and y» may be functions of f in the 
general case. The interesting solution of this 


equation when D and uy are constants is 


’/2(D)t exp( — a?)da 
facrt(a-a) f ae it (26 
—# 2 (x)$ 
in which s’=s+2y and c; and ce, as previously, 
are the initial concentrations in the two halves 
of the specimen. We see that the point at which 
the concentration is (c:+¢2)/2 is at the position 
where s’=0 or at x= —2y/(#)# at time ¢. Relative 
to a moving origin chosen at this point, the 
diffusion is exactly as if there were no net 
vacancy current. 

In the more general case in which D and uz 
are functions of concentration, f(s) will range 
between ¢; and cz as s varies from — © to +. 
As long as the concentration difference is not 
large we may expect to find a value of s for which 
f=(c1+c2)/2. If D and yp were constant so that 
the solution (26) were valid, this point would be 
s=2y. Moreover, the function df/ds would be 
symmetrical about this point, so that d*f/ds* 
would be zero when s=2y. In the general case 
in which neither D nor p are constants we may 
expect none of these simple relations to hold: 
usually the df/ds curve will not be symmetrical 
about the point for which f= (ci+c2)/2, nor will 
d?f/ds* vanish there. 

At infinitesimal times after the start of dif- 
fusion, the point at which the concentration is 
(¢:+¢2)/2 will be at the initial interface. Relative 
to the initial lattice network, it will be at a 
position x,=5,(t)! at time ¢. It is clear that the 
coefficient s, will depend both upon the concen- 
trations c,; and cz and upon the accidental dif- 
ference in initial concentration of vacancies in 
the two halves of the specimen. 


6 The solutions of (25) ey be classified in the following 
manner: Given f =a and df/ds=6 for a specified value of s, 
Eq. (25) may be integrated to obtain values of f(+ © )=cs 
and f(— «© )=c;. These values of c,; and cz may be regarded 
as functions of @ and 6b, which can in turn be inverted to 
yield a and 6 in terms of c, and ¢;, 
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The initial interface, for which x is zero and 
which, at least in principle, may be marked by 
fiducial material, corresponds to the point s=0. 
The concentration at this point remains constant 
as diffusion proceeds according to the present 
treatment of the problem. This result, which 
agrees with the experiments of Smigelskas and 
Kirkendall, was also obtained by Darken on the 
basis of his formulation of diffusion, and evi- 
dently depends only on the fact that the concen- 
tration can be expressed as a function of x/t}. 

The shift of ,the fiducial markers observed by 
Smigelskas and Kirkendall in the copper-brass 
remains to be discussed. If the mathematical 
formulation given in the preceding section were 
strictly correct, there would be no room for a 
displacement of the type found by these inves- 
tigators, apart from the effect of change in lattice 
parameter with composition. Each atom which 
moves out of the central core within the initial 
copper-brass boundary would be replaced either 
by another atom or by a vacancy, which would 
have almost the same atomic volume as one of 
the atoms of the alloy. As a result the fiducial 
boundary would remain fixed, or two such 
boundaries on opposite sides of the core would 
not move relative to one another by more than 
the distance associated with change in lattice 
parameter. In order to explain the observed 
results with the use of vacancy theory, it ap- 
parently is necessary to adopt the following view- 
point: vacancies diffuse from the electroplated 
copper into the brass, permitting a net flow of 
zinc and copper atoms across the boundary 
separating the brass from the copper. It is 
possible that the copper, being an electroplated 
deposit, contains a high density of voids and 
hence of vacancies at start. In any event the 
vacancies could diffuse from the vacuum inter- 
face if needed. The vacancy current should vary 
as 1/t* at least initially, for reasons described 
earlier, so that the total number of vacancies 
which would have flowed past the boundary at 
the end of time ¢ would vary as #}. As long as the 
vacancies in the brass remain atomically dis- 
persed, the fiducial lines do not shift relative to 
one another. However, as the specimen is cooled, 
the vacancies condense to form voids. These 
voids close, at least in part, as a result of the 
action of surface tension forces and plastic flow, 
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and the fiducial markers are drawn together. If 
the contraction in volume compensates for the 
vacancies which have diffused, this contraction 
should vary as ¢?. Since free energy is to be gained 
by having zinc migrate into the copper to form 
a more dilute alloy of brass, it is conceivable that 
the vacancy current would supersaturate the 
brass during diffusion and that the condensation 
of vacancies with the consequent sintering would 
actually occur during diffusion.” These two cases 
could be distinguished, at least in principle, by 
observing whether the displacement of the 
boundary occurs during diffusion or subse- 
quently. 

The preceding picture of the displacement of 
the boundary does not appear at first sight to be 
substantially different from Darken’s. Actually, 
there are several differences. Darken’s formula- 
tion explicitly assumes that the contraction takes 
place in the region where the chemical concen- 
tration gradient is greatest. That given here 
permits the contraction to occur over the entire 
zone through which vacancies migrate. If the 
diffusion coefficient for vacancies is 10* times 
larger than that for atoms, this zone may be 
thirty times larger than the zone in which chemi- 
cal diffusion has occurred. Thus the contraction 
within the region where the chemical gradient is 
large may be a negligible fraction of the whole. 

In this connection, Smigelskas and Kirkendall 
state that after diffusion “‘the brass to the right 
of the interface is particularly susceptible to 
pitting. This is the side from which the zinc is 
diffusing to the left faster than the copper is 
diffusing to the right.”” They conclude the pitting 
is associated with voids induced during diffusion. 
Presumably these voids are the condensed gas of 
vacancies. Unfortunately the experimenters do 


7In the discussion of the paper - Smigelskas and 
t 


Kirkendall, C. S. Smith has suggested that the volume 
changes accompanying diffusion create cracks in the brass 
core which run normal to the interface and which promote 
diffusion by permitting zinc to migrate from the brass by 
gaseous diffusion. It is postulated that these cracks sinter 
together at a later period of time and thereby account for 
the loss of volume of the core. Although this suggestion 
does not explain the way in which the zinc succeeds in 
migrating into the copper to cause the stresses which are 
assumed to exist, it is possible that the presence of zinc 
vapor and the gradual sintering of voids would have the 
effect of inducing vacancies to diffuse continuously from 
outside the specimen, thereby creating a continuous va- 
cancy current, 
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not describe the width of the zone in which the 
pitting occurs. 

Smigelskas and Kirkendall found that the con- 
traction of the inner core of the diffusion speci- 
‘ men represented about one percent of the linear 
dimensions at the end of 56 hours of diffusion at 
785°C. The zone of chemical diffusion then repre- 
sented about 20 percent of dimensions of the 
core. It follows that approximately one percent 
of the atoms of the core would have been replaced 
by vacancies, according to the picture presented 
here. It is hardly likely that all of these vacancies 
would have initiated in the electroplated copper 
—most must have come from the outer interface 
of the specimen. One might expect vacancies to 
have diffused throughout the core before 56 
hours have elapsed and hence to observe a 
deviation from the rule that J, varies as t-}. The 
fact that this deviation does not seem to be 
observed (Fig. 2) remains to be explained if the 
vacancy mechanism is correct. 

Another difference between the interpretation 
based on vacancies and that implied in Darken’s 
theory is made clear by considering an experi- 
ment identical with Smigelskas and Kirkendall’s, 
except that the copper and brass are inter- 
changed. If Darken’s viewpoint is‘ correct the 
copper core should swell, since zinc atoms would 
diffuse into it more rapidly than copper diffuses 
out. On the other hand, if the vacancy mechanism 
of diffusion is valid the fiducial markings about 
the core should either remain unchanged if the 
vacancy current is zero, or should pull together, 
much as in the experiment in which there is a 
brass core, provided the only source of vacancies 
for an extended amount of diffusion lies outside 
the specimen. It would be highly interesting to 
see the results of an experiment of this kind. 


IV. COMPARISON OF DIFFUSION 
COEFFICIENTS 


Equations (15), (22), and (23) represent the 
diffusion coefficients of interest for Johnson’s 
experiments. The following points are worthy of 
note: 

(a) The diffusion coefficients will be influenced 
by any deviation of the density of vacancies 
from the equilibrium value for the pure alloy. 
This effect, which will influence 12+ 721, is well 
known from the studies of electrolytic conduction 
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in the salts in which the density of vacancies may 
be suppressed or raised by additive agents. 

(b) The expressions for D, and for the radio- 
active diffusion coefficients are intrinsically dif- 
ferent in form. The first involves derivatives of 
the coefficient p(t, 7) which determines the 
probability that a vacancy will land on an A 
atom in jumping from one plane to the next, 
whereas the second involves p(mq, 2) alone. In 
the case of 50-50 composition (n,=m=1—n,) 
the sum of D,* and D,* is 


2 


Dz*+D,* = (v12+ v21)—, 


(27) 


which does not involve p. 

The writer has not been able to derive relations 
between p(m,) and the derivatives a and B which 
are independent of special models that are used 
to describe diffusion. It appears that there are no 
general rules governing the behavior of p(é, 7) 
other than that it be equal to unity when =n, 
where x is the density of atoms in a plane normal — 
to the gradient, and be zero when §=0. 

In principle, p(m.) could be determined as a 
function of m, by measuring the diffusion of radio- 
active A or B atoms for various compositions. A 
determination of this type would require knowl- 
edge of (v12+¥721); however, let us assume that 
this offers no problem. Three conceivable forms 
of p(m,) are shown in Fig. 4. These are selected 
somewhat arbitrarily to indicate possible situa- 
tions. Curve I, which is a straight line, could 
occur if A and B atoms were almost identical 
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Fic. 4. Schematic representation of p(m.) in three inter- 
esting cases. Case I is that which would be valid in an ideal 
two-component alloy in which the atoms behaved as if 
chemically identical. Case II is a hypothetical one in which 
the slope is very steep in the 50-50 range of composition, 
whereas Case III is one in which the slope is small. The 
abscissa is #_/n, the fraction of A atoms in each plane. The 
curves are constrained to pass through the points zero and 
unity at the two ends by definition, 





1522 


chemically so that p(m%)=ma/n. Now the slope 
of any of these curves at a given point is 
readily seen to be a+ 8 for £=7=,. Suppose 
that 6 is very small compared with a, a situation 
that need not occur generally, but which will 
obtain if the A and B atoms are very similar. In 
this case the slope of the p(m,) curve in Fig. 4 
determines a and hence determines the quantity 
(a—8) appearing in D, (Eq. (15)). A straight- 
forward analysis of the three curves under these 
simplifying assumptions shows that in the 
vicinity of 50-50 composition D,=D,* in case 
I, D.>Da* in case IJ, and D.<D,* in case ITI. 
D,. may be larger than the sum of D,* and D,* 
for the 50-50 composition if the slope of the 
(ma) curve is greater than 2, as is possible in 
case IT. 


V. A SIMPLE MODEL OF A DIFFUSING 
SYSTEM 


It is interesting to consider the workings of a 
_ simple model of a system in which diffusion is 
occurring in order to visualize a case in which the 
radioactive and chemical diffusion coefficients 
are not identical. The results obtained from a 
specialized model evidently will lack generality. 
This disadvantage is compensated for by the fact 
that they are explicit. 

Let us consider a case in which there is a con- 
stant gradient of concentration in the x direction 
and in which a given atom in one of the planes 
perpendicular to the x axis has only one neigh- 
boring site in the adjacent plane into which it 
could jump by vacancy diffusion. This would be 
the case in a simple cubic lattice if vacancies 
could jump only along the directions of the cube 
edges. We shall assume that the atoms interact 
in pairs and that the probability that an A atom 
in a given plane, which we shall designate the 1 
plane, will have a vacancy in the neighboring site 
in an adjacent plane, designated the 2 plane, is 


P,(1, 2) =Crs exp(—Ve/kT)—-, (28) 
‘nN 


in which Cj, is a coefficient which depends upon 
the composition, V, is an energy parameter repre- 
senting the average relative change in energy of 
a lattice induced by placing a vacancy next to 
an A atom, %» is the density of vacancies in the 
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2 plane, and is the density of atoms in the 
planes normal to the x axis. Similarly, we shall 
assume that the corresponding probability for a 
B atom in the 1 plane is 


Ny 
P,(1, 2)=Cis exp(—Vs/kT)—. (29) 
n 
From the condition 


Nak,(1, 2) +P,(1, 2) =Nyo2, (30) 


we find 
n 


Nai exp(— Va/RT) +01 exp(— V/kT) 


It is readily seen that under these assumptions 
P,(1, 2) and P,(1, 2) involve the energies V, and 
V, only through the factor 


f=exp(—(Va—Vs)/kT). 


If ve, vacancies are jumping per unit time per 
unit area from plane 2 to plane 1, and if 
b(%a1, %a2), aS in Section II, is the probability 
that a given vacancy will land on an A atom, we 
obtain the relations 


(31) 





Cis - 


(32) 


ve1P (Mar; Na2) 7 VeNaiP,(1, 2), (33) 
vei(1 —p(mMa1, Na2)) = yNvP(1, 2), (34) 


in which », is the probability per unit time that 
a vacancy which is next to an A atom will change 
places with it, and » is the corresponding prob- 
ability for interchange of a vacancy with a 
neighboring B.atom. By adding (33) and (34) 
we obtain 


Ny 
Ya= Ai exp(— V./kT) 
n 
+m, exp(—Vi/RT)) (35) 
which, when substituted in (33), leads to-the 


relation 
VaNaif 
p (mai, Na2) = 


Vana f+ VoNd1 


(36) 


that is of fundamental interest to us. The quan- 
tities v4, », and f appearing in this will generally 
be functions of both mq; and m2. For simplicity 
we shall assume at the start that they are in- 
volved only through the combination 


Ng = (tai tM) /2. 





THEORY OF VACANCY DIFFUSION 


With the use of this form of p(£, 7) we readily find that when §£=n=m, 


D(a) x 


vaf 





J 
Ne = VaNaft+vonr 


d 
vavenf + 43vq ee $NaMrf (vova' — Varr') 


Na 





a= 


(vataf + VeNp) : 


NVavof 
B= . 
(vanaf + Veno) 3 


Here »,’ and »’ are the derivatives of y, and » 
with respect to m4. From (37) and (39) we readily 
find 


D. a—B 
D ay x p(ma) / Na , (vanaf + VpNn) : 


When f is very large, so that vacancies prefer 
to be near A atoms, the ratio (40) is m/vataf. 
This is 2%/v,f in the case in which nz=n/2. 

In the opposite case in which f is small, so that 
vacancies prefer B atoms, the ratio is n/m», which 
is 2 for 50-50 composition. 

Similarly, we find that in the case of 50-50 


(39) 





NVs 


(40) 











composition 
D. xy 


=2 " 
D*+D* (x+y)? 





(41) 


in which 


X= VeNaf, (42) 


This ratio attains the maximum value of $ when 
x=y. Thus in the case of the simple model which 
we have employed, D, can never be larger than 
half the sum of the radioactive diffusion coef- 
ficients. 

The results (38) and (39) are definitely de- 
pendent upon the simplifying assumptions made 
in determining a and B from (a1, a2), aS given 
by (36). If we assume that vg, », and f do not 
involve mq; and m2 merely through the quantity 
Na = (Mait+Ma2)/2, we have in place of (39) 


Y = Von. 


0— On 


, or or of of 
nvanftnaafnt(——— + ron( ‘ 
O— On 


(43) 





a—B= 


(vattaf + vom)? 


where r= v,/M. 

As we have noted in the introduction, John- 
son’s experiments indicate that D, is almost 
exactly equal to D,*+D,*. This result is not in 
accordance with the version of the foregoing 
model which leads to (41). On the other hand, it 
could arise from the extended version which leads 
to (43), provided the combinations of derivatives 
of r and f appearing in Eq. (43) are assumed to 
take the proper values. It is interesting to note 
that Johnson’s results imply considerable in- 
equality between the behavior of silver and gold 
atoms in the 50-50 alloy. This in turn suggests 





that they should show® pronounced short-range 
order, even if long-range order is absent. 

The writer is particularly indebted to Pro- 
fessor R. J. Maurer for several valuable discus- 
sions of this paper. Maurer was apparently the 
first to appreciate that the problems of chemical 
and radioactive diffusion are basically different 
if radioactive diffusion takes place in the absence 
of a chemical gradient. 


8 The writer is indebted for conversations on this point 
to members of the NRC symposium group, which met at 
Cornell during August, 1948, to discuss “Phase changes.” 
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New measurements of the area of the arc cathode spot from measurements of width of tracks 
left on metals by a cathode spot moving in a magnetic field indicate that the current density 
is greater than values given by previous workers. At 2.6 amperes, we find the following values 
in air at atmospheric pressure: Cu 124,000 amp./cm?, Al 29,500 amp./cm?, W 74,000 amp./cm?, 


Hg on Cu 20,700 amp./cm?. 


The Cu, Al, and W electrodes were first oxidized in a bunsen flame. For an arc burning in 
mercury vapor with a mercury cathode at a few microns pressure we find at 2.6 amperes a cur- 
rent density of 50,000 to 220,000 amperes per cm?. Values at currents above 5 amperes could 
not be obtained because of the formation of multiple spots. 





STIMATES of the cathode current density 
in the electric arc have varied widely, from 
a few hundred amperes per cm? to several 
thousand.! The chief source of uncertainty lies in 
determining the effective area of the current 
transmitting portion of the cathode, since in 
general the total current can be measured easily. 
It has been customary to assume that the small, 
highly luminous area on the cathode, the 
“cathode spot,’’ corresponds closely to the 
current-carrying region, and efforts to measure 
the current-density have been limited to mea- 
surements of the size of the cathode spot. This 
same assumption will be made in this paper. The 
directly measured quantity is the diameter of the 
cathode spot, and from this we may infer the 
value of the current density. 











Fic. 1. Tube for mercury arc studies. 


* The material discussed here was presented in an invited 
paper at the New York meeting of the American Physical 
Society, January 1948. 

1C, Granquist, Nova Acta Upsala 20, 143 (1903); M. 
Reich, Physik. Zeits. 7, 73 (1906); N. A. Allen, Proc. Phys. 
Soc. 33, 62 (1921); A. Guntherschulze, Zeits. f. Physik 11, 
74 (1922); R. Seeliger and H. Schmick, Physik. Zeits. 28, 
605 (1927) and 31, 691 (1930); W. G. F. Swann, J. Frank. 
Inst. 205, 810 (1928); R. Tanberg and W. E. Berkey, Phys. 
Rev. 38, 296 (1931); J. Slepian and E. J. Haverstick, Phys. 
Rev. 33, 52 (1929); E. Nobel, Phys. Rev. 36, 1636 (1930); 
L. Tonks, Physics 6, 294 (1935); R. Holm, Arkiv. Mat. 
Astr. Fys. 34B, No. 8 (1947); E. G. B. Stuckelberg, Helv. 
Phys. Acta. 1, 75 (1928). 


In our experiments the materials used as 
cathodes were mercury, copper, aluminum, 
tungsten, lead, brass, and mercury-copper amal- 
gam. With the exception of the mercury, all the 
surfaces were lightly oxidized, and the arc was 
established in air at atmospheric pressure. With 
the mercury cathode, the arc burned in mercury 
vapor at low pressures of the order of 10-50 
microns. It was found that the current which 
could be used was limited by the tendency of 
multiple spots to form at higher currents. The 
limiting current depended on the metal. For 
aluminum multiple spots formed at currents as 
low as 2 amperes, while for tungsten there was 
apparently but a single spot at currents up to at 
least 10 amperes. Other cathode materials appear 
to have limiting currents lying between these 
extremes. 

The mercury cathode was studied in the tube 
shown in the diagram (Fig. 1). The arc was 
started by momentary contact between the 
tungsten point (A) and the mercury pool. An 
external magnetic field, perpendicular to the 
plane of the diagram, drives the spot to the 
opposite end of the tube. If the field is sufficiently 
strong (several hundred gauss) the spot travels 
in a straight line, with none of the wandering 
motion to the side which has limited the accuracy 
of observations by other experimenters. The 
vapor pressure is low enough that the spot moves 
in the retrograde direction? with the column 
trailing the spot. The spot is observed through 
the small hole (B) in the anode. If the level of the 


2N. Minorsky, J. de phys. et rad. 9, 127 (1928). 
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mercury is properly adjusted, the slight random 
disturbances in the mercury surface will be suf- 
ficient to cause random make-and-break at the 
tungsten point. The average time between con- 
tacts can be adjusted by a slight tilt of the tube, 
so that as many as twenty new spots are formed 
per second. 

The radiation from the spot is continuous and 
extends over the entire visible range. Thus, a 
red filter may be used to exclude most of the 
radiation from the mercury vapor. With a 
suitable microscope and filar eyepiece, the width 
of the trace can be measured after the observer 
has acquired some experience in accommodating 
to slight changes in position of successive traces. 
The moving spot may also be photographed 
through the microscope and the width of the 
resulting trace measured. Three such photo- 
graphs are shown in Fig. 2, for mercury at 2.6, 
5 and 10 amperes. The complicated structure of 
the 10-ampere trace makes it impossible to 
form any conclusion about the diameter of the 
spot. The average width of several traces at 2.6 
amperes was 3.910-* cm. For a circular spot 
this width would correspond to a current density 
of 220,000 amperes per cm?. This value is higher 
than any of the values quoted in the literature by 
more than an order of magnitude. 

The dimension of the spot along the direction 
of motion could be measured by means of a 
scanning technique. The principle is illustrated 
in Fig. 3. The image of the spot is focussed by 
means of a microscope objective onto the opaque 
screen. The screen has three fine slits of width 
considerably less than the diameter of the mag- 
nified spot. The opaque screen was a standard 
microscope slide coated with a thin layer of 


Aquadag. The slits were made by scratching the’ 


surface with a razor blade. Such slits can be 
made quite narrow with width of 0.005 cm easily 
reproducible. If the magnification of the lens is 
6 or 7 diameters, the magnified spot is 10 or 15 
times the slit width. The spacing between slits 
was large enough that the moving image had 
passed the first slit completely before the leading 
edge reached the next one. 

The light passing through the slits strikes the 
cathode of a 931A photo-multiplier tube. The 
output if the multiplier is amplified in a wide- 
band amplifier and applied to the vertical plates 


Fic. 2. Cathode tracks on mercury (direction of 
travel right to left). 


(a) 2.6 amperes 
(b) 5 amperes 
(c) 10 amperes 


of a Dumont 248 oscilloscope. The horizontal 
sweep is triggered by the signal, so that the 
pattern on the screen consists of three pulses. 
The leading edge of the first pulse is obscured 
by the triggering delay, but the next two pulses 
are the same in size and shape (Fig. 4). 

From measurements of the width of the pulses 
and the distance between corresponding points, 
a value of the effective width of the spot may be 
deduced. As shown in the following analysis, the 
method is independent of the spot velocity, and 
depends only on the slit spacing, the lens mag- 
nification, and the geometry of the pattern on the 
oscilloscope screen. Let W=effective diameter of 
spot, MW =diameter of magnified image, d =dis- 
tance between slits, L=distance on oscilloscope 
screen between corresponding points of pulses, 
S=effective width of pulse. Then, since the 
horizontal sweep is linear with time, 


MW/S=d/L or W=Sd/ML. 


All of the quantities on the right-hand side can 
be measured accurately. The limiting factor is S. 


~~ pworoceut 


Fic. 3. Optical system for scanning the 
mercury cathode spot. 
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Fic. 4. Oscillograms of light distribution 
of cathode spots. 


The width corresponding to any prescribed pulse 
height can be measured without difficulty, but 
it is uncertain which height should be chosen 
inasmuch as the sides of the pulse have a definite 
slope. The slope of the leading edge could be due 
to one or both of two possibilities: 


1. The spot may not be uniform across its surface. 
2. The gas very near the surface preceding the spot may 
give some contribution to the radiation. 


In the latter case the intensity of the light must 
be far above that from the plasma in order to 
be seen by the photo-cell. The slope of the 
trailing edge of the pulse may indicate that 
there is a decay of activity in time after the 
‘“‘spot” has passed, or else there is a residual 
glow of high intensity in the gas. The total time 
for the spot to pass any point can be less than 5 
microseconds. Since there appears to be no 
adequate way of determining how much of the 
radiating area is effective, it is probably best 
to take as an upper limit the width of the pulse 
across the base, corresponding to a minimum 
value of current density. The average diameter 
of the spot corresponding to the base of the pulse 
is 0.80 10-* cm at 2.6 amperes, about twice the 
value obtained for the dimension perpendicular 
to the direction of travel. Thus, the current 
density would be lowered by a factor of 4, to 
about 50,000 amperes per cm?, as a lower limit. 
The-true current density is very probably greater 
than this figure. 

It was not possible to apply the same tech- 
niques in observations of the cathode spot on 
solid metal cathodes. However, it was found that 


~ 
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very interesting tracks could be obtained on 
metal cathodes which were traversed by a rapidly 
moving cathode spot. Such tracks could then be 
measured to give the extent of the active area at 
the cathode. Visible tracks could not be obtained 
on clean or highly polished metals, but only on 
electrodes having a definite layer of surface oxide. 
The arc was established in air at atmospheric 
pressure, and the spot was made to move rapidly 


Fic. 5. Cathode tracks on copper (direction of 
travel right to left). 
2.6 amperes 


10 amperes 
(c) 140 amperes 
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(5 to 10 meters/sec.) over the cathode by means 
of a magnetic field of about 2000 gauss. For 
these tracks the spot moved in the direction of 
the ponderomotive force. 

Some examples of the tracks obtained are 
shown in Figs. 5-7. The effects of increasing the 
current are shown for copper, aluminum and 
tungsten. At low currents, single tracks are 


Fic. 6. Cathode tracks on aluminum (direction of 
travel right to left). 
5 amperes 


10 amperes 
(c) 140 amperes 


Fic. 7. Cathode tracks on tungsten. 


(a) 2.6 and 5 amperes 
(b) 5 and 10 amperes 


found; at higher currents multiple spots occur as 
in mercury. For oxidized aluminum, the tracks 
are very complex even at low currents, while for 
tungsten, there appears to be no branching for 
the currents observed although the track widens 
as the current increases. 

It was found possible to get a non-branching 
track on aluminum by etching strongly in NaOH, 
rinsing in distilled water and alcohol, and drying. 
Occasionally, on all metals, short gaps were found 
in tracks. This does not necessarily mean an 
interrupting of current, since a new spot could 
be formed before the last one disappeared. The 
tracks on aluminum show some interesting 
features. The 5 ampere track shows that the 
“spot”’ is apparently reluctant to cross a scratch, 
either parallel to the direction of motion or per- 
pendicular to it. The scratches were about 10 
microns deep. The aluminum tracks appear to 
be much more complicated than for copper, with 
many of the branches apparently going in the 
reverse direction. 





J. D. COBINE AND C. J. GALLAGHER 


TABLE I. 








Current density 
amp. per cm? 


74,000 
92,000 
47,000 
26,000 
29,500 
120,000 
20,700 


21,700 
14,700 


Current-amp. Width-cm 

2.6 0.0067 

5.0 0.0083 

10.0 0.0164 

5.0 0.0156 

2.6 0.0105 
0.0054 

0.0127 


0.0172 
0.0275 











The widths of the various tracks which could 
be measured and the corresponding current 
densities, assuming circular geometry, are shown 
in Table I. 

It is of interest to consider what a track 
consists of, since the very fact of its existence 
indicates a change in the nature of the surface 
over which the spot has raced. The appearance 
of the track suggests that the oxide at the spot 
is removed from the base metal, either by direct 
evaporation, or by chemical reduction on the 
surface followed by evaporation, so that the 
track is just the unoxidized base metal. Appar- 
ently some material is lost from the cathode, 
since it is possible to make accurate replicas of 
the tracks with Formvar films, which indicate 
that the penetration below the surface is of the 
order of 1 micron. 

From the experiments described above we 
conclude that the current density in the arc 
cathode spot is of the order of 50,000 amp. per 
cm? for most cathode materials. It is now neces- 
sary to inquire whether such high values can be 
obtained by any of the mechanisms which have 
been previously proposed. There have been a 
number of mechanisms proposed to explain the 
current transport at the cathode for the so-called 
“‘cold-cathode” arc. The following four seem 
most worthy of serious consideration: 1. Ther- 
mionic emission of electrons.*4 2. Field emission 


3J. J. Thomson, Conduction of Electricity through Gases, 
3rd Edition (Cambridge Press, Cambridge, 1933), Vol. 2, 
pp. 596 ff. 

*L. B. Loeb, Fundamental Processes of Electrical Dis- 
charge in Gases (John Wiley and Sons, Inc., New York, 
1939), pp. 605 ff. 


of electrons.®* 3. Positive ion collection, with 
thermal ionization in the region near the cathode 
producing the ions.” * 4. Electron emission through 
insulating particles on the surface resulting from 
positive ions on the insulator.® 

The first of these, thermionic emission of elec- 
trons, appears adequate to explain the current 
transport with highly refractory cathodes, such 
as tungsten and carbon under conditions where 
they are incandescent, but has not seemed ap- 
plicable to the lower boiling point metals, for 
which the possible thermionic emission at the 
probable maximum temperature would be far 
too small. The high current density values 
quoted in this paper make the thermionic theory 
even less plausible, unless one can assign to the 
emitting surface very low values of the work 
function. Although the work functions of the 
pure metals would be too high, the true work 
functions for the complex electrode surfaces used 
are not known so that this possibility is not 
definitely excluded. It is well known that the 
arc cathode spot cannot be readily established 
on a very clean metal surface, so that the possible 
lowering of the work function by surface im- 
purities may be sufficient to establish the neces- 
sary thermionic emission. The best values of the 
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Fic. 8. Thermionic emission curves. 


5]. Langmuir, Science 58, 290 (1923); Gen. Elec. Rev. 
26, 731 (1923). 

6S. S. Mackeown, Phys. Rev. 34, 611 (1929). 

7J. Slepian, Phys. Rev. 27, 407 (1926). 

8 W. Weizel, R. Rompe, and M. Schon, Zeits. f. Physik 
115, 179 (1940). 

9M. J. Druyvestyn, Nature 137, 580 (1930). 
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photoelectric work function of the various oxides 
are of the order of 4 volts or higher, so that they 
would not be much better emitters than metals 
unless the boiling points were higher. The curves 
shown in Fig. 8 indicate what values of emission 
might be obtained from materials with work 
functions of 4.5 volts and 2 volts, respectively. 
The 4.5 volt curve, which may be taken as repre- 
sentative of most clean metals, shows that the 
possible current density is much too low even at 
the boiling point for metals such as Hg, Al, Cu, 
and Fe. The 2-volt curve would give considerably 
higher values of current density of the order of 
those obtained, but the presence of such low 
work function materials is improbable. Thus, it 
would appear that thermionic emission alone 
cannot explain the high current density, unless, 
as suggested by Thomson? and Loeb,‘ it is possible 
with such density of energy input to obtain local 
temperatures far above the boiling point. 

The theory of field emission postulates that 
electrons are drawn out of the surface by the 
strong field set up at the cathode by the high 
density positive ion space charge outside the 
surface. The theory of field emission as given by 
Fowler and Nordheim,!° indicates that barely 
measurable current density can be obtained at 
fields of the order of 10° volt/cm, but, as shown 
in Fig. 9, curves A, B, and C, the current den- 
sities we have measured would require fields of 
the order of 107—108 volt per cm for work func- 
tions as low as 2 volts. To explain these current 
densities on the field theory, one would have to 
assume for the work function the absurdity low 
value of 0.5 volt. Mackeown® developed a rela- 
tion between the field at the cathode and the 
current density required to produce the field. The 
curves D and E of Fig. 9 were calculated from 
his relation, for two different ratios of positive- 
ion current to electron current. According to 
Mackeown’s theory, fields of 107 volt/cm would 
require a minimum current density of more than 
107 amp./cm?, which is considerably higher than 
any measured values. Thus, for current densities 
such as we have measured, the field emission 
theory appears to be quite inadequate, even if 
the field be greater by a factor of ten as a result 
of surface irregularities. 


10R. H. Fowler and T. Nordheim, Proc. Roy. Soc. A118, 
229 (1928). 
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ELECTRON CURRENT DENSITY- AME/CM® 
Fic. 9. Relations between cathode field and current density 
(electrical quantities in practical units). 


Fowler-Nordheim equation 
je =6.2(10)-*(E*/p) exp( —6.8(10)")¢4/E. 
Mackeown field equation 
E? =7.57(10)5Vet Ljo(18asw)t —je). 
E =electrostatic field, 
je =electron current density, 
jp =positive ion current density, 
W =atomic weight. 


A third theory originally advanced by Slepian’ 
to apply to low current densities, and subse- 
quently developed for higher current densities by 
Weizel, Rompe, and Schén,’ attempts to show 
that electron emission is not necessary, but that 
the entire cathode current can be accounted for 
by positive ions generated in the gas adjacent to 
the surface by the various processes involved in 
thermal ionization. The latter authors carried 
through some calculations for a high pressure 
mercury arc in an attempt to show that the 
assumed mechanism would lead to correct 
values of voltage drop between the column and 
the cathode. The values calculated for the 
cathode drop were too high to agree with ob- 
served values, but current densities were also 
probably too low, by a factor of at least five. An 
increase in current density by this factor would 
lower the calculated cathode drop to some extent 
although not enough to give ‘completely satis- 
factory agreement. : 

Druyvestyn® assumed that the ‘‘cold-cathode”’ 
spot depended on the presence of tiny insulating 
or semi-conducting particles, such as glass, or 
oxide layers Positive ions would build up these 
insulating particles to produce a high field, with 
electrons then emitted through the insulator. The 
theory does offer an explanation for the apparent 
necessity of the presence of oxides and also of the 
random motion of the spot, since the impurities 
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could be removed by the ion bombardment and a 
new region would then be activated. It is not at 
all clear from Druyvestyn’s picture that the ob- 
served high current densities can be accounted 
for, and leaves unexplained a number of the 
points as listed below. 

None of these theories appears really adequate. 
They fail to explain the observed high current 
densities, and offer no clue as to the reason for 
several phenomena which must be intimately 
associated with the cathode mechanism. The 
following are several such phenomena which at 
present are left without explanation: 1. The high 
velocity stream of vapor (or particles) coming 
from the cathode." 2. The continuous spectrum 
at the cathode spot.” 3. The retrograde motion of 
the spot in a low pressure arc on application of a 
magnetic field.*!*!4 4. The increase in stability 
at low currents when the spot is confined to a 


11R. Tanberg, Phys. Rev. 35, 1080 (1930). 
12 J, Stark, Physik. Zeits. 51, 750 (1904). 
13 C. G. Smith, Phys. Rev. 62, 48 (1942); Bull. Am. Phys. 
Soc. 18, 5 (1943). 
u a J. Gallagher and J. D. Cobine, Phys. Rev. 71, 481 
1947). 
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small area.!® 5. The difficulty of establishing a 
spot on a clean surface!*** and the random 
motion of the spot over the surface. 6. The failure 
of the mercury arc to re-ignite when interrupted 
for times as short as 10° second.!” 

Since none of these ‘‘classical’’ theories appears 
to give a complete picture of the cathode proc- 
esses, it may well be that, as Loeb has suggested, 
a new approach is required, “to evolve a new 
physics of the microvolume with high rates of 
energy input.’’!8 

Note added in proof: Since this paper was sub- 
mitted for publication Froome has reported even 
higher values of current density (10° amp/cm?) 
for transient arcs of 1400 ampere peak current 
for copper, sodium, and mercury cathodes.!® 


1 C, W. Lufcy and P. L. Copeland, J. App. Phys. 16, 
740 (1945). 

16 G, E. Doan and J. L. Myer, Phys. Rev. 40, 36 (1932). 

** We have observed that a ‘“‘cold cathode” arc can be 
established on oxidized tungsten with the typical random 
motion of the spot, but that no spot can be formed on clean 
tungsten unless the temperature is high enough that 
thermionic electrons can be emitted. 

17 G. Mierdel, Zeits. f. tech. physik 17, 452 (1936). 

18 See reference 4, p. 636. 

19 See K. D. Froome, Proc. Phys. Soc. 60, 424 (1948). 
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On Vector Transforms 


JoHN W. MILEs 


Department of Bagineris. U niversity of. California, 
Los Angeles, California 


September 30, 1948 


HE use of integral transforms, particularly of the 
Fourier and Fourier-Bessel types, has proved a 
valuable tool in formulating solutions to the scalar wave 
equation.! Such an approach exhibits a solution as a super- 
position of cylindrical (or plane) waves, rather than the 
superposition of sources effected by the direct application 
of the methods of Green or Riemann. While solutions to 
the vector wave equation may be deduced from solutions 
to the scalar wave equation, thereby making use of trans- 
form theory, it is sometimes expedient to formulate direct 
vector solutions, in which case it is desirable to introduce 
transforms for the vector eigenfunctions. 

The solutions to Maxwell’s equations are determined by 
the values of the tangential electric field at the boundaries.? 
In attacking diffraction problems in cylindrical coordinates 
this boundary may be taken as the plane z=0 (plus a 
hemisphere at infinity), and the problem is to find a solu- 
tion f(u, v, z) to the vector wave equation in the cylindrical 
coordinates (u,v, 2) which reduces to a prescribed field 
f(u, v, 0) =f(u, v). Such a solution is given by 


f(u, v, s)= ff dd) Fd) ¢x(u, 0) exp[ti(e*—a)4z], (1) 
r 


where k is the wave number. Equation (1) represents only 
the transverse field, but the axial (z) component may be 
determined directly from Maxwell’s equations. The branch 
points |\| = must be circumvented in such a way as to 
satisfy a Sommerfeld radiation condition at infinity. 
is an eigenvector satisfying the two-dimensional vector, 
Helmholtz equation 


V*dy(u, 0) +084 (1, v) =0, * (2) 


where \ is an eigenvalue which may be distributed dis- 
cretely or continuously over a two-dimensional spectrum, 
an element of which is dA(A). 

It is found that the desired transform F(A) may be 
written 


Fa)=f face, nf 0)-Gdu(& 9), Ga) 


2-0 
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and its inversion yields 


£(u, ») =f fda) FO) $x(u, 9). (3b) 
r 


(é, 9) are coordinates of integration, the bar denotes the 
complex conjugate, and the dot denotes the scalar product. 

In Cartesian coordinates (u=x, v=y) it is found that 
Eqs. (3) are consistent for the choice 


r(x, y) = (2ar)*(u? + v9) “Hip+ jr) Xexp[i(uxtvy)], (4) 
V=w+r, (S) 
where y» and » are Cartesian coordinates in the \-spectrum, 


and dA=dydy. 
Equations (3) then become 


f(x, y) = Pz : dp ” dvF(y, v)(u2-+v2)-4 
X (iut+jr) exp[i(ux+vy)], (6a) 


Fu, =p J dbf, dnlut-+ 99) Mint jv) £6, 2) 
Xexp[—i(ué+vn)]. (6b) 
In polar coordinates (u=r, v= 6@) the results are 


Or(r, 0) = (20) A [en (Ar) +in(ar) 10, (Ar) J 
Xexp[i(n@—x/2)], (7) 


f(r, 0)= (2x4 Z_ expLi(nd—x/2)] [~ MdrF.) 
XLrTa'r)-tin(dr)O,Tanr)], (8a) 


Fa(d)=(2n)-4f"" dy expl—i(nn—x/2)] [ edt 
X£(E, 0) -[En'(A8) +in(As)“Im a8). (8b) 


1J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book Com- 
pany, Inc., New York, 1941), Chap. V and VI. 

2H. M. MacDonald, Electric Waves (Cambridge University Press, 
Teddington, 1902), p. 16; Proc. London Math. Soc. (2) 10, 91 (i911); 
Phil. Trans. Roy. Soc. London (A)212 (1916). Also, A. E. H. Love, Phil 
Trans. Roy. Soc. London (A)197 (1901). 





The Relative Abundance of the Zinc Isotopes* 


D. C. Hess, Jr., M. G. INGHRAM, AND R. J. HAYDEN 
Argonne National Laboratory, Chicago, Illinois 
September 24, 1948 


N the course of an examination of a sample of zinc for 
possible alterations in its isotope abundances,! we were 
led to revise the values for the normal abundances, in the 
same direction as was later reported in the letter by W. T. 
Leland and A. O. Nier.? Our measurements were carried 
out both on samples of zinc prepared by chemical reduction 
of the ore and on samples of electrolytic zinc, and extend 
the results reported in the letter referred to. 

We were at first surprised to find that our samples, and 
even samples of commercial zinc, showed a large apparent 
enrichment of the heavy isotopes over the light when com- 
pared with Dr.. Nier’s values of 1936. We learned from 
the metallurgists that most zinc is now made by an electro- 
lytic process, while twelve years ago, when Dr. Nier’s 
determinations were made,* commercial zinc was almost 
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TABLE I. Abundance of the zinc isotopes. 








Mass 64 66 67 





Nier, 1936 k ; 3.9 


Electrolytic, I & H 
Chemical, I & H 


Leland and Nier, 1948 








exclusively made by chemical reduction of the ore, followed 
by a purification by evaporation. We investigated the pos- 
sibility that this earlier process might have produced the 
apparent enhancement of the light isotopes. This proved 
not to be the case; a sample of chemically reduced zinc 
and a sample of electrolytic zinc could not be distinguished 
within the accuracy of our measurements as shown in the 
values given in Table I, lines 2 and 3. 

It should be pointed out that the 1936 values of Nier 
for the abundances of the zinc isotopes have been used as 
standards for photometric measurements by Ewald‘ and 
by Duckworth and Hogg* for the isotope abundances in 
copper, which gave a ratio of 2.330+0.032 and 2.277 
+0.017, respectively. These values, when corrected for the 
change in the zinc standards, give 2.163 for Ewald’s meas- 
urements and 2.092 for Duckworth and Hogg’s. Our direct 
electrical comparison of the copper isotopes® in connec- 
tion with the study of meteoritic copper gave a ratio of 
2.235+0.010. 

* The work described in this article was performed under the auspices 
of the Atomic Energy Project. 

Fa ANL-4012, p. 11, July, 1947. 

2W. T. Leland and A. O. Nier, Phys. Rev. 73, 1206 (1948). 

3 Alfred O. Nier, Phys. Rev. 50, 1041 (1936). 

4H. Ewald, Zeits. f. Physik 122, 487 (1944). 

5H. E. Duckworth and B. G. Hogg, Phys. Rev. 71, 212 (1947). 


6D. C. Hess, Jr., M. G. Inghram, and R. J. Hayden, Phys. Rev. 72, 
347 (1947). 2 





Space-Charge Wave Amplification Effects 


ANDREW V. HAEFF 
Naval Research Laboratory, Washington, D.C. 
October 5, 1948 


SEARCH for better methods of generation and ampli- 
fication of microwave energy has led to a conception 

and a successful development of ar entirely new method 
based on space-charge wave amplification effects occurring 
as a result of interaction between streams of charged 
particles. A full account of the theory of the new method, 
and of the design and performance of special amplifier 
tubes based on the new method, will be given elsewhere.' 
_ It is the purpose of this letter to bring early to the attention 
of physicists the fact that this mechanism of interaction 
between particles and the associated space-charge waves 
plays an important part in many natural phenomena. The 
author believes that such effects as the abnormally intense 
bursts of solar radio noise associatéd with sun spot activity, 
the excess noise in electron beam tubes and magnetrons, 
the abnormally high temperature of electron clouds in 
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magnetrons, and other effects will find a satisfactory ex- 
planation in terms of the new theory, the salient features 
of which are given below. 

If a stream of charged particles of space-charge density 
pi and velocity v is injected into the space occupied by 
another stream of density p2 and velocity v2, then, in addi- 
tion to energy interchanges between particles in the two 
streams caused by scattering, there occurs a partial con- 
version of kinetic energy of the particles into the energy 
of electromagnetic fields associated with space-charge 
fluctuations. 

If only the first-order effects of perturbation of space- 
charge streams are considered, and it is assumed that the 
density, velocity, current and voltage vary with distance 
z and time ¢ as 

V= Vo exp(T'z+ jut), 


where I is the propagation constant and w is the frequency 
of the disturbance, then by the use of the Poisson equation, 
the equation of conservation of charge, and the force equa- 
tion, the following expression for T can readily be derived 
in terms of velocities v; of the 7 components of the stream 


- : i\i 
and the corresponding plasma frequencies w= (~-%) : 
€ 
t 2 
wy 
———— = 1. 1 
, (w+jT'0;)? (1) 
For a stream consisting of only two components of veloci- 
ties v; and v2, the real component of I, for a special case 


w1=we is given by: 
Pra = 454((@) +1-(2) +1)/). 
UV@) 
where 6=43(v1—v2) and v= 43(v1 +22). 

Amplification of space-charge waves occurs only over a 
limited range of the facter (éw/vw:) which has been named 
the inhomogeneity factor. The initial amplitude of the 
disturbance (Vo) increases exponentially as the space- 
charge waves travel with the particles in the stream so that 
the gain in energy of the original disturbance after it 
traveled a distance z is given by e?!*, Even with moderate 
charge densities very high energy gain per unit length of 
the particle stream can be realized. Experimental tubes 
based on this principle and called the ‘electron wave 
tubes’”’ have produced at a frequency of 3000 megacycles 
electronic gains as high as 80 decibels with electron streams 
only 20 cm in length and average currents of a few milli- 
amperes. At the same time, the frequency range over which 
effective amplification takes place is very wide and is ap- 
proximately given by 


(2) 


2.32 
(Gain)* 
The frequency wm corresponding to maximum gain is given 
by wm=(v3/2)-(v/5)-w: and can be much higher than the 
plasma frequency «1. 

It is a most striking feature of the. new mechanism of 
energy amplification that it occurs entirely because of 
interaction of the different components of the stream 
through their space-charge fields without the presence of 
any field-supporting resonant or wave-guiding structures. 
Because of this feature, the electron wave tube offers a 


Aw ~w 


(3) 
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very promising solution to the problem of generation and 
amplification of energy at millimeter wave-lengths. This 
feature also makes it easy to understand how electro- 
magnetic radiation over limited frequency bands is pro- 
duced in nature whenever there exist inhomogeneous 
streams of charged particles. For example, streams of 
charged corpuscles emerging from sun spots during solar 
flares present just such conditions where enormous amplifi- 
cation of space charge fluctuations can occur over a limited 
frequency range determined by the composition of the 
streams. The associated space-charge fields radiate the 
electromagnetic energy in this frequency band, and it is 
usually observed in radio telescopes as intense bursts of 
solar noise. Application* of the above theory made it 
possible to estimate the expected spectral energy distribu- 
tion of radio noise associated with solar flares ‘which 
agrees well with measurements such as those of Appleton 
and Hey.’ 

The excess noise in electron-beam tubes and in mag- 
netrons can also be explained in terms of the new theory. 
The inhomogeneity of the electron stream in beam tubes is 
caused by d.c. space-charge field and the excess noise is 
then the result of amplification of the original shot noise 
due to interaction of the different velocity components of 
the stream. In magnetrons the original fluctuations of 
cathode current create fluctuations of space-charge field. 
These fluctuating fields or waves interact with electrons in 
such a manner that original fluctuations increase in ampli- 
tude and some electrons gain and some lose energy. Since 
at cut-off fields many electrons return to the cathode, the 
space-charge waves also travel in both directions and the 
amplification proceeds to a saturation level determined by 
the anode potential, the magnetic field, and the density of 
the electron cloud. Some electrons can thus attain high 
excess energy proportional to anode potential so that the 
final energy distribution of the electron cloud may corre- 
spond to an apparent temperature of millions of degrees.‘ 
The flow of current to the anode at magnetic fields exceed- 
ing cut-off value can thus be understood. 


1 The author's paper on ‘‘The electron wave tube—A novel method 
of generation and amplification of microwave energy’ has been sub- 
mitted to the Proc. I. R. E. J 

2 A fuller account of the theory of generation of abnormal solar radio 
noise is the subject of a paper now in preparation. 

3E. Appleton and J. S. Hey, ‘‘Solar radio noise,’’ Phil. Mag. 37, 
73-84 (1946). : 

4 E. G. Linder, ‘‘Excess-energy electrons and electron motion in high- 
vacuum tubes,”’ Proc. I.R.E. 26, 346-71 (1938). 





Disintegration of Deuterium by Gamma- 
Rays from “Na 


N. O. LASSEN 
Institute for ‘Theoretical Physics, University of Copenhagen, Denmark 
‘ September 28, 1948 


CCORDING to theory, the angular distribution of 
protons created by the process *;D+hy—>,;H+!on can 

be described by the formula p=a+5 sin”, where ng is the 
number of protons emitted per unit solid angle in a direc- 
tion making an angle @ with the direction of the incident 
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-rays, and a and d are constants. The first constant term 
is caused by the so-called photomagnetic effect, the second 
term to the photoelectric effect. The ratio om/o. between 
the cross sections for the two processes can be derived when 
the ratio 1o°/n9o° =a/(a+5) is measured, and such measure- 
ments have been performed by several investigators.!~* 
However, since the various results do not agree with each 
other and, furthermore, since mainly the angles 6=0° and 
@=90° have been examined, measurements of the angular 
distribution were undertaken by means of a new method. 

The instrument used was a battery of proportional 
counters arranged in parallel and filled with pure deu- 
terium. Each counter was cylindrical, having a length ten 
times the diameter. The photo-protons created in the gas 
inside the tubes were recorded by means of a proportional 
amplifier and a cathode-ray oscillograph which was photo- 
graphed on a moving film. The magnitude of the pressure 
inside the counters was such that the range of the protons 
was about ? the counter diameter. Hence, protons travel- 
ing perpendicularly to the axis of the counters will hit the 
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Fic. 1. Pulse-size distribution curve obtained for 6 =90°. 


walls and only a small part of their tracks will lie inside 
the counters; consequently, these protons will give rise to 
much smaller pulses on the oscillograph than those moving 
parallel to the counter axis. Only protons moving in direc- 
tions deviating from the axis by less than a certain small 
angle, the magnitude of which is determined by the range 
and the counter diameter, will end their paths inside the 
counters and produce pulses of maximum size. A simple 
calculation shows that the pulse-size distribution curve 
falls off with increasing pulse sizes, except in the very end 
where a peak occurs, the height of which is determined by 
the accuracy of the pulse-size measurements. In order to 
get reasonably good statistics it was necessary to use a 
rather strong y-irradiation (~500 millicuries at a distance 
of 30 cm), which caused a high background ionization in 
the counters and consequently a background noise on the 
oscillograph, which involved a rather high spread in the 
pulse size measurements. Nevertheless, a pulse size distri- 
bution curve with a peak was actually obtained, as shown 
in Fig. 1. The protons corresponding to this peak will have 
tracks deviating but little from the counter axis, and hence 
the angular distribution of the protons can be obtained by 
measuring the number corresponding to the peak for vary- 
ing values of the angle 6 between the 7y-rays and the 
counter axis. For small values of @ two peaks corresponding 
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Fic, 2. Angular distribution of photo-protons. 


to the different energies of forward and backward directed 
protons could have been expected, but the limited statis- 
tical material and the mentioned spread in pulse sizes did 
not allow their separation. In fact, for small values of @ the 
position of the peak was not very well defined, and there- 
fore the number me of pulses higher than 40 mm (see 
Fig. 1) was counted for the various values of @. The result 
of the measurements, in which *Na was used as a y-ray 
source, is given in Fig. 2, where the full-drawn curve 
corresponds to the formula 


ng/Noo° =a+b sin’?é =0.18-+0.82sin. 


The ratio a/(a+4) is found to be 0.18+0.03, the ratio a/b 
to be 0.22+0.04, in good agreement with the value 
0.26+0.08 given by Graham and Halban.® The present 
experiments give om/oe=0.33 and om/otota=0.25. The 
dotted curve in Fig. 2 corresponds to om =0, and the figure 
clearly shows that there can be no: doubt that both the 
photomagnetic and the photoelectric effect exist for the 
‘y-energy concerned. 

When determining the absolute cross section it is neces- 
sary to know the absolute strength of the y-source and the 
range p of the protons. The author is indebted to Mr. 
Koefoed-Hansen for measuring the absolute strength of a 
weak sample of Na by means of a special counting ar- 
rangement. Unfortunately, p is not known very accurately 
and, hence, the result may be given as follows, where a 
correction of +20 percent resulting from the absorption of 
the y-rays and a correction of —20 percent resulting from 
the foot on the pulse-size distribution curve are included: 


9 2 
Crome = 0.8-10°8 o cm?=+20 percent, 


where p is the range in cm deuterium. Putting p=1.5 cm 
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we get ototsa1=2.5-10-?? cm? but, as we have seen, the 
result depends strongly on the value of p chosen. 

A more detailed account of the work will soon be pub- 
lished in the Communications of the Danish Academy of _ 
Science. 

1 Chadwick, Feather, and Bretcher, Proc. Roy. Soc. A163, 366 (1937). 

2 Halban, Nature 141, 644 (1938). 

3R. J. Richardson and L. Emo, Phys. Rev. 53, 234 (1938). 


4F. E. Meyers and L. C. Van Atta, Phys. Rev. 61, 19 (1942). 
5 G.A.R. Graham and H. Halban, Jr., Rev. Mod. Phys. 17, 297 (1945). 





Multiple Scattering with Energy Loss 


LEONARD EYGES 
University of Birmingham, Birmingham, England 
September 23, 1948 


ERMI' has found the distribution function for the 
lateral and angular displacements of charged particles 
which undergo multiple elastic scattering in passing 
through a layer of matter. In his treatment the energy loss 
which the particles suffer due to ionizing collisions is 
neglected. In this note we show that energy loss can be 
taken into account to a good approximation, and that this 
leads to a simple generalization of Fermi’s distribution 
function. 
The diffusion equation for the distribution function 
F(é, y, 8) is, in Rossi and Greisen’s! notation and units, 


aF  _0F, 1 &F 

at ay + Weaw’ 
where W=2p8/E,;. We assume that p and 8B are functions 
of t, i.e., we neglect the fact that a particle at ¢ has traveled 
a somewhat greater distance than # due to the deviations 
caused by scattering. For the multiple scattering of high 
energy particles these deviations will be small and the 
approximation will be a good one. In (1) then we assume 
that W? is some known function of #, although not neces- 
sarily one for which there is an analytic expression. If we 
apply the Fourier transforms 


Ft, 0) = 2 J, J, Gt, #5) explilay +10) dds, 


(1) 


(2) 


Gt =- J, J, F960) expl—iley+s0) odo, (3) 


to (1) we are led to the equation for G(t, x, £), 
dG woe 
a ae WH" 
After introducing the two new variables 
f=t+{/x, 
t’ =t, 


(4) 


(5) 


Eq. (4) becomes: 
aG__x*(e-1') 
ot’ wt’) 

The solution of (6) is 


G=H(t) exp| —x* as an |, 


W?(n) 











where H(é) is the “‘constant’’ of integration, and for con- 
venience we have taken the lower limit in the integral to 
be some fixed number K. The boundary condition is that 
at #=0 there is one particle incident normally at y=0, i.e., 


F(0, y, 4) =5(y)5(6). (8) 
The condition on G is then from (3) 
G(O, x, $)=1/2n. (9) 


If we write out (7) in terms of the original variables x, ¢, #, 
we get 


GU, %, 8) =H+t/2) exp| —at "EEE — Man) (10) 


From (9) we see that 


H(t/x) =4 exp [= Th oan. (11) 


Equation (11) gives the functional form of H, and therefore 
G is completely determined from (10) as 


Git, x, N=p exp[-2'f- Sean. (12) 








W*(n) 
If we define three new functions of ¢ by 
Ad(t)= - way (13a) 
Aw=f- Gas (13b) 
A= J. een (13c) 


we can write G in the simple form 
Gt, x, 8) =p expl —(Aai*+2A te t+Ase*)], 


This expression for G can be put into (3) and the integra- 
tions with respect to x and ¢ carried out, with the result 


or 1 _ PA2,—2y0Ai+¥A 
Flt, 3) = spy exp(— AN), (14) 


where B(t)=A,A2—A1*. If we assume that W? is constant, 
it is easy to see that (4) reduces to the Fermi solution as 
given by Rossi and Greisen. If we integrate over y, we get 
for the angular distribution irrespective of displacement 


SF y, &)dy= ieayi exp(—735): (15) 


Similarly, for the lateral distribution independent of angle 


Sea Fl, d0= 5+ exp(-777). (16) 


We can gain a little insight into our formula by comparing 
(15) and (16). The angular distribution defined by (15) 
depends on # through Ao, i.e., through fo' (dn/W%(n)), 
whereas the radial distribution (16) depends on ¢ through 
Jo [(t—n)?/W2(n) ]dn. Because of the factor (¢—n)* large 
values of t—7 are weighted more heavily in the last integral 
than in the preceding one. This is caused by the fact that 
a given angular deflection produces a larger radial displace- 
ment at ¢ the farther from ¢ that it occurs, whereas all 
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angular deflections at any intermediate thickness con- 
tribute equally to the total angular deflection at ¢. 

In general the integrals Ai, A1, A2 which determine the 
distribution can be obtained by simple numerical integra- 
tions using the range vs. momentum curves given, e.g., in 
Rossi and Greisen’s article. In some special cases the A’s 
can be found by direct integration. If, for example, we 
consider particles with energy much greater than their 
rest energy, it is a good approximation to assume the rate 
of momentum loss is independent of the momentum and 
that 8=1. Then the momentum ? of a particle at depth ¢ 
radiation lengths is pp—ét, where ¢ is the constant momen- 
tum loss per radiation length. Then W2(t) = [4(po—et)?/E,? ] 
and the A’s become: 


E*t 
Ad(t)= plbo= a)’ (17a) 


_E? Po _et 
Ail)  4é C— ra 


_E? Be (poet) Po 
AM) =75| 2-3-2 In-Pe |. (17¢) 
It is. interesting to note that if one wished to take energy 
loss roughly into account using Fermi’s original distribution 
function by taking some mean value for W*(#) that this 
mean value could not be simultaneously correct for 
both (15) and (16), i.e., for both the angular and radial 
distributions. 
It is a pleasure to thank Dr. Max Krook for a discussion 
on the first part of this work and Professor R. E. Peierls 
for criticizing the manuscript. 


1B. Rossi and K. Greisen, Rev. Mod. Phys. 13, 267 (1941). 
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Isotope Effect in the Spectrum of Ne II 


K. MURAKAWA AND S. SUWA 


Institute of Science and Technology, Komaba, 
Meguroku, Tokyo, Japan 


October 4, 1948 


HE spectrum of Ne II was excited in an alumnum 
hollow cathode discharge tube which was filled with 

neon of a few mm Hg pressure. It was found that, when 
the neon was quite free from impurities, the energy of the 
discharge was spent mainly in exciting the spectrum of the 
cathode material and only a very weak spectrum of Ne II 
was obtained, so the experimental arrangement which was 
finally adopted contained a purifying equipment that ab- 
sorbed impurity gases only loosely. Under this condition 
the doublet spectrum! was strong, while the quartet spec- 
trum was relatively weak. The fine structure was examined 
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Fic. 1. Enlargement of interference patterns of Ne II \\3378 and 
3393 taken with a quartz Lummer plate of thickness 4.4 mm. 
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by the use of two glass Lummer plates (thickness = 10 mm 
and 4.7 mm) as well as of two quartz Lummer plates 
(thickness = 5.6 mm and 4.4 mm). 

Every strong Ne II line was found to consist of two 
components, the weaker one lying always on the short 
wave-length side of the stronger one. The intensity ratio 
of the two components was found by eyes’ estimates to be 
about 1:9, As in the case of the Ne I spectrum,? the weaker 
component can be ascribed to the less abundant isotope 
Ne® and the other component to the isotope Ne?®. Meas- 
ured isotope effects in some typical lines are given in 
Table I, and the structure of the lines \A3378 and 3393 is 
reproduced in Fig. 1. 


TABLE I. Isotope effect in the Ne II spectrum. 








Isotopic _ 
displacement 


Allocation Av (cm~) 





3s 2Pij2(8P) —3p 2D3;2(8P) 
3s °*P3/2(P) —3p 2Dsy2(8P) 
3s *Pij2(@P) —3p 2P3/2(8P) 
3s °*Pij2(8P) —3p *P1j2(8P) 
3s *Paj2(8P) —3p *Paj2(8P) 
3s 4P5/2(8P) —3p 4P5/2(8P) 
3s °*Dsj22D) —3p 2F 7/2(2D) 
3s 2D5j2(1D) —3p spitnD} 
3s *Daj2(41D) —3p 2Piy2(tD) 


0.227 
0.233 
0.257 
0.251 
0.260 
0.15 

0.135 
0.154 
0.166 








All the lines of the doublet system belonging to the 
combination 3s(?P)—3p(?P) that were measured showed a 
distinctly larger isotope effect (of the order of 0.25 cm™) 
than the other lines, especially than the combination 
3s(@P)—3p(*P) of the quartet system. This situation seems 
to be somewhat analogous to the MgI spectrum* where 
the 3p 1P:—mns 1S» combination has a larger isotope effect 
than the 3p *P —n *S; combination. 

It is hoped to measure in the near-future the structure 
of the lines of other combinations than those here reported 
and to obtain a more quantitative conclusion. 


1The NeII spectrum was classified by T. L. de Bruin and C. J. 
es ene. € f. Physik 69, 19 (1931). 

2H. Nagaoka and T. Mishima, Sci. Pap. Inst. Phys. Chem. Research 

(Tokyo) - 223 (1934); R. Ritschl and H. Schober, Physik. Zeits. 38, 


ew a - Schober, Physik. Zeits. 40, 77 (1939). 
L. G. Mundie and K. W. Meissner, Phys. Rev. 65, 265 (1944). 





Photo-Induced Reactions at 20 Mev 


Dana L. Mock, RAMOND C. WADDEL, LAWRENCE W. Fac, 
AND RALPH A. TOBIN 


Naval Research Laboratory, Nucleonics Division, Washington, D. C. 
October 1, 1948 


ALCULATED binding energies of neutrons and pro- 
tons in nuclei indicate that it is energetically possible 

to remove one neutron or proton from all nuclei with 20- 
Mev photons. Because of the Coulomb barrier it can be 
expected that the cross sections for (y, 2) reactions will be 
larger than those for (y, p) reactions at the above energy. 
This letter reports on results obtained when various ele- 
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ments were irradiated with x-rays from a 20-Mev betatron 
using a platinum target. 

The energy spectrum of the x-rays is not known exactly, 
but the number of photons having a given energy is prob- 
ably approximately inversely proportional to their energy, 
up to the maximum energy limit. 

The elements investigated were placed about one meter 
from the x-ray source, and were irradiated for times gov- 
erned by the half-lives expected or found. Each sample was 
then transferred to a position close to a thin mica-window 
counter tube. Pulses from the counter were fed through a 
scaling unit of suitable scaling factor and the scaler output 
was recorded on paper tape. Half-lives of less than about 
two minutes or more than a few months would probably 
not be detected by the techniques used in this survey. 

The elements and compounds irradiated were of C.P. 
grade and were spectrographically analyzed for impurities. 
A list of half-lives, together with probable associated reac- 
tions, is shown in Table I. 

The reactions were assigned to the half-lives, where 
possible, by a consideration of the following factors: the 
periods resulting from known (m, 2m) and other reactions, 
relative abundances, amount and kind of impurities, and 
initial activities. Long periods not shown in the table are 
still under measurement. 

Of particular interest is the fact that rhodium has a rela- 
tively large cross section, judged from the fact that the 
205-day period was excited to an activity greater than 1000 
counts per minute with an x-ray irradiation of only 120 
hours at an intensity of about 40 roentgens per minute. 


Taste I. Reactions and half-lives resulting from irradiation 
with x-rays generated by a 20-Mev betatron. 








Probable reaction Half-life 
Agi {7 test? (2.3+-0.1)min. 
1064+na (24.3+-0.1)min. 
P aK 109-+-n (14.140.3)hr. 
(13.1++0.5)d Pd+y->?* 


(264-5) min. 
~100de Pd+y-?*4 (4.9-1)min. 
(45+1)hr. Rh!%+-y—Rh!2-+-n -~210d¢ 

(41.5+0.5)min. Cdllé+-y—+Cd115-+-n (57.5+2)hr. 
(45+1)d Cd+7—?* (19. a a 
(2.8+0.1)d Cd1104-y-+Cd1-+-n (38 
(1.60.1)hr. Pt1%-+-y—Pt* Grtsymin: 
(16.5-+0.5)min. 


Bi+y 
(38-++1)hr. 
(5+0.5)hr. 


Half-life 


(16.8--0.8)d 
(9.8+0.7)d 
(44.4+0.5)min. 


Probable reaction 





activity 








®Indicates reaction has been previously reported. 

bIndicates active product followed a barium chemical separation. 

eIndicates half-life is estimated, measurements not yet complete. 

dIndicates activity possibly due to copper contamination. 

*? or absence of mass number indicates that evidence is insufficient for an 


assignment. ‘ 


It may also be noted that only one (y, p) reaction was 
encountered. Other such reactions may have been masked 
by the more prolific (y, 2) activities. 

The 26-minute palladium activity could have been pro- 
duced by a small neutron component in the radiation. 
However, samples irradiated for equal times with and with- 
out paraffin and borax neutron shielding showed similar 
specific activities. 

The authors thank Mr. S. H. Cress and Mr. D. I. Walter 
of this laboratory for assistance in preparing and analyzing 
samples. 
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The Rotational Spectrum of Ethylene Oxide 


G L. CunnincHam, W. I. LEVAN,* AND WILLIAM D. Gwinn 


Department of Chemistry and Department of Electrical Engineering, 
University of California, Berkeley, California 


September 27, 1948 


LEVEN strong lines of the rotational spectrum of 

ethylene oxide have been observed by us in the micro- 
wave region. The spectrograph used is similar to that de- 
scribed by Hughes and Wilson,! employing Stark effect 
modulation of the energy levels. The voltage applied to 
the electrode was a 40-kilocycle square wave with a maxi- 
mum height of 600 volts/cm. In order to resolve alk the 
components of the lines, an added d.c. bias voltage was 
used. In this way, fields up to 3000 volts/cm were obtained. 
Frequencies were measured by comparison with a crystal- 
controlled oscillator, standardized by comparison with 
WWYV. The frequencies of the lines observed are given with 
an accuracy of +1 megacycle or better. The inability of 
our unbiased modulation voltage to separate the com- 
ponents of low M values from the unperturbed line limits 
the precision. 

The assignments of the 3_1—31, 31: —33 and 49—4¢ lines 
were determined by resolution of the Stark components 
and application of the method of analysis of Golden and 
Wilson.? From these it is possible to calculate « and (a—c)* 
and predict the frequencies of all other transitions for 
which AJ =0. While the tables of King, Hainer, and Cross* 
are invaluable for interpretation and preliminary calcula- 
tions, interpolation with their tables does not give suffi- 
ciently precise values for our purposes, so that our final 
calculations of the energy levels were made from the equa- 
tions given by Nielsen.‘ 


TABLE I. 








Frequency . 
observed Assignment 


39,582 0o—1o 
24,924.4 mc 2-2—20 
23,134 mc 31-33 
23,610 mc 31-31 
39,677 mc 30—32 
49 —42 

51-53 

§.1-51 

60 —62 

62—64 

37,329 mc 71-73 


> 





1 | 


Nrreoossss 
NIWOCONUw 








* Values of (a —c)/2 calculated, using « =0.40932. 


The value of x best fitting the 2_2—2b, 31-31, 31-33, 
and 49—4e lines was found to be 0.40932+0.00002, and 
from this the value of (a—c)/2 for each line was calculated. 


These are shown in Table I along with the values for the © 


other lines which were also measured. It may be observed 
that the value of (a—c) decreases regularly as J increases. 
This decrease is undoubtedly due to centrifugal distortion. 
We select, the value of 5693.0+0.5 mc as the probable 
ground state value of (a—c)/2. A calculation of the effect 
of centrifugal distortion on the variation of (a—c) and x is 
in progress. 

The precise value of (a+c) cannot be calculated if no 
line with AJ =1 is observed: The lowest such line of reason- 
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able intensity is the 0o—1o transition, whose frequency is 
exactly equal to (a+c). This transition has been observed 
at 39,582 mc. From the values of (a+c), (a—c), and x, 
we can calculate the moments of inertia to be: 


I4= 32.921 X 10-* g-cm? 
Ip=37.926 X 10 g-cm? 
Ic =59.510 X 10“ g-cm?. 


We have observed about five lines attributable to natural 
isotopic species in the 23,000-25,000-mc region and are 
engaged in a search for further transitions and in the 
synthesis of isotopic molecules in order to determine the 
bond distances. The following lines have been predicted, 


TABLE II.* 








Transition A X108 





2-2—20 —1.56 

31-31 —0.287 
31-33 0.385 
40 —42 —0.120 
Oo—1o 14.0 








* Coefficients in the equation Avyy(A +BM2)E?, where Ap is in mc/sec. 
and E is in volts/cm. 


and lines in the proper region observed, but not measured 
because of experimental difficulties: 


21-2; 34,157 mc 
42—4, 34,088 mc. 


The Stark coefficients of the lines which have been re- 
solved are shown in Table II. The value of A for the 0o— 1 
line is calculated to be 12 10~*. The observed values are 
rather uncertain because of the broadness of the com- 
ponents at high voltages and difficulty of sufficiently precise 
control of electrode spacing. The value for the 0o— 1o line 
is particularly uncertain, as a result of the difficulty of 
working at the higher frequency. 

We wish to express our appreciation to the Research 
Corporation for a grant-in-aid in support of this research. 

* De ment of —) Ee Enginee 

1R. H. Hughes and E. B. Wilson, J it Phys. Rev. 71, 562 (1947). 

4 Golden and E. B. Wilson, oJ J. Chem. Phys. 16, 669 (1948). 
ing, Hainer, and Cross, J. hem. Phys. 11, 27 (1943). 


4Harold H. Nielsen, Phys. Rev. 38, 1432 (1931); corrected b 
Randall, Dennison, Ginsburg, and Weber, Phys. Rev. 52, 160 tosh. 





Proposed Method for Measuring Scattering 
of Particle Tracks* 
S. A. GouDsMIT 
Brookhaven National Laboratory, Upton, New York 
AND 
W. T. Scott 
Smith College, Northampton, Massachusetts 
September 23, 1948 

ETERMINATIONS of range, grain or droplet count, 

and curvature of particle tracks have lately been 
supplemented by measurement of the scattering.'! Because 
of the wide spread of the scattering data, they do not give 
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Fic. 1. Scattering of particle track. 


precise information but only occasional confirmatory evi- 
dence as to the nature or energy of the particle. The meas- 
urement itself is rather crude and too involved for the little 
knowledge gained from it. 
The present method. The track of length / is divided in 

a number of equal segments AS. The small angles a; be- 
tween the chords of consecutive segments k, k+1 are 
measured and multiplied by the kinetic energy Ex of the 
particle at the end of the segment k. The square of this 
product is summed. Thus, a measure for the scattering is 
essentially given by 

g=(1/l) 2 Era’. 
The average value of g can be compared with theory. If 
the segments have a length AS, one has? 

(a?) = §G(E)AS. 
The theoretical expression for G(EZ) changes somewhat with 


derivation and interpretation and is of the form (non- 
relativistic) ¢ 


G(E) = (a/E*) log(bEM)}. 


Approximating the sum by an integral, we have 


w= (2/31) [” dSEXS)g(S); g(S)=G(E(S)). (2) 


For the evaluation of (g)a4 it is necessary to know the de- 
pendence of E upon S, that is, the range-energy relation. 
One assumes in the measurement that the track is produced 
by a proton, and a comparison of the measured and theo- 
retical values of g indicates whether this assumption is 
probably correct, or what the probable mass might 
have been. 

The proposed method. Essentially the same information 
can be obtained in a simpler way. Consider in Fig. 1 the 
portion AB of a track. We now take as a measure of the 
scattering the difference (/—d) of the lengths of the track 
and of the line AB. The length / can easily be measured on 
a projection or an enlargement by means of a map measure, 
a little wheel with connected dial. The geometry is simple 
and for the average value we find 


(dy /t=} f° SU—S)g(S)as/P. (3) 


We see that result (3) is very similar to (2) except for the 
weight factor of g(S). 


Far from the end of the track, where the energy is 


roughly constant, one can put G(£) outside the integral 
and obtain 
(l—d)yy/l = (1/12)G(E)I. (4) 
The old method gives for this case 
(9) = $E°G(E). (S) 
Evaluation near end of track. XN semi-empirical range- 
energy relation for photographic emulsions is*® 


E=xM*¢7«, 


(1): 
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The residual range 7 is the same as our (/—S) if the end 
portion of the track is taken. Substituting in the integrals 
(3) and (2) gives 


atte (3—46)(1+2¢) 
(—dyy/I=al logbaM! i “ee 
8(1—2e)(1—e)x2@M1-¢%*, (6) 


(gw = (Ep?/l) Xa[logbxM-1*+*— $(1-+4+26)] 
X3e2MI-*P, (7) 


In the last expression, we assume that the scattering has 
been measured as if the particle were a proton, so that E, 
is the energy of a proton of range /. We notice that both 
expressions are essentially inversely proportional to M!—*«, 

For Ilford plates, one has a=2.48X10~*, logb = 16.58. 
This gives for the last 200 microns of a track a value for 
(l—d)y of 3.9 microns for a-mesons, 5.6 microns for 
u-mesons, and 1.2 microns for protons. 

Accuracy. The objection might be raised that the pro- 
posed method is not accurate. For an arc of a circle, for 
example, it seems easier to measure the angle between two 
chords than the difference of arc and chord. If, however, 
we divide the arc into several small segments and have to 
measure several very small angles, it soon becomes easier 
to measure the difference between chord and total arc 
length. Besides the limitation set by the inaccuracy of the 
measurements themselves, it is also essential to consider 
the expected statistical distribution. It will be shown in a 
later note by one of us (W.T.S.) that for both methods 
these distributions have a very wide spread and are, more- 
over, quite skew. Large deviations from the above given 
average values are highly probable. The angle method may 
become more accurate under experimental conditions for 
which the mean scattering becomes unusually large. In 
general, however, high precision is definitely out of place 
here and great care must be taken in the determination of 
masses by use of scattering measurements. 


* Research carried out at Brookhaven National Laboratory under 
the auspices of the Atomic Energy Commission. 

1S. Lattimore, Nature 161, 518 (1948). 

2 E. O. Salant, private communication. 

3 The factor 3 arises from using angles between chords instead of the 


tangent angles. 
4 a =1.23Zz%e4N X108 (Mev)?/micron, 
b =1.615 X108/Z# (proton mass XMev)=1. 


Ze is the charge of the scatterer, N the number of scatterers per cc, 
ze the charge of the incident particle. For a mixture one must take the 
average of G(E). The numerical factor of b is not quite certain. The 
value used here is obtained from Eq. (4) of S. Goudsmit and J. L. 
Saunderson, Phys. Rev. 58, 36 (1940). It has to be multiplied by 
(181@max/150)? to agree with the expression of B. Rossi and K. Greisen, 
Rev. Mod. Phys. 13, 240 (1941). 

5 From a graph of proton measurements by C. F. Powell as given by 
B. T. Feld, Tech. Report 8, T.O. VI, Navy Contract NSori-78, M.I.T. 
(1948), we find using the interval 100 to 1000 microns, k ~0.21, «0.10, 
when M is in proton masses, 7 in microns and E in Mev. 





On the Relative Yields of (y, n) Reactions 


W. A. Bowers 
University of North Carolina, Chapel Hill, North Carolina 
September 23, 1948 


EASUREMENTS of (vy, 2) yields for a number of 
different nuclei made recently by Perlman and 
Friedlander! using the G. E. 100-Mev betatron have indi- 
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cated a sudden and rather surprising increase in yield 
around mass 60. Thus the Ni®8(y, 2) yield is about 6 as 
compared with about 30 for Cu®. 

It may be pointed out that these figures are not neces- 
sarily inconsistent with the statistical theory of nuclear 
reactions (evaporation model). According to the statistical 
theory,? the yield will depend quite sensitively on the bind- 
ing energy of a neutron to the nucleus in question. New 
thresholds of (y,) reactions have been measured by 
Baldwin and Koch,? who find a threshold of 10.9+0.3 Mev 
for the Cu® reaction. Although no data seem to be available 
on Ni’, the same authors find 14.2+0.4 Mev for the 
Fe™(y, 2) reaction. Since 2gNi®* and 26Fe* both have a neu- 
tron excess of two, and in fact differ from each other by 
just an alpha-particle, whereas 2Cu® has a neutron excess 
of five, differing from esNi®* by the addition of one proton 
and four neutrons, it is perhaps reasonable to suppose the 
binding energy of a neutron in the Ni®® nucleus to be about 
the same as that in Fe. With this assumption one can 
calculate the ratio of Cu® to Ni®®(y, 2) yield, using the 
level density formula exp(a£)},? with a=15 Mev, and 
taking the betatron spectrum to be inversely proportional 
to the energy.! One finds a ratio of about 4 using the neu- 
tron binding energies 10.9 Mev and 14.2 Mev, respectively, 
for Cu® and Ni®*, By going to the extreme values con- 


sistent with the experiments quoted above, namely, 10.6. 


Mev and 14.6 Mev, respectively, one raises the ratio to 
slightly over 5, which is about the same as the experimental 
value. 

Thus the experimental (y,) yields for the heavier 
nuclei can probably be understood within the framework 
of the statistical theory, considering all the uncertainties 
in the theoretical formulae (level densities, binding energies, 
etc.). For the lighter nuclei (mass<50), the statistical 
treatment is not expected to hold. 

1M. L. Perlman and G. Friedlander, Phys. Rev. 74, 442 (1948). 


2V. F. Weisskopf and D. T. Ewing, Phys. Rev. 57, 472 (1940). 
3G. C. Baldwin and H. W. Koch, Phys. Rev. 67, 1 (1945). 





The Melting Pressure of Helium II . 


: J. E. HAGGENMACHER 
Commonwealth Color and Chemical Company, Brooklyn, New York 
October 4, 1948 


lire caemeansd proposed the equation 


T-1= log (Patmos — 24.0), 
for representing the melting pressure of helium up to 2.5°K. 
The equation, however, does not account for the singu- 
larity in the curve on meeting the A-line. 
The elliptic function, 
p=a—[r—n(T—1}}, (1) 
dp/dT =[n(T—1)/a—p], (2) 
reproduces the values given by Keesom and Keesom? from 


1.15 to 1.78°K with an average deviation of 0.1 percent 
and a maximum deviation of 0.3 percent. 


TABLE I. 








T, °K 
Scale 1937 





CL er aye 
SNA UbRBRe 
BUSSSSSON 








With a=32, r=45, n=100, and 6=1.14, the results of 
the calculations are shown in Table I. 
1W. H. Keesom, Helium (Elsevier Publishing Company, Inc., 


Amsterdam, 1942), p. 202 
2 Reference 1, p. 203. 





Discrepancies Caused by Source Charging 
in Beta-Spectrometers 


C. H. BrapDen, G. E. OwENn, J. TOWNSEND, 
C. S. Coox, AND F. B. SHULL 
Department of Physics, Washington University, St. Louis, Missouri 
September 27, 1948 


STUDY is being made of the radiations from Na”, 

which emits positrons and gammas with a half-life 

of about three years. A small 180° spectrometer, a thin lens, 

and a large double-focusing spectrometer! have been used 

for this purpose. Each instrument employs G-M tubes 

whose thin Zapon windows have a low energy cut-off of 
less than five kilovolts. 

The purpose of this letter is to report on a somewhat 
disturbing phenomenon which became apparent early in 
the investigation. A measurement of the positron spectrum 
with the lens spectrometer, which does not resolve posi- 
trons and negatrons, indicated the presence of a strong 
low energy peak at about 9 kev. Further work with the 
180° instrument uncovered a strong negatron peak at 8 
kev, whose intensity is roughly half that of the positron 
spectrum. This disagreement on the energy of the peak 
led us to seek a further check using the double-focusing 
spectrometer. The strong negatron peak was again found, 
but at about 25 kev. In all three instruments the same 
sodium chloride source was used. It was deposited in a thin 
layer upon a thin backing of Zapon. 

It has been found that this enormous discrepancy stems 
from the fact that the sources are Zapon-mounted, and are 
therefore well insulated electrically from the body of the 
spectrometer. The sodium source and the spectrometer 
body form, in effect, a small capacitance, with a very high 
resistance leakage path between them. The magnitude of 
the capacitance will vary from instrument to instrument. 
The excess of positron emission develops a negative charge 
on the source, thus gradually establishing a considerable 
potential difference between source and vacuum chamber. 
As a result, positrons are decelerated and negatrons are 
accelerated. 
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To substantiate the above explanation, further experi- 
ments were carried out. In one, the source was backed by 
a grounded aluminum foil,and a search was made for the 
negatron line with the lens spectrometer. No peak was 
observed, indicating that the unaccelerated negatrons have 
an energy below the cut-off energy of the window. In a 
second experiment, this time with the double-focusing 
spectrometer, the negatron peak from a Zapon-mounted, 
ungrounded, originally uncharged source was followed over 
a period of about eleven days. 

The results are shown in Fig. 1, where the energy of the 
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Fic. 1. Plot showing charging of an insulated beta-source. The circles 
indicate the measured energy of a monochromatic negatron line at 
different times following the insertion of an uncharged source. 


negatron line is plotted as a function of time. The peak 
was unobservable during the first few hours, being com- 
pletely stopped by the counter window. Thereafter, its 
energy was found to increase as a roughly exponential 
function of time, approaching an asymptotic value of about 
21 kev . Extrapolation back to zero time indicates that the 
unaccel erated negatron energy is probably less than one 
kev, but the exact value is very uncertain. It is perhaps 
conceivable that these negatrons are Auger electrons which 
follow a K-capture process, but this is only a hypothesis 
at present. Further work is under way in search of a more 
positive identification. 

The importance of these findings lies in the fact that a 
considerable number of recent studies of beta-spectra and 
internal conversion lines have been performed with sources 
which were supported on non-conducting backing-foils such 
as Zapon, Nylon, Cellophane, and the like. In such cases, 
the experimental data must be viewed with suspicion, since 
it seems altogether possible that source-charging effects 
similar to those described here may have been involved. 
Not only are energy measurements affected, but it seems 
quite likely that the effective solid angle of the spectrometer 
for beta-particles of low energy is altered, thus distorting 
the spectrum shape. 

It is possible that the phenomenon discussed in this 
letter has contributed largely to the discrepancies noted_in 
results reported by different workers in the field. 

This work has been assisted by-the joint program of the 
Office of Naval Research and Atomic Energy Commission. 


cases) N. D. Kurie, J. S. Osoba, and L. Slack, Rev. Sci. Inst. 19, 771 
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Half-Life of UX; (Thoss)* 


G. B. KNIGHT AND R. L. MACKLIN 


K-25 Research Laboratories, Carbide and Carbon Chemicals 
Corporation, Oak Ridge, Tennessee 


September 29, 1948 


HE half-life of UX, has recently been redetermined in 
this laboratory. Several values are reported in the 
literature including 24.5 days by Curie et al.’ in 1931 and 
more recently 24.1+0.2 days by Sargent? in 1939. The 
present work was undertaken to reduce the uncertainty in 
this constant and thereby allow a more accurate calculation 
of the quantities of U23, grown from samples of UX:. Asa 
preliminary step, the data of Sargent? were re-evaluated 
statistically. The estimate of the half-life arrived at by 
applying the method of least squares to the logarithm of 
Sargent’s observed activities and associated decay times 
was 24.03+0.27 days. The error here forms the limits of 
the 95 percent confidence belt. The half-life was then re- 
determined independently. 

Samples of uranium largely freed of the Usss and Uoy 
isotopes and other radioactive contaminants were used as 
a source of UX; for half-life determinations. The UX; was 
isolated after a suitable growth period by precipitating 
zirconium iodate as a carrier in a uranyl nitrate solution. 
The first precipitate so formed was dissolved in concen- 
trated hydrochloric acid, and a second precipitation then 
made to further reduce the traces of occluded uranium 
present. 

The final precipitate was mounted for counting in a thin 
film on a one-inch filter paper disk. Two such samples were 
prepared and counted. 

Two standard thin-walled (0.006-inch) Geiger counters 
(Technical Associated Model GS-4 mountings and circuits) 
were used, each sample being counted on both. The first 
sample had an initial counting rate of some eleven hundred 
counts per minute and was counted for seventy-one hour 
periods on each counter during the 1700 hours (3 half-lives) 
immediately following sample preparation. The second 
sample had an initial rate near three thousand and was 
counted for about one hundred one-hour periods on each 
counter during the 2200 hours (4 half-lives) immediately 
following its preparation. 

A close check on counter sensitivity was maintained by 
overnight counts of high purity U;0s samples which had 
had two years to approach equilibrium with UX; and UX2. 

All sample counts were corrected for counter shift, coinci- 
dence losses (never over 1.5 percent), and background 
(determined by counting zirconium iodate blanks). 

The decay curve of each of the four samples was found 
by the usual method of fitting a least squares line to the 
collection of points formed by the logarithms of the cor- 
rected counting rates with the associated time of measure- 
ment of each rate, assuming the time as precisely known. 
Each point was weighted as the reciprocal of the total 
variance of its logarithm. From the slope of this least 
squares line, an estimate of the half-life may be readily 
computed. 

The data for each sample on each counter were tested 
for curvature’ (the expected ‘effect of a long-lived contami- 
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nant such as Us3g) in two ways. The deviation of the log- 
arithm of each sample count from its least squares line was 
calculated and shown not to be preponderantly positive or 
negative near either the middle or the ends of the periods 
of measurement of the sample. The variances of these 
deviations were. compared, using the F test, with the in- 
ternally predicted variances. In only one of the four cases 
did the deviations show a significantly larger variance than 
that due to the counting statistics alone. 

Using the larger variance in each case, the fallneniae four 
estimates of half-life were calculated: 


Sample Counter A Counter B 
I 24.14+0.10 days 24.04+0.07 days 
II 24.13+0.04 days 24.09+0.04 days 


There being no evidence of significant differences among 
these values they were averaged and the error of the mean 
(95 percent confidence interval limits) determined by 
propagation of the individual errors. The final value thus 
arrived at is 24.101+0.025 days. These data support 
Sargent’s earlier data and give a tenfold decrease in the 
uncertainty of the half-life of uranium X. 

* This document is based on work performed under Contract No. 
W-7405-Eng-26 for the Atomic Energy Commission by Carbide and 
Carbon Chemicals Corporation, at Oak Ridge, Tennessee. 


1 Curie, Debierne, Eve, Geiger, Hahn, am Meyer, Rutherford, and 


Schweidler, Rev. Mod. Phys. 3, 427 (193 
2B. W. Sargent, Can. J. Research ‘Ary. 10s (1939). 





Angular Correlation of Successive 
Gamma-Ray Quanta. II* 


EDWARD L. BRADY AND MARTIN DEUTSCH 
Massachusetts Institute of Technology, Cambridge, Massachusetts 
September 23, 1948 


INCE our first communication on this subject! the use 
of Kallmann scintillation counters has greatly in- 
creased the accuracy of the experiments. The approxi- 
mately tenfold gain in efficiency over G-M counters 
permits useful coincidence counting rates about a hundred 
times greater than formerly. Figure 1 shows the angular 
correlation observed by this improved method for six 
radioactive substances indicated in the figure. The gamma- 
rays are, of course, emitted by the product nuclei Ni®, 
Ti*®, Mg**, Ba’, Sr88, and Pd!, respectively, all of which 
are of even-even type and have presumably J=0 in the 
ground state. The abscissa in Fig. 1 is the angle @ between 
the directions of emission of the two successive gamma-rays 
and the ordinate is the ratio of the coincidence rate ob- 
served at the angle @ to that observed at 9=2/2. The 
vertical lines indicate standard deviations for the points 
indicated. The errors for the other points are of comparable 
magnitude. All results are corrected for the finite angular 
resolution of the instrument, determined by observations 
on annihilation radiation. 

The solid line in Fig. 1a represents the calculated? dis- 
tribution for two quadrupole quanta and angular momenta 
J =4, 2, 0, respectively, for the three states involved. The 
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solid line in Fig. 1b has the shape calculated? for two 
quadrupole quanta, J=0, 2, 0 but with the coefficients 
R/Q and S/Q only half as big as calculated from theory. 
The dotted line represents a distribution calculated by 
Ling* from a proposed disintegration scheme for Y** by 
Peacock’ considering interference between electric quadru-' 
pole and magnetic dipole radiation for J =2, 1, 0. 

In every case investigated an anisotropic correlation was 
found. In every case except Y** the probability is greatest 
for the two quanta to be emitted in opposite directions. The 









































































Fic. 1. Angular correlation of successive quanta. Note the 
different scales in (a) and (b) 


results for the four substances shown in Fig. 1a are con- 
sistent with two quadrupole quanta and J=4, 2, 0 but 
other interpretations are possible. The distribution for 
Y*8 is best explained by interference between electric and 
magnetic radiations. The particularly high coincidence rate 
at exactly =z for Na* and Y* might be explained by the 
presence of a few positrons, perhaps from internal pair 
conversion. Both rays of Rh! must be at least quadrupole 
and the first excited state of Pd!%* must therefore have 
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J22. The assignment J=0, 2, 0 to the three states con- 
cerned which is suggested by the shape of the curve could 
be accepted only if a reason could be found for the. reduc- 
tion of the coefficients by a factor of two. Obvious possi- 
bilities of instrumental causes were ruled out by appropri- 
ate tests. The possibility of interference by other gamma- 
rays seems unlikely because the curve remained unchanged 
by lead absorbers around the source. It is possible that the 
coefficients of the angular anisotropy are reduced by some 
perturbation destroying the constancy of the magnetic 
quantum numbers of the intermediate state, particularly 
the hyperfine structure interaction. However, a magnetic 
field of about 10‘ gauss did not affect the correlation in 
Rh!°6 or any of the other substances. The experiment was 
performed only with moderate precision, and may not be 
entirely conclusive. The assignment of J values to Pd! is 
important because Peacock‘ has based a strong argument 


for the validity of Gamow-Teller selection rules on evidence. 


that the second excited state does not have J=0. 

A complete discussion of the experimental method and 
of the results and their interpretation will be given in a 
paper to be submitted soon for publication in this journal. 

The sources, except Y®*, were obtained from Oak Ridge. 

* Supported in part by the Office of Naval Resear 

1E. L. Brady and M. Deutsch, Phys. Rev. 72, 870 947). 

2 Donald R. Hamilton, Phys. Rev. 58, 122 (1940). 


3 Private communication. 
4W. C. Peacock, Phys. Rev. 72, 1049 (1947). 





Correlation between Direction and Polarization 
of Successive Gamma-Ray Quanta* 


MARTIN DEUTSCH AND FRANZ METZGER 
Massachusetts Institute of Technology, Cambridge, Massachusetts 
September 23, 1948 


AMILTON! has calculated the expected correlation 
between the polarization of one quantum and the 
direction of emission of the other for two successive gamma- 
rays. We have succeeded in observing this effect. The 
apparatus is shown schematically in Fig. 1. A, B, C repre- 


Fic. 1. The coincidence polarimeter. 


sent the naphthalene crystals of three Kallmann counters. 
Counters A and B, connected in coincidence, form the 
polarimeter determining the polarization of 71, while +2 
emitted simultaneously at the angle @ with respect to 7: 
is counted in counter C. If yi experiences a Compton en- 
counter in A, a scintillation is couhted due to the recoil 
electron e. The scattered quantum 7; is most likely to move 
in the plane perpendicular to the electric vector of 1; if ve 
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is in or near the common midplane of A and B, it is very 
likely to cause a count in B because of the high efficiency 
of the Kallmann counter for soft quanta. Thus A and B 
define the ‘‘¢-plane” making an angle ¢ with the ‘‘6-plane” 
formed by the two rays 7: and 72. Coincidences are must 
likely to occur between A and B when the electric vecior 
of yi is perpendicular to the ¢ plane. Exactly the same 
argument is valid if y: strikes crystal B and 7, enters A. 

The polarimeter was tested with gamma-rays of Co® 
and Cs! scattered through 90° by an aluminum scatterer, 
The observed difference in counting rate when the polarim- 
eter was rotated through 90° indicated that for perfectly 
plane polarized radiation the ratio of the counting rates in 
the two perpendicular positions would be D=2.1+0.3. 
D measures the effectiveness of the polarimeter. 

The actual experiments consisted of observing the triple 
coincidence rate N(ABC) for ¢=0° and ¢=90° for various 
values of 0. The single counting rates and the twofold coin- 
cidences N(AB), N(AC), and N(BC) were also counted to 
correct for slight asymmetries due to the difference in the 
effective value of @ in the two positions and to evaluate the 
chance coincidence rate. ¢=90° corresponds to the electric 
vector of y: being in the 6-plane and the counting rate 
N(ABC) in this position is denoted by Nj. The counting 
rate for g=0° is denoted by N,. Typical values of N(A BC) 
are between 5 and 15 c.p.m. It follows from the Klein- 
Nishina formula that the polarimeter should be most effi- 
cient for low energy gamma-rays. Also strong polarization 
effects are expected in general when! the angular correlation 
between the gamma-rays is very anisotropic. Thus our first 
significant results have been obtained with Rh’, which 
shows very anisotropic angular correlation? and emits 
rather soft gamma-rays.’ Figure 2 shows the ratio Ny/Ny 
as a function of @. - 

The dotted line is calculated from Hamilton’s paper! 
(Eq. 12b) on the assumption that both quanta are electric 
quadrupole. The experimentally observed coefficients? of 
the angular correlation were used in the calculations. The 
eeffectiveness of the polarimeter was assumed to be that 
determined as described above, i.e., D=2.1. The solid line 
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Fic. 2. Polarization of Rh!¢ gamma-rays. 
Solid line: D =1.76. Dotted line: D =2.1. 
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was constructed in the same manner except that D was 
adjusted to give the best fit. The value D=1.76 is not 
inconsistent with the uncertainty in our calibration. Our 
results indicate that the parity of the second excited state 
of Pd! is the same as that of the ground state. If the two 
transitions are quadrupole, they are electric. The radio- 
active material was obtained from Oak Ridge. 

* Assisted by the joint program of the Office of Naval Research and 
the Atomic Energy Commission. 

1 Donald R. Hamilton, Phys. Rev. 74, 782 (1948). 


2. L. Brady and M. Deutsch, Phys. Rev. 74, 1541 (1948). 
3 W. C. Peacock, Phys. Rev. 72, 1049 (1947). 





Decay Times of Scintillations 


GEORGE B. CoLLINs* . 
Brookhaven National Laboratory, Upton, Long Island, New York 
September 23, 1948 


ANY investigators have reported the effectiveness 
of phenolic.compounds when used as phosphors in 
scintillation counters, but because of their extreme speed 
only an upper limit has been set for the decay times of these 
substances. The purpose of the work reported here was to 
obtain quantitative values for these decay times which 
could serve as a basis for the use of these phosphors in 
extremely high speed counting circuits. 
The phosphor under investigation was attached to the 
envelope of a selected 931-A photo-multiplier tube, the 


output of which was connected directly to the deflecting © 


plates of a microoscillograph.! 

This instrument was an essential part of the experiment. 
By virtue of the fact that the electron beam traces are 
recorded directly on a photographic plate the oscillograph 
has ample writing speed, and more important, it has the 
very high voltage sensitivity of 2 volts per line width. This 
high sensitivity plus operation of the 931-A at 150 volts 
per stage made unnecessary any amplifier and the time 
resolution of the equipment was limited only by the photo- 
multiplier tube and leads to the oscillograph. 

The voltage divider for the 931-A was made up of 100,000- 
ohm resistors and 0.001-uf condensers were connected 
across the last two dynodes. The anode to deflecting plate 
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Fic. 1. Representative traces showing steps (a, b) resulting from 
thermal emission and deflections (c, d) resulting from light pulses from 
anthracene. 
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connection was less than 10 cm long over all, and had a 
total capacity of 1.1X10-" farad. The combination was 
connected to ground by a 100,000-ohm resistor. The time 
constant (RC~10~* sec.) was thus long compared to the 
events to be measured and the deflection of the trace repre- 
sented the time integral of the current. In most of the work 
the 931-A and phosphor were near liquid nitrogen tempera- 
tures as this reduced the noise current and permitted stable 
operation of the 931-A at higher voltages. 

The use of delay lines would have reduced the signal 
voltage to an unreadable level and thus triggered sweeps 
could not be employed. Instead it was necessary to estab- 
lish a random counting rate sufficient to insure a satisfac- 
tory pulse from the 931-A at least once every 10 to 20 
sweeps. A counting rate of about 2 million counts/sec. with 
amplitude in excess of 20 volts was required and this was 
obtained by placing a 10-mc radium source about 4 cm 
from the phosphor. Sweeps with over-all time durations of 
between 0.15 usec. to 1.0 usec. were used. Sweep speeds 
were calibrated by connecting the deflecting plates to a 
130 Mc/s signal generator and relying on uniformity of 
performance from sweep to sweep. This was found to be 
better than 3 percent. 

The resulting traces show steep, short steps and slowly 
rising larger deflections (Fig. 1). The slowly rising deflec- 
tions result from light emitted by the phosphor and the 
steps seem to result from single (or at most a few) electrons 
leaving the cathode of the 931-A. These steps are found 
with no source present and the 931-A at room temperature, 
or with the source next to a cooled 931-A without phosphor. 
They are absent when the 931-A is cooled and no source 
present. Examination of these steps permits the time 
response of the 931-A plus associated circuit to be deter- 
mined. Figure 2 shows one of thesé steps enlarged together 





Fic. 2. Highly enlarged step showing ringing. 


with its 130 Mc/s timing trace. The rise time is about 
2X10 sec, This is considerably slower than the rise time 
of 6107! sec. as calculated by Sard.* This slow rate cf 
rise is probably set by the constants of the output circuit 
corresponding to the ringing frequency of 200 Mc/s seen 
in Fig. 2. Space-charge limitation at the last dynode is also 
not far from limiting the rise time. ‘The step shown corre- 
sponds to about 10 volts and with C=1.1X10-" farad 
and t=2X10~ sec. the peak current must be about 50 ma, 
which is within a factor of two of the expected saturation 
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Fic. 3. (a) Naphthalene. (b) Anthracene with evidence 
of ringing. (c) Phenanthrene. 


current. If this step originated from a single electron, the 
gain of the 931-A for this pulse was 7 X 10*8, Figures 3a, 3b, 
3c show deflected traces due to naphthalene, anthracene, 
and phenanthrene, respectively, together with their 130 
Mc/s timing traces. 

Plots of the logarithm of the deflections against time for 
all three substances showed that their pulse shape is con- 
sistent with the charging up of the output circuit by a 
current which is of the form I =Ie~*/*, where. 7 is defined 
as the time constant of the phosphor. Even for the same 
substance the slopes of the semilog plots varied consider- 
ably from pulse to pulse, presumably because of the ir- 
regular character of many of the traces. On the basis of 
these plots an estimate was made for each substance of the 
decay constant and the probable error of these estimates. 
The results are shown in Table I. 

Traces for naphthalene and anthracene were obtained 
at both room and near liquid nitrogen temperatures with 
no observable difference in the decay constants. Commer- 
cial naphthalene and a sample of carefully purified naph- 
thalene showed similar decay constants. 

It is to be expected that the maximum intensity of light 
emitted should follow immediately the passage of the ioniz- 
ing particle through the phosphor. Evidence of this is seen 
in the shock excitation of some of the phosphor events (see 
Fig. 3b) indicating a rise time of the order of 2 10~ sec. 
To summarize, it appears that the passage of an electron 
of around 1 Mev through any of the phosphors produces 
enough light to result in the production of a few (~10) 
electrons from the cathode of the photo-multiplier tube, 


TABLE I. Estimates of decay constants. 








Substance 





Naphthalene 
Anthracene 
Phenanthrene 
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that the build up of this emission is quite fast (~2X10~ 
sec.) and that in the case of phenanthrene 95 percent of the 
light is emitted in a time less than 3X 10-8 sec 

I am indebted to Dr. Martin Deutsch for samples of | 
phenanthrene and purified naphthalene, and to Doctors W. 
C. Elmoreand J. B. H. Kuper for many helpful suggestions, 

* Research carried out at Brookhaven National Laboratory under 
the auspices of the Atomic Energy Commission while the author was 
on oe from “= University of Rochester. 


Lee, Proc. I.R.E. 34, 121W (1946). 
2R. D. Sard, J. App. Phys. 17, 768 (1946). 





Irreversible Processes in Liquid Helium II 


C. J. GORTER 
Kamerlingh Onnes Laboratorium, Leyden, Holland 
September 23, 1948 


HE transport phenomena in liquid helium may find a 

simple description on the basis of the two-fluid model 

of London,! Tisza,2* and Landau.‘ According to that model 

helium II is a mixture of two fluids: the normal or gas-like 

phase and the superfluid phase with densities p, and p,, 

respectively. The entropy of the superfluid phase is zero 

or anyhow very small. The ratio pn/ps is very small at 1°K 
and becomes infinite at the \-temperature. 

In considering the heat flow and the fountain effect in 

a slit or capillary it is necessary to distinguish between the 


- gradient of the hydrostatic pressure, grad, and the gradi- 


ent of the internal osmotic pressure, pS grad7, where S is 
the entropy. We have also to distinguish between two 
kinds of energy dissipation. 

First there is the internal friction y, of the normal phase 
which transmits the hydrostatic force to the walls of the 
slit or the capillary. In case of laminar flow 


gradp=n,Avn, (1) 


where », is the velocity of the normal phase, leads to pro- 
portionality between the average velocity of the normal 
phase and the grad in agreement with Poiseuille’s laws. 

Secondly there is a mutual friction between the two 
phases, of as yet obscure nature, depending on the relative 
velocity of the two phases v,—%. 

The heat flow in a slit or capillary being proportional to 
the average of v, is, according to (1), proportional to 
gradp. This accounts for the remarkable proportionality 
between the heat flow and the fountain pressure.5 From the 
proportionality coefficient obtained for slits of 5, 10, and 
15 microns® the viscosity 7, may be calculated. Its absolute 
value as well as its dependence on temperature is found to 
be in good agreement with that calculated according to 
Tisza’ from Keesom and Mac Wood’s viscosity measure- 
ments with an oscillating disk.’ In slits of 1 micron and 
narrower,‘ however, large discrepancies occur, especially 
at the lower temperatures. Perhaps these discrepancies are 
caused by a mean free path effect, which might also account 
for the high extinction coefficient® for ultrasonic waves at 
the lower temperatures. 

In wide capillaries the energy dissipation by mutual 
friction is predominant over that by internal friction of the 
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normal phase. In order to explain the proportionality of the 
heat flow with the cube root of the temperature gradient?® 
the force of mutual friction M per unit of volume has to 
be taken as 


M=Apspn(ts— Un)? +:°-, | (2) 


where A is about 50 cm sec./gram and decreases with de- 
creasing temperature. Approximately the same value of A 
is found from the analysis of heat transport and fountain 
effects in the slits of 5, 10, and 15 microns. 

There are very few data on the flow of matter at known 
values of gradp and grad T. In narrow slits this flow should 
also be conditioned by the mutual friction and the order 
of magnitude of the flow agrees satisfactorily with (2). 

A detailed comparison with the experimental data will 
be published in Physica in cooperation with Dr. J. H. 
Mellink. 

1F, London, J. Phys. Chem. 43, 4 (1939 

2 Laszlo Tisza, J. d. phys. et rad. a dso (1940). 

3 Laszlo Tisza, Phys. Rev. 72, 438 (19 47). 

4L. D. Landau, J. Phys. Sowjetunion 5, 71 (1941). 

5J. F. Allen and J. Reekie, Proc. Camb. Phil. ome 35, 114 (1939). 

6W. H. Keesom and G. Duyckaerts, Physica 2, 153 (1947); J. H. 
Mellink, Physica 13, 180 (1947); L. Meyer and J. H. Mellink, Physica 
13, 197 (1947); J. H. Mellink, Thesis, Leyden, 1948 

7W. H. Keesom and G. E. Mac Wood, Physica 5, 737 (1938). 


8 x R. Pellam and C. F. Squire, Phys. Rev. 72, 1245 (1947). 
W. Keesom, B. F. Saris, and L. Meyer, Physica 7, 817 (1940). 





Interaction Energy in Quantum Field Theory 


ALEx E. S. GREEN 
Department of Physics, University of Cincinnati, Cincinnati, Ohio 
September 29, 1948 


N Focks treatment of quantum electrodynamics! the 
auxiliary conditions are eliminated by means of a trans- 
formation which when followed by the single time formula- 
tion results in the explicit appearance of the Coulomb 
interaction energy.? The purpose of this note is to point 
out that an extension of this mathematical method will 
also give the dynamic interaction energy. Thus the solution 
y= (expx)2 where 


x= 1/ch fdk[2k:A;*o+2, (pfe*/k—R:As*f?/k? 
— Lo Sefer /4k + aA 5*f?/ke — oe;"keikjA j*f?/k*) ], 
and 
f’=(1/2r)le” exp[i(ckt? — kx.) ] 


leads to a transformed wave equation which does not con- 
tain,any photon creation operators. Summing the set of 
wave equations for the various particles, applying the 
single time formulation, and evaluating the integrals yields 
Breit’s formula,* which is good for first-order processes. As 
is well known it is necessary in the electrodynamic case to 
discard the infinite self-energies and to evaluate the inte- 
grals with care. The first four. terms above are equivalent 
to those used by Fock. The last two replace the perturba- 
tion method used to find the dynamic interaction. 

The present method is relatively simple, it points out 
clearly the nature of the approximations, and it avoids the 
objectionable resolution of the vector potential into longi- 
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tudinal and transverse components. An analogous pro- 
cedure may be used to obtain the total interaction energy 
in vector meson theory, in generalized electrodynamics, 
and in generalized meson theory.‘ 

1V. Fock, Physik. Zeits. Sowjetunion 6, 449 (1934). 

2P. A. M. Dirac, The Principles of — Mechanics (Oxford 
University Press, London, 1947), 3d ed., 


3 Gregory Breit, Phys. Rev. 34, 553 tiene 
4 Alex E. S. Green, Phys. Rev. 73, 26 (1948). 





On the Range of Decay Electrons 
from Mesons* 


M. H. SHAMOS AND A. RUSSEK 
Physics Department, New York University, New York, New York 
September 23, 1948 


HE slow meson detector described earlier! has been 
used to obtain information regarding the range of 
decay electrons in carbon. The wide range of energies re- 
ported to date*~* lends considerable doubt to the hy- 
pothesis of a unique decay energy. Moreover, two of the 
experiments described recently®!° showed evidence for a 
continuous distribution in the range of the decay particles. 
One of these,® in fact, seemed to indicate a continuous dis- 
tribution superimposed upon a unique range. 

The counter telescope is shown in Fig. 1 for selectins 
The method employed consists in comparing the observed 
yield (number of electrons detected -by “D’’ per stopped 
meson) from the cylindrical carbon absorber with the yield 
calculated on the basis of an assumed range. It was neces- 
sary to evaluate the yield numerically, taking into account 
the distribution of stopped mesons in the absorber. Runs 
were taken with six absorbers, ranging in radius from ~2 
to ~13 g/cm?, and with ~32 cm of Pb above the telescope. 
Background runs were taken without absorber and the 
data corrected accordingly. Only those electrons which 
were delayed more than 0.95ysec. were recorded, and these 
numbers were than extrapolated to zero time on the basis 
of a 2.15-ysec. mean life. In determining the number of 
mesons stopped in each case, the decay electrons which 
passed through the anticoincidence set “‘E’’ were recorded 
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Fic. 1. Counter telescope. 
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by a separate delay discriminator. This also served to 
establish the fact that the distribution of decay electrons 
about the absorber was isotropic, 

The results are shown in Fig. 2. Here are plotted the 
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Fic. 2. The yield Y as a function of the absorber radius 
with range as the parameter. 


yield Y as a function of the absorber radius R, with range 
as the parameter. The indicated deviations are standard 
statistical errors, and the solid curves show the results to 
be expected for unique ranges of 10, 12, 16, and 20 g/cm?. 
It is assumed that the electrons escape through the surface 
of the absorber with sufficient energy to penetrate the 
counter walls, which are 0.7 mm of brass or equivalent to 
~0.5 g/cm? of carbon. This correction is taken into account 
later in translating range into energy. 

In computing the theoretical yield curves, it was neces- 
sary to know the fraction of mesons which decay in carbon. 
Assuming Wheeler’s" fourth-power relation to hold, only 
89 percent of the negative mesons should decay in carbon 
(for Zo~10), or 95 percent of the total (for a 20 percent 
positive excess). The fact that the experimental points do 
not tend toward unit yield as R decreases was taken to 
indicate some capture of negative mesons. Consequently, 
the yield curves have been adjusted to a maximum yield 
of 0.95. 

It will be observed that the data are not consistent with 
a unique range. Instead, the mean range tends to increase 
with increased radius of absorber. For absorber radii up 
to ~8 g/cm’, the apparent range is ~12 g/cm?, increasing 
to ~16 g/cm? for an absorber radius of 13 g/cm*. The 
increase in mean range with absorber radius is a conse- 
quence of the non-linear dependence of the yield upon the 
range for the particular geometry employed here; were 
this dependence linear, a constant mean range should be 
found regardless of absorber size, and the effect of a dis- 
tribution in range, if any, would be masked. The energies 
corresponding to the ranges 12 and 16 g/cm? are about 25 
and 33 Mev, respectively, taking into account both the 
ionization and average radiation losses, but neglecting 
scattering. Here the ionization losses have been computed 
on the basis of the Halpern-Hall®* calculation. These values 
would be increased some 20 peréent if the losses were 
calculated on the Bethe-Bloch theory. In computing the 
energy, an allowance of-2 Mev was made for the counter 
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walls. This was considered a reasonable average for tlie 
oblique paths since the minimum path through the walls 
corresponds to an energy loss of ~1 Mev. The decrease in 
range due to scattering was calculated in a manner similar 
to that employed by Koenig" for mesons. The effect was 
found to be small, requiring that the above energies be 
increased by ~2. Mev. In addition, a rough calculation 
was made of the spread in range to be expected as a result 
of fluctuations in the radiation loss,* assuming a unique 
decay energy of 40 Mev. The results indicated that this 
effect could not account for the observed yields, although 
the fluctuations are not negligible. The same conclusions 
apply to the assumption of a lower unique energy. 

The experimental results are in agreement with those 
reported by Steinberger® and by Hincks and Pontecorvo" 
insofar as they indicate an apparent distribution of electron 
energies. Unfortunately, it is not possible to draw accurate 
conclusions regarding the mean range or the form of the 
distribution, due primarily to the uncertainty in the frac- 
tion of negative mesons which are captured in carbon. For 
example, if only 90 percent of the total mesons decay in 
carbon, the mean range indicated would correspond to 
about 40 Mev at the largest radius. It is interesting to note 
that the results would be consistent as well with a spectrum 
consisting of two discrete energies, one of the order of 20 
Mev and the other about 45 Mev. 

We are indebted to Dr. I. S. Lowen for his continued 
support, and to Mr. M. G. Levy and Miss E. Karasak for 
their valuable assistance in carrying out the experiment. 


* Assisted by the Joint Program of the Office of Naval Research 
and the Atomic Energy Commission. 
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A Boundary Value Condition for 
Proton-Proton Scattering 


G. BREIT AND W. G. BourRIcIus 
Yale University,* New Haven, Connecticut 
September 27, 1948 


T has been found that the values of the phase shift for 
the 4S state of two protons, derivable from experiments! 

on the scattering of protons by protons in the energy range 
0.2—14 Mev, can be interpreted by means of a boundary 
condition requirement with about the same accuracy as by 
means of a potential energy curve description. The re- 
quirement is that of keeping the logarithmic derivative 
d(rR)/Rdr= Y constant at a value of the interparticle dis- 
tance r~0.47 e?/mc?. Here R is the radial wave function in 
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a Coulomb field. At this distance Y~0.08. Similarly, if one 
interprets the scattering of protons by neutrons in the 1S 
state as explicable by means.of a potential energy of con- 
stant value in a distance of e?/mc?, then one can also ap- 
proximately interpret the data by requiring that Y~0.06. 
It is also possible to interpret the phase shifts in terms of 
an approximately linear variation of Y with energy. There 
is a connection between the boundary condition view and 
the velocity dependent potentials.2 Even though experi- 
mental values can be represented by means of potential 
energy curves, the conclusion that the interaction between 
nucleons is adequately pictured by means of potentials is 
now somewhat more seriously in doubt. It is not proposed 
to substitute for the potential energy concept a requirement 
that Y be strictly energy independent at a fixed distance, 
but the fact that experiment agrees with this requirement 
about as well as with the more conservative one suggests 
that the interaction may be taking place in a manner which 
has some aspects resembling either of the two viewpoints. 
Since the ratio of proton to meson mass is about 6, the 
meson’s velocity is roughly 1/2.5 of that of the proton for 
the same.energy and the usual conditions of the Born- 
Oppenheimer approximation are not satisfied. It is realized 
that the usual meson theory does not bear a close re- 
semblance to theories of molecular binding. On the other 
hand, meson theory is far from final either in structure or 
mathematical consistency. It appears.appropriate, there- 
fore, to call attention to the possibility of describing experi- 
mental values by means of a boundary condition which, 
in an extreme case, would suggest that the shape of the 
wave function of the protons in the part of configuration 
space, within which dissociation becomes definite, is af- 
fected mainly by other factors than the kinetic energy of 
relative motion at a large distance. 

* Assisted by contract N6ori-44, Project NR 024-055. 

1M. A. Tuve, N. P. Heydenburg, and L. R. Hafstad, Phys. Rev. 
50, 806 (1936); L. R. Hafstad, N. P. Heydenburg, and M. A. Tuve, 
Phys. Rev. 53, 239 (1938); R. G. Herb, D. W. Kerst, D. B. Parkinson, 
and G. L. Plain, Phys. Rev. 55, 247 (1939); L. R. Hafstad, N. P. 
Heydenburg, and M. A. Tuve, Phys. Rev. 56, 1078 (1939); G. L. 
Ragan, W. R. Kanne, and R. F. Tashek, Phys. Rev. 60, 628 (1941); 
R. R. Wilson and E. C. Creutz, Phys. Rev. 71, 339 (1947); Robert R. 
Wilson, Phys. Rev. 71, 384 (1947); R. R. Wilson, E. J. Lofgren, J. R. 
Richardson, B. T. Wright, and R. S. Shankland, Phys. Rev. 72, 1131 
(1947); I. H. Dearnley, C. L. Oxley, and J. E. Perry. Jr., Phys. Rev. 
73, 1290 (1948); J. M. Blair, G. Freier, E. E. Lampi, W. Sleator, Jr., 


and J. H. Williams, Phys. Rev. 74, 553 (1948). 
033) Breit, H. M. Thaxton, and L. Eisenbud, Phys. Rev. 55, 1018 
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On Closed Shells in Nuclei 


Ceci, B. ELLIis 
Office of Naval Research, Washington, D. C. 
September 7, 1948 


ECENTLY, Maria G. Mayer! has summarized the 
evidence for particular stability of nuclei with 20, 50, 

82, or 126 neutrons or protons. It may be pointed out that 
discontinuities at approximately these and other neutron 
values become obvious to the eye if the usual rectangular 
chart of the isotopes is viewed from the proper direction. 
Figure 1 is a photograph from an oblique angle of a chart 











Fic. 1. Photograph taken at an oblique angle of a rectangular chart 
of the stable isotopes (together with the heavy long-lived radioactive 
ones). Each isotope is indicated by a small round-headed pin. The group 
at the far end represents those heavy radioactive nuclei having half-lives 
greater than 10 years; the remainder are stable. The arrows are at 20, 
50, 82, and 126 neutrons. 


of neutrons vs. protons, whereon the stable (and heavy 
long-lived) isotopes are represented by small round-headed 
pins. The four arrows point to the neutron values listed 
above. : 

Other discontinuities occur at around 32, 60, and pos- 
sibly 100 neutrons. The three sections 20-32, 50-60, and 
82-100 neutrons give the appearance of regions of transi- 
tion between stability régimes. 

Most of Fig. 1 might also be considered as displaying a 
competition between two possible slopes of the stability 
curve. Regions where the tendency is to add one neutron 
for every added proton alternate with regions where two 
neutrons, on the average, are added for every added proton. 

1 Maria G. Mayer, Phys. Rev. 74, 235 (1948). See also the earlier sum- 


mary and theoretical discussion in H. A. Bethe and R. F., Bacher, Rev. 
Mod. Phys. 8, 82 (1936), par. 34. 





On the Disintegration of Mesotrons* 


KAN-CHANG WANG AND STANLEY B. JONES 
Department of Physics, University of California, Berkeley, California 
September 24, 1948 


E have been performing a cloud-chamber experiment 

at sea level to observe what occurs when cosmic-ray 
mesotrons are brought to rest. The cloud chamber has an 
11-inch inner diameter arid an 11-inch depth. The illumi- 
nated region is about 4 inches deep. Two lead plates, each 
0.63 cm thick, and five aluminum sheets, each 0.081 cm 
thick, are placed inside the chamber. One of the lead plates 
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Fic. 1. Mesotron stopping in Fic, 2. One case which might 
one of the aluminum sheets be interpreted as a mesotron 
with the emission of a decay stopping in the second alumi- 
electron. num plate and causing the emis- 

sion of a proton, or the stopping 
of a mesotron in the third plate 
without producing secondaries. 


is put above the five aluminum sheets and the other one 
below them. The chamber is triggered by two vertically 
separated coincidence counters placed above the chamber 
and a set of anticoincidence counters placed beneath it. 
This method of triggering favors the detection of those 
charged particles which stop in the chamber. A lead block 
11 inches thick is inserted between the two coincidence 
counters to filter out the electron component. The photo- 
graphing is done with a stereoscopic type camera. 

Up to the present, we have observed 40 mesotrons 
stopping within the cloud chamber. Of the 20 which 
stopped in the aluminum sheets, 12 showed decay particles 
of electronic character. Of the 20 mesotrons stopping in the 
lower lead plate, 7 showed decay particles of electronic 
character. 

Figure 1 shows a mesotron stopping in one of the afumi- 
num sheets with the emission of a decay electron. This 
decay electron penetrates through three aluminum sheets 
suffering scattering, which yields projected angles of 1.6°, 
1.3°, and 1.5°, respectively. From the formula connecting 
the mean square of the projected scattering angles, the 
energy of the electron, and the thickness of the material 
through which the electron passes, we get from the above 
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data an approximate value of the energy of the electron, 
The calculated energy is found to be 52+10 Mev. in 
another case the decay electron passes through the first 
aluminum sheet and the upper lead plate and then goes out 
of the chamber. We calculate the lower limit of its energy 
to be about 10 Mev. These values are to be compared with 
those recently found by different authors.!~6 For the rest 
of the decay electrons observed in our experiment, the 
visible tracks are shorter and are more unfavorable for 
energy estimation. 

Figure 2 shows the one case which might be considered 
as the emission of a proton from the end of the mesotron 
track which stops in the second aluminum sheet. However, 
it might also be regarded as a mesotron stopping in the 
third aluminum sheet without producing any secondaries. 
From this and the 7 cases in which the mesotron is stopped 
in an aluminum sheet with no visible emission of a second- 
ary, we conclude that either the probability of a mesotron 
producing a star after it stops in an aluminum sheet is 
rather small, or the energies of the prongs of the star are so 
small that the prongs have very little chance of getting out 
of the 0.081 cm of aluminum. This is in agreement with the 
result of Chang.’ It is also in agreement with the recent 
results of Occhialini and Powell,? who have found no 
definite evidence for the production of stars by yu-mesons. 

It is clear that our result does not support the hypothesis 
of the accelerated decay of the negative mesotrons but 
rather favors the hypothesis that some of the negative 
mesotrons are captured by the aluminum nuclei,’ since of 
the 20 mesotrons stopping in the aluminum sheets, we 
have observed 8 giving no decay electrons. 

The writers wish to express their thanks to Professor R. 
B. Brode for his encouragement and continuous interest in 
this work. They are also indebted to Professor W. B. 
Fretter and Dr. J. G. Retallack for their suggestions 
and help. 

* This work was supported in part by the Atomic Energy Commission 
and the Office of Naval Research. 
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On Feenberg’s Perturbation Formula 


HERMAN FESHBACH 
Brookhaven National Laboratory,* Upton, Long Island, New York 
September 20, 1948 


[‘ two recent papers,! Feenberg has derived perturbation 
formulas in which there are no repetitive matrix ele- 
ments in the construction of a term of given order. Feen- 
berg’s calculation proceeded by effecting summations and 
regroupings of various infinite processes occurring in the 
Brillouin?-Wigner*® formulation of perturbation theory. The 
purpose of the present note is the derivation of Feenberg’s 
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formula directly from the eigenvalue problem by a method 
of successive approximations. The derivation also has the 
advantage of simplicity. 

The equations to be solved for the coefficients are: . 


(E—Hnm)an= 2 HmnGny (1) 
men 
where the original eigenvalue problem is Hy=Ey ex- 
panded in an orthonormal set of functions, @m are the 
amplitudes in the expansion, and Hy, are the matrix 
elements of H. 
Suppose now that the principal state in question is the 
kt» so that it is convenient to take 


(2) 
(3) 


a,=1, 


then 
(E- Hmm) Om = Ant z Hinn@n- 
nxmk 


To set up the method of successive approximations, we 
must now write the equation determining a,(m~m, k). To 
avoid repetitive matrix elements, we separate the m and k 
terms in the expression for a, 


(E—Han)dna=Hnzt+Hamimt+ 2 Hardy. (4) 
pb #nmk 
To determine ap 
(E— Hpp)ap= Heat Houta} A ptet Z-  Hygte (5) 


#pnmk 
For a, 


(E— Hqq)0q= Het + Hqmtm+ Hontn 
+Hyytpt+ 2  Hedr, (6) 
r #qpnmk 


etc. To obtain a» to first order we need only drop the sum- 
mation in (3). To obtain to second order we need only drop 
the summation in (4) and solve for an, etc. We shall give 
the second- and third-order formulas obtained in this way. 
It is convenient to define the symbols 


rag aire —nnHnm 
(Ein*) = Hm (Eim*)2= Ham Eas 








HonEn 
(Ekm* )a= Ham + 2 m E= (Euun*)a 
Hin npH, 
z= pm " 
zim [E—(Eimn*) 2 J[E- (Gkmnp*)1] 7) 
Then to second order 
* HinnH nk 
OmLE— (Eim*) 2] = Hat 2 “ p E— (Buns (8) 
To third order 
* i 1. oe 
dmLE— (Ekm )s] Bnet 2 a to (Stmn*)2 
Han AnpH 
* img mk LE—(Simn*)2 LE— (Etmnp*)1) mr 


These formulas are precisely those of Feenberg’s to the 
order indicated. The general formula obtained by him is 
given by replacing (e...*); by (e...*)... Feenberg uses «...* 
for this symbol. The general expression may be derived 
here but the details are lengthy and uninformative. It may 
be noted that the procedure rather obviously yields an 
exact expansion for any finite secular equation. 
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The writer is greatly indebted to Dr. Eugene Feenberg 
for pointing out the relevance of this particular derivation. 
This work was done while serving as a consultant at the 
Brookhaven National Laboratory, whose hospitality is 
hereby gratefully acknowledged. 

* Research carried out at Brookhaven National Laboratory under the 
auspices of the Atomic Energy Commission while author was on summer 


leave from the Massachusetts Institute of Technology 
p.: aac Phys. Rev. 74, 206 (1948); E. a Phys. Rev., 


wats L. Brillouin, J. de phys. et rad. III, 373 (1932). 


Wigner, Mathu-Naturwirs. Anzerg. d. Ungar Akad Wiss 
um “78 (1938). 





Penetrating Power of Extensive 
Shower Particles* 


G. T. REYNOLDS AND W. D. HARDIN 


Palmer Physical Laboratory, Princeton University, 
Princeton, New Jersey . 


October 4, 1948 


N experiment has been performed to measure the 
penetrating power in lead of extensiye shower par- 
ticles. This experiment differed from others of a similar 
purpose in that an extensive shower was first selected by 
two Geiger counter trays which had nothing to do with 
the measurement of penetration, and then the behavior of 
the particles in the shower was analyzed by means of six 
other Geiger counter trays under various thicknesses of 
lead. This procedure guaranteed that a decrease in counting 
rate observed with increasing thickness of lead was a true 
measure of particle penetrating power, and not an effect 
due to the exclusion of certain classes of showers. Thus, 
the only requirement imposed on a particle was that it be 
associated with an extensive shower. 

This method of observation had the experimental ad- 
vantage that it allowed simultaneous sampling under sev- 
eral different thicknesses of lead, an advantage because of 
the low counting rate encountered in extensive shower de- 
tections. The counter array is shown in Fig. 1. Trays M, 





Fic. 1. Disposition of counter trays. 


and Mz are the master coincidence trays which selected 
the shower. They are separated by about 4.5 meters. Trays 
1 through 6 were in lead boxes, spaced evenly along the 
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circumference of a circle of diameter approximately 4 
meters, and were covered with lead of thickness ranging 
from 0 to 30 centimeters in the present experiment. The 
thickness of the lead in the side wall and bottom of the box 
was at least one-half the thickness of the lead covering the 
box. Each Geiger counter tray consisted of four counters of 
6-inch effective length and 1-inch diameter arranged in 


parallel. 


Fic. 2. Number of counts per hour observed in counter trays 1 through 
6 as a function of the thickness of lead above these trays. 


The method of sampling extensive showers was made 
possible by the incorporation of a cathode-gate circuit! in 
the following manner. When a “master coincidence’”’ was 
registered by the two master coincidence trays, each of the 
circuit channels associated with the other trays was gated 
electronically so that any other tray experiencing a count 
in coincidence with the master coincidence could register 
on a paper tape by means of a spark. Thus, any count in 
any of the trays 1 through 6 was recorded if and only if a 
master coincidence was observed at the same time, and 
therefore if and only if the count corresponded to a particle 
in an extensive shower. The resolving time of the circuit 
was measured to be 6 microseconds, so that chance coinci- 
dences were unimportant. The present experiments were 
conducted with the counters about 4 meters below a 
wooden roof containing approximately 8 grams per square 
centimeter. 

The results of about 650 hours of observation are shown 
in Fig. 2. A transition effect is observed as the lead is 
increased from zero to 2 centimeters in thickness. This 
corresponds to increased effective efficiency of the counters 
due to local shower production immediately above the tray. 
The counting rate with no lead above the tray agrees well 
with the results of Singer. A break appears in the curve 
in the vicinity of 15 centimeters of lead, demonstrating the 
presence of at least two components in the showers. The 
ratio of the number of particles penetrating 15 centimeters 
to the number penetrating zerq centimeters of lead is 
about 1/17. 

Light weatherproof boxes are being prepared so that the 
measurements can be continued away from the laboratory 
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building. An analysis of the data is in progress to determine 
an upper limit to the cross section for the photo-meson 
process produced by the gamma-rays in extensive air 
showers. 


* Assisted by the Joint Program of the Office of Naval Research and 


the Atomic Energy Commission. 
1 Jerome Kurshan, Rev. Sci. Inst. 18, 647 (1947). 
2S. F. Singer, private communication. 





The Hyperfine Structure and Quadrupole 
Moment of Al?’* 


Hin Lew 


Physics Department and Research Laboratory of Electronics, 
Massachusetts Institute of Technology, 
Cambridge, Massachusetts 


September 30, 1948 


HE hyperfine structure of the metastable state of alu- 
minum has been measured by the atomic beam 
method of radiofrequency spectroscopy. From the ob- 
served hyperfine separations the quadrupole moment of 
the nucleus has been calculated. 

The atomic beam system used in the study of aluminum 
is essentially that employed by Zacharias! in the study 
of K*. A slight departure from the system as used by 
Zacharias occurs at the detector. The aluminum atoms are 
ionized by the usual hot tungsten filament but, after 
ionization, the aluminum ions are accelerated into a mass 
spectrograph and are there separated from the other ions 
which are given off by the impure tungsten. This scheme 
has been used by Davis, Feld, Zabel, and Zacharias? in the 
study of Cl* and Cl*’. For aluminum, the tungsten ribbon 
is operated at about 1780°K. The detection end of the mass 
spectrograph consists of an electron. multiplier, the elec- 
trodes of which are patterned after the RCA-931A and 
made of commercial beryllium-copper alloy.? The source 
of aluminum atoms is an oven containing about 0.2 gram 
of aluminum wire and operated at about 1650°K. The oven 
is an assembly consisting of an aluminum oxide crucible 
around which is wrapped a layer of tantalum foil and the 
unit placed inside a graphite jacket with a slit in it. Heating 
is accomplished by the passing of 800 watts of electrical 
power directly through the graphite. 

The spin and magnetic moment of aluminum have been 
determined with reasonable certainty through the efforts 
of three pairs of workers.‘ The values are [=(5/2)h, 
»#=+3.630 nuclear magnetons, and g;= 1.452. The spin of 
5/2 has been verified by the present writer. The hyperfine 
structure of the *P3;2 metastable state of aluminum there- 
fore consists of four levels corresponding to total angular 
momentum quantum numbers F=1, 2, 3, and 4. One 
Zeeman line between the F=4 and F=3 levels and eleven 
Zeeman lines between the F=3 and F=2 levels have been 
observed. From the observations, the following hyperfine 
separations are found: 

Av(F=4— F=3)=392.0+0.2 megacycles per second 

Av(F=3— F=2)=274.4+0.1 megacycles per second. 


The Hamiltonian of the atomic beam system in the *P 3/2 
state may be written, in the absence of an external mag- 
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netic field and neglecting perturbations due to neighboring 
levels, 

i= oF yBMEEED (1/2)I(I+1)J(J +1) 

I(2I—1)J(2J —1) ’ 

where K=F(F+1)—J(J+1)—J(I[+1). The first term 
gives the dipole-dipole interaction between the nucleus and 
the electrons, and the second term gives the interaction 
between the electric quadrupole moment of the nucleus 
and the gradient of the electric field at the nucleus due to 
the electrons. In terms of the interaction constants a and b’, 
the hyperfine separations are 


Av(F=4— F=3)=4a+(4/5)d’, 
Av(F=3— F=2)=3a—(9/20)d’, 
Av(F=2— F=1)=2a—(4/5)bd’. 





From these relations and the observed separations, the 
constants a and b’ are found to be 


a=94,27+0.04 megacycles per second, 
b’=18.66+0.25 megacycles per second. 


Following the method of Davis, Feld, Zabel, and Zacha- 
rias,? we find the quadrupole moment of the nucleus to be 


Q=+(0.156+0.003)10-*4 cm? 


The perturbation of the F=3 and F=2 levels by the corre- 
sponding levels of the ground *P; term can be shown to be 
too small by a factor of a hundred to account for the ob- 
served deviation from the interval rule of the hyperfine 
separations of the metastable state. 

In the identification of aluminum as the substance on 
which the above measurements have been made, primary 
dependence has been placed on the mass spectrograph. 
Using the positions of Na** and K* as the reference points, 
the peak of the substance studied occurs at mass number 
27 and does not occur at mass number 54. At mass numbers 
26 and 28, the only particles observed are those due to 
scattering. Further confirmation is afforded by the fact 
that a rough determination of the hyperfine separation of 
the ground state yields Ay= 1500-+50 mc/sec., which over- 
laps the spectroscopic value of 1440+30 mc/sec. found by 
Jackson and Kuhn.‘ 

* This work has been supported in part by the ag Corps, the Air 
Materiel Command, and the Office of Naval Research 

1 Jerrold R. Zacharias, Phys. Rev. 61, 270 (1942). 

2L. Davis, Jr., B. T. Feld, C. W. Zabel, and J. R. Zacharias, Phys. 
Rev. 73, 525(L) (1948). 

3 James S. Allen, Rev. Sci. Inst. 18, 739 (1947). 
4S. Millman and P. Kusch, Phys. Rev. 56, 303 (1939); M. Heyden 


and R. Ritschl, Zeits. f. Physik 108, 739 (1938); Jackson and Kuhn 
Proc. Roy. Soc. A164, 48 (1938). 





Light Scattering in Supersonic Streams* 


J. H. McQuEEN, J. W. BEAMS, AND L. B. SNoDDY 
University of Virginia, Charlottesville, Virginia 
September 30, 1948 


N a previous note! experiments were briefly described 
in which light was scattered from a supersonic free 
stream of dried dust-free air. The observed light scattering 
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by various regions of the stream was interpreted by the 
well-known theory of light scattering* as indicating density 
variations in the respective regions. In extending these 
light scattering experiments it has been found that in addi- 
tion to density variations in the supersonic stream itself a 
number of other phenomena connected with supersonic 
streams or jets may contribute to the observed light scatter- 
ing. Under certain special conditions the intensity of the 
light scattered due to the density variations alone is small 
in comparison to the other scattering so the various phe- 
nomena therefore may be studied. 

If dried dust-free air at a pressure, say, of. 70 Ib./in.* 
(gauge) is allowed to expand through a de Laval nozzle into 
the ordinary atmosphere containing moisture, and a beam 
of parallel light is directed perpendicularly through the 
resulting supersonic stream, very intense light scattering is 
observed where the supersonic stream or free jet mixes with 
the atmosphere, i.e., along the boundary of the stream the 
amount of light scattering is many times greater than that 
which can be accounted for by density variations alone. 





Fic. 1. Photograph of light scattered from a one-inch supersonic 
cylindrical jet emerging into the undried atmosphere. 


However, if the atmosphere into which the supersonic 
stream expands is carefully dried, the amount of light 
scattering is very greatly reduced. It is believed that the 
intense scattered light is due to small water droplets formed 
by the mixing of the cold supersonic stream with the un- 
dried air of the atmosphere. If this is the case, the light 
scattering caused by the small droplets gives an outline of 
the mixing region around the supersonic stream as well as 
an indication of the magnitude of the mixing. Also since 
the size of the droplets can be determined by the relative 
amount, color, polarization, etc., of the scattered light, the 
heat transfer from the stream may be studied by observing 
the growth of the droplets. Clearly if a small amount of 
another condensible vapor is substituted for the water 
vapor in the atmosphere, the rate of growth of droplets 
other than water can be studied. Figure 1 shows a photo- 
graph taken of scattered light from a one-inch supersonic 
cylindrical jet Mach No. about 1.8 emerging into the un- 
dried atmosphere. The stream was illuminated by a beam 









































































Bape ete Seats Syren Caneeeeectiqnmetinny teeny 


ar ee 


See 


eB 








LETTERS TO THE EDITOR 


Fic. 2. Short spark shadowgraph of a supersonic jet taken under 
conditions similar to those of Fig. 1. 


of sunlight with rectangular cross section # inch wide and 
3.5 inches long with the 3.5-inch dimension parallel to 
the stream. The plane of the beam passed through the axis 
of the stream. The photograph is a snapshot taken per- 
pendicular to both the stream and incident light. For com- 
parison, Fig. 2 shows a short spark shadowgraph’ taken 
under approximately the same conditions. The thickening 
of the mixing boundary layer of the stream is shown as it 
extends into the atmosphere. 

* This work was supported by Contract NOrd-7873 with the Bureau 
of Ordnance of the Navy. 

1 McQueen, Beams, and Snoddy, Phys. Rev. 73, 260 (1948). 

2See Bhagavantam, Scattering of Light and Raman Effect. 


* Beams, Kuhlthau, Lapsley, McQueen, Snoddy, and Whitehead, 
J. Opt. Soc. Am. 37, 868 (1947). 





Gamma-Rays from the Reaction H!(n, +) D? 
and the Binding Energy of the Deuteron 


R. E. BELL AND L. G. ELLIoTT 


Chalk River Laboratories, National Research Council of Canada, 
Chalk River, Ontario 


October 5, 1948 


HE y-ray accompanying the capture’of a neutron by a 

proton has been studied in a magnetic lens §-ray 
spectrometer by photoelectric conversion in a thin U 
radiator. 

The y-rays were produced in a slab of pure paraffin 
5X 25""X 25” placed in the thermal column of the Chalk 
River pile. A Pb collimator limited the y-rays to a solid 
angle having the shape of a thin conical shell of 15° half- 
angle, converging to a small region outside the thermal 
column at the end of the 8-ray spectrometer. A boron shield 


prevented the escape of neutrons from the thermal column. 


By placing a radiator in the y-ray flux at the end of the 
8-ray spectrometer, secondary electrons ejected by the 
y-rays could be studied. Figure 1 shows the momentum 
distribution of the photoelectrons and Compton recoil elec- 
trons ejected from a U radiator of 142 mg/cm?*. The count- 
ing rate taken with a spectrometer line width of 2.4 percent 
in momentum is plotted as a function of the focusing cur- 
rent in the lens coil, which is an accurate relative measure 


of the electron momentum. The effect due to the 7-rays 
from the paraffin is superposed on a background due to the 
-rays from the graphite in the thermal column. This back- 
ground is constant over the energy range of this experi- 
ment. The peak at 4.800 amp. is due to photoelectrons 
ejected from the K-shell of U by the y-rays from the 
paraffin. The general shape of the Compton background 
taken with a brass radiator is shown in this region as a 
broken line. The y-ray energy deduced from the position 
of the photoelectron line is 2.236+0.005 Mev, using the 
ThC” 2.620-Mev y-ray as a standard to calibrate the 
spectrometer. The position of the paraffin y-ray photo- 
electron line was determined accurately relative to the 
standard y-ray photoelectron line by placing a source con- 
taining ThC” in the Pb collimator behind the radiator and 
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Fic. 1. The momentum distribution of the secondary electrons 
ejected from a U radiator. The standard deviations of the experimental 
points are indicated by vertical bars. 
carefully determining the position of each line without any 
change in the arrangement of the apparatus. Any error due 
to the effect of finite radiator thickness is small because 
the paraffin y-ray is close to the standard y-ray in energy, 
and is further reduced by calculating the relative position 
of the two photoelectron lines from their high energy edges. 

By adding the nuclear recoil energy to the above 7-ray 
energy, we obtain 2.237+0.005 Mev for the binding energy 
of the deuteron, using the ThC” 2.620-Mev y-ray as 
standard. This is surprisingly different from the previously 
accepted value of the deuteron binding energy.! The magni- 
tude of the discrepancy is illustrated in Fig. 1 by the small 
arrow at 4.704amp., marking the position the photoelectron 
peak would occupy were the deuteron binding energy as 
low as the previously accepted value. As a further check 
the ThC” source was replaced by a Ra source and the 
RaC 2.198-Mev y-ray was shown to have an energy about 
1.5 percent lower than that of the paraffin y-ray. This 
precludes the disintegration of the deuteron by that par- 
ticular y-ray of RaC and invalidates Kimura’s? argument 
leading to a low value of the deuteron binding energy. The 
low: value quoted by Myers and Van Atta’ could be due 
either to voltage instability in the electrostatic generator 
or to non-linearity of the generating voltmeter calibration. 

Taking the H'H!—D? separation‘ as 1.433+0.002 Mev 
together with the value of the deuteron binding energy 
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reported here, we obtain 1.008992 +0.000010 amu for the 
mass of the neutron. The probable error given includes an 
uncertainty of 0.3 percent in the absolute energy value for 
the ThC” y-ray. This neutron mass value is 0.051 mmu 
greater than the value quoted by Stephens! and gives a 
value for the n—H! difference of 0.804+0.009 Mev. The 
theoretical lifetime of the neutron is reduced by a factor 
of 1.3 when this new value for the n— H! difference is used. 

1W. E. Stephens, Rev. Mod. Phys. 19, 19 (1947). 

2K. Kimura, Kyoto Coll. Sci. Mem. 22, 237 (1940). 


3F, E. Myers and L. C. Van Atta, Phys. Rev. 61, 19 (1942). 
4R. Cohen and W. R. Hornyak, Phys. Rev. 72, 1127 (1947). 





On the Radioactivity of K*° 


O. HirzEL AND H. WAFFLER 
Swiss Federal Institute of Technology, Zurich, Switz «lind 
September 13, 1948 


SOME years ago we published measurements of the 
quantum energy and the upper limit of the beta-ray 
spectrum of K*°, The values found by us are, respectively,! 


E,=1.54+0.1 Mev, E(@max)=1.41+0.02 Mev. 


These data are in good agreement with later measurements 
by Meyer et al.,? Gleditsch and Graf,’ DZelepow et al.,* and 
Henderson.® Recently, Franchetti and Giovanozzi,® using 
the cloud-chamber method, obtained a much higher value 
for the maximum beta-ray energy of K*°, namely, 1.7+0.1 


100 200 200 mg-Cm-2 





P*™ (4.71 Me ) 


Na*4 (141 MeV) 





Fic. 1. Absorption curves in aluminium of P® and Na™. 
The points refer to K*°, 


Mev. We believe that with respect to our measurements 
such a high beta-ray energy is rather improbable. Figure 1 
gives the absorption curves obtained by us with P® 
(Emax = 1.71 Mev), Na** (Emax = 1.41 Mev), and K*° in the 
same geometrical arrangement. The points for K*® are 
taken up to 1/500 of the initial intensity and are all lying 
on the Na* curve. 

In addition we have determined the number I of quanta 
emitted per 100 beta-rays. For this purpose, the radiation 
from a thick KCl sample (cylindrical arrangement) was 
measured (a) with a thin-walled (27 mg/cm? Al) G-M 


* 
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counter and (b) with a cylindrical absorber, thick enough 
to absorb all the beta-rays, between the sample and the 
counter. The same measurements were performed with AL’, 
which is known to emit one quantum of 1.8 Mev per beta- | 
ray. The ratio of the sensitivities for y-rays of 1.54- and . 
1.8-Mev quantum energies is 0.84 for Al counters, as com- 
puted by Bleuler and Ziinti’ and obtained experimentally 
by Bradt et al. Taking into account the self-absorption of 
the beta-rays in the samples and their absorption in the 
counter wall, we obtain for T 


8.7+1.2 y-quanta per 100 beta-rays. 


Furthermore we have determined the half-life of the transi- 
tion K*°—>Ca**, The number of counts from a thin sample 
(4 mg/cm*) of purified KCt (cylindrical arrangement) was 
compared with a very thin (<1 mg/cm*) U;O3 sample. 
The back-scattering from the holder (0.01-mm Al foil) was 
determined to be smaller than 1 percent. Taking into ac- 
count the somewhat different absorption of the two beta- 
spectra in the wall of the G-M counter, as well as the very 
weak intensity of UX; and UY radiation passing through 
the counter wall, we get 


T;(K®) = T;(U*) x 0.246 
Ty(K®) = (11.11.9) x 108a. 


The greatest contribution to the error in 7; is given by the 
incertainty in the relative abundance of K*° (0.011+0.001 


percent).® 
We are very indebted to Professor P. Scherrer for his 
stimulating interest in this work. 


10. Hirzel and H. Waffler, Helv. Phys. Acta 19, 216 (1946). 

2H. A. Meyer, G. Schwachheim, and M. D. de Souza Santos, Phys. 
Rev. 71, 908 (1947). 

3 E. Gleditsch and T. Graf, Phys. Rev. 72, 640 (1947). 
( : <4 Dielepow, M. Kopjava, and E. Vorobjov, Phys. Rev. 69, 538 

5 W. J. Henderson, Phys. Rev. 71, 323 (1947). 

6S. Franchetti and M. Giovanozzi, Phys. Rev. 74, 102 (1948). 

7 E. Bleuler and W. Ziinti, Helv. Phys. Acta 19, 375 (1946). 

8 Bradt, Gugelot, Huber, Medicus, Preiswerk, and Scherrer, Helv. 
Phys. Acta 19, 77 (1946). 

® Alfred O. Nier, Phys. Rev. 50, 1041 (1936). 





Obser vations of Naphthalene Scintillations 
Caused by Tritium Beta-Rays* 


R. F. TASCHEK AND H. T. GITTINGS 
Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
September 27, 1948 


T seems desirable to report here some preliminary ob- 
servations on the scintillations produced in commercial 
naphthalene by the beta-rays from tritium and by the 
bremsstrahlung coming from tritium occluded in tantalum. 
Of immediate interest is the lower limit set on the conver- 
sion efficiency from beta-ray to visible light energy. _ 

A small amount of gaseous tritium was put in direct con- 
tact with finely powdered naphthalene crystals in a 15-cm* 
glass Kjeldahl flask, an identical flask but without tritium 
being used as a control, to find the direct action of the 
betas. A tantalum disk containing tritium occluded 
throughout its volume was placed near a solid piece of 
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naphthalene to investigate the effect of soft x-rays since 
this is almost a pure source of such radiation. Both sources 
produced scintillations which were observed with a 1P21. 
photo-multiplier, the pulse samplified by a Los Alamos 
Model 501 amplifier. The photo-multiplier was not re- 
frigerated. The rise-time and total pulse-length, easily ob- 
served on a 248A Dumont scope were, respectively, 0.05 
psec. and 0.2 usec. The gas concentration was not well 
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Fic. 1. Representative bias curve together with a background 
using the dummy naphthalene cell. 


known because the initially too high counting rates necessi- 
tated two depletions. 
Only integral pulse-height data have been taken and a 


representative bias curve is shown in Fig. 1, together with 


a background using the dummy naphthalene cell. The ‘‘no 
naphthalene” background is considerably lower, presum- 
ably a result of a low gamma-intensity about the labora- 
tory. For at least the higher half of the pulse-height curve 
the pulses are definitely not caused by “pile up’”’ and must 
be considered true individual counts. 

If one assumes that the maximum energy of betas from 
tritium is 15 kev, then, very conservatively, indfvidual 
pulses down to at least 10-kev beta-energy are being ob- 
served. Since experiments are being designed to determine 
the absolute conversion efficiency with accelerated elec- 
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trons of about this energy, detailed calculations are not 
worth while at present, but an estimate leads to the follow- 
ing numbers. We can assume roughly one electron going 
through the multiplier and making a pulse for about 
twenty photons on the average striking the cathode. In the 
geometry used by us, somewhat less than 10 percent of all 
photons produced could be seen by the photo-multiplier 
cathode; if these photons are of about 3 ev and are pro- 
duced by a 10-kev beta, then a lower limit on the conversion 
efficiency is 6 percent. This seems to us to be a conservative 
limit. 

The comparatively large energy conversion and the 
possibility of increasing the light collected by a factor of 
five or more raised the interesting question of the possi- 
bility of using this method to study beta-ray spectra, in 
particular that of tritium. Over a short energy interval, 
say 15 or 20 kev, it seems reasonable to suppose that the 
conversion efficiency should vary only slowly, and this can 
be checked experimentally. The immediate attraction for 
low energy betas is that for gases or finely divided solids 
the source is always ‘‘thin.’’ The greatest difficulty arises 
from the expected large output-pulse-height spread from 
a fixed number of incident photons. For single particles 
incident on a first stage, this is known to be large! and a 
lower limit on the dispersion is undoubtedly set by the 
statistics of the multiplication process which gives a mean 
pulse-height spread of about (2/m)! instead of (1/n)! where 
n is the number of electrons made in the first stage. Clearly, 
if a large number of particles (photons) simultaneously 
initiate a pulse, this statistical spread can be greatly re- 
duced. The spread introduced by the photo-multiplier 
design itself is as yet unknown but may render the method 
worthless. Experimental effort is presently directed toward 
maximizing the solid angle of observation to make use of 
as many photons as possible and toward the use of anthra- 
cene* and other scintillating materials for’ increasing the 
conversion efficiency. It is planned to study the pulse- 
height distribution arising from monoenergetic electrons 
incident on anthracene. 


*This document is based on work performed under government 
Contract Number W 7405 Eng 36 for the Los Alamos Scientific Labora- 
tory of the University of California. 

1 James S. Allen, Rev. Sci. Inst. 18, 739 (1947). 

2P. R. Bell, Phys. Rev. 73, 1405 (1948). 
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Proceedings of the American Physical Society 


MINUTES OF THE MEETING AT THE CALIFORNIA INSTITUTE OF TECHNOLOGY, 
PASADENA, CALIFORNIA : 


HE 287th meeting of the American Physical 
Society was held at the California Institute 

of Technology, Pasadena, on June 24-26, 1948. 
This meeting followed the Symposium on Cosmic 
Rays, which was held in honor of Professor R. A. 
Millikan’s eightieth birthday and, as a conse- 
quence, The Physical Society meeting was at- 
tended by an unusually large number of dis- 


tinguished physicists from the East and from. 


foreign lands. The Division of Fluid Dynamics 
presented its first Symposium on the Pacific 
Coast as part of the Heat Transfer and Fluid 
Mechanics Institute. The American Physical 
Society dinner was held on Friday, June 25, at 
the Athenaeum, with Dr. J. R. Oppenheimer 
presiding, and Professor and Mrs. R. A. Millikan 
as honored guests. About’ two hundred and fifty 
attended the dinner. Doctors Pierre Auger, G. D. 
Rochester, M. S. Vallarta, J. Clay, and I. I. 
Rabi paid tribute to Dr. Millikan’s achievements 
during a short program following the dinner. 

The opening session of the meeting attracted 
the largest audience of about 500. Two papers by 
I. I. Rabi and Julian Schwinger resulted in one 
of the best meetings ever held on the Pacific 
Coast. Dr. Millikan presided. The attendance at 
the other sessions varied from about 200 to 400. 
Outstanding invited papers attracted these large 
audiences. At the second session, presided over 
by C. D. Anderson, the speakers were E. H. 
Krause, Marcel Schein, and W. B. Fretter. The 
third session for invited papers brought together 
C. M. G. Lattes and E. Gardner on the experi- 
mental side of the observation of mesons in the 
184-inch cyclotron, and R. Serber on the theo- 
retical side. A fourth session was made up of 
papers by H. W. Babcock, A. C. Helmholz, and 
W. M. Powell, and the final session on problems 
of interest to the fluid dynamics group was 
made up of papers by R. W. Ladenburg and 
I. Estermann. 

Post-deadline papers were presented by Luke 
C. L. Yuan on the ‘‘Neutron density in the free 


atmosphere up to 67,000 ft.,”’ and by Kan-Chang 
Wang ana S. B. Jones on the ‘Disintegration of 


cosmic-ray mesotrons.”’ 
J. Kaptan, Local Secretary 
for the Pacific Coast. 


Invited Papers 


Al. Recent Experiments on the Dynamics of the Elec- 
tron in Atoms. I. I. RaBi, Columbia University. 

A2. (Subject to be announced.) JULIAN SCHWINGER, 
Harvard University. 

Bl. Cosmic Rays above the Atmosphere. E. H. KRAusE, 
Naval Research Laboratory. 

B2. The Problem of Low Energy Mesotrons in the Cos- 
mic Radiation. MARCEL SCHEIN, University of Chicago. 

B3. Penetrating Showers in Lead. W. B. FRETTER, - 
University of California, Berkeley. 

D1. Observation of Mesons Produced by the 184-Inch 
Cyclotron. C. M. G. LAtTEs AND E. GARDNER, University 
of California, Berkeley. 

D2. Interpretation of the Radiation Laboratory Meson 
Experiments. R. SERBER, University of California, Berkeley. 

El. Stellar Magnetic Fields. H. W. Bascockx, Mount 
Wilson Observatory. 

E2. Nuclear Isomerism. A. C.. HELMHOLZ, University of 
California, Berkeley. 

E3. Cloud-Chamber Measurements of Recoil Protons in 
the Neutron Beam of the 184-Inch Cyclotron. W. M. 
PowELL, University of California, Berkeley. 

Gl. (Subject to be announced.) R. W. LADENBURG, 
Princeton University. 

G2. The Interaction of Molecules with Solid Substances. 
I, ESTERMANN, Carnegie Institute of Technology. 


Contributed Papers 


B4. The Altitude Dependence of Auger Showers. M. M. 
Mutts, California Institute of Technology.—Assuming pri- 
mary electrons, the variation of shower counting rate with 
altitude has been computed and compared with Kraybill’s! 
observations. The theory gives a weaker maximum (ratio: 
maximum to sea level is 24 vs. 63 for experiment) at a 
greater depth (10.5 radiation units vs. 8.5 for experiment). 
The theoretical zenith angle distribution of showers which 
are detected by Kraybill’s counters at 31,000 feet has been 
compared with one observed by E. W. Cowan utilizing a 
counter-controlled cloud chamber. The observed distribu- 
tion has a different shape and is narrower (half-angle 17 


. degrees vs. 30 degrees for theory) than the theoretical. It is 


difficult to reconcile this discrepancy with the observed 
altitude dependence. The multiple production of second- 
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aries by primary protons proposed by Lewis, Oppenheimer, 
and Wouthuysen? should lead to a more pronounced maxi- 
mum at higher altitudes, and therefore should lead to an 
altitude dependence in better agreement with experiment 
than the present computation. 


1H, L. Kraybill, Phys. Rev. 73, 632 (1948). 
2H. W. Lewis, J. R. Oppenheimer, and S. A. Wouthuysen, Phys. Rev. 
73, 127 (1948). 


BS. East-West Asymmetry of Cosmic Rays at 33,000 
Feet.* W. C. BARBER, University of California, Berkeley.— 
By means of counter telescopes mounted in a B-29 plane, 
the east-west asymmetries of the total and hard com- 
ponents of the cosmic rays are being measured. The appa- 
ratus consists of six similar triple coincidence telescopes, 
three with 14 cm of lead and three with no lead. Preliminary 
measurements give the following results for a zenith angle 
of 45°. 








Hard 
or 
total 


Geomag- 
netic 
latitude 


(Iw—Iz) Prob- 
2 able 


IwtIg error Altitude 





Average of 25,000 and 33,000 ft. 
Average of 25,000 and 33,000 ft. 
33,000 ft. 
33,000 ft. 


Total 
Hard 
Total 
Hard 


+0.019 
+0.034 
+0.015 
+0.034 








The data indicate a predominance of positive primary 
particles for both the hard and total components. The soft 
component, which comprises about four-fifths of the total 
at these altitudes, must, therefore, also arise from primaries 
which are mostly positive. The statistical accuracy of the 
results for the hard component is poor, but since the hard 
is only a small fraction of the total intensity, errors here 
will not greatly affect the conclusion that the soft com- 
ponent has a positive east-west asymmetry. 


* The research described in this abstract was supported in part by the 
Office of Naval Research. 


B6. Energy Spectrum and Altitude Dependence of Slow 
Protons and Stars up to 30,000 Feet.* Harriet H. 
ForstER, University of California, Berkeley.—The nuclear 
emulsion technique has been used to obtain information on 
the energy distribution of low energy protons and stars at 
sea level and 30,000 feet. High altitude exposures were 
made on a series of B-29 flights at Inyokern, California. 
Between 30,000 feet and sea level, single proton trajectories 
with energies between 2.3 and 35 Mev decrease expo- 
nentially by a factor of exp(—P/1.3), where P is measured 
in meters of water equivalent. The exponential decrease of 
the star producing radiation is of the same order of mag- 
nitude. The integral energy spectrum of slow protons is 
found to be proportional to exp(—E/e)dE, where « is ap- 
proximately 3 Mev. Calculations based on the above 
spectrum indicate that slow protons in the lower atmos- 
phere can be accounted for by star production alone, as 
suggested by Bagge.' ‘ 


* The research described in this abstract was supported in part by the 
Office of Naval Research. 
1E, Bagge, Ann. d. Physik 521 (1941), 
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B7. Capture of Sea Level Negative Mesons by Nuclei. 
L. I. Scuirr, Stanford University—The rare appearance of 
ionizing radiation following the capture of a sea level (light 
or u-type) negative meson by a nucleus suggests that 
“capture” consists of the conversion of u~ into a neutral 
meson (4°), accompanied by the change of a nuclear proton 
into a neutron. The energy transferred to the nucleus would 
usually be small, and u° would be easily detected only if it 
were to disintegrate into a pair of photons or charged 
particles. Capture will occur if heavy (r+) mesons are 
strongly coupled to nucleons and can disintegrate into p+ 
and 2°; its probability is approximately proportional to Z¢, 
The intermediate step in the capture process then contains 
P, x~, »°, or N, xt, u-. The lifetime of r* for u-decay can be 
related to the known rate of u~ capture and the strength of 
nuclear forces. If r+, y+, and y° are scalar mesons with 
masses 313 m, 200 m, and 100 m, respectively, this lifetime 
is about 4X 10-* sec., and the resulting n+ has a few Mev 
energy. The lifetime of x*for 6-decay, assuming that nucleons 
have no direct interaction with the electron-neutrino field, 
is significantly shorter than this, about 10~* sec. 


Cl. Quantitative Relations for the Thresholds of Pre- 
Onset Positive Burst Pulse Corona and of Positive 
Streamer Advance. LEONARD B. LOEB AND ROBERT A. 
WiJsMAN, University of California, Berkeley—Loeb! has sug- 
gested that the form of threshold equations for onsets of 
self-sustaining discharges, including sparks by positive 
streamer mechanism, must bear a formal analogy to 
the Townsend low pressure criterion for a spark, e.g., 
y exp fadx =1. Here a is the first Townsend coefficient for 
ionization by collision and y a coefficient representing the 
probability of electron emission by some secondary mecha- 
nism. With this approaeh it has been possible to derive 
expressions for the threshold of the pre-onset burst pulse 
corona from positive points, and for the threshold of 
streamer propagation and streamer conditioned spark 
breakdown, both processes involving photo-ionization of 
the gas near atmospheric pressure. Quantitative test is at 
present precluded as a result of ignorance of such quantities 
as photon production, photoelectric ionization proba- 
bilities, and absorption coefficients. The streamer equation 
replaces the Meek criterion for spark breakdown by 
streamer mechanism and supplies the deficiencies caused by 
omission of photo-ionization in that theory. These relations 
clearly indicate to the experimentalist the kind of data 
needed in order quantitatively to calculate various break- 
down thresholds. 


1L. B. Loeb, Rev. Mod. Phys. 20, 151 (1948). 


C2. Effect of Point Material on Corona Onset.* W. N. 
ENGLIsH, University of California, Berkeley.—Several ob- 
servers have remarked on the near equality of the positive 
and negative intermittent corona onset potentials, V,*+ and 
V,-, in a point-to-plane gap in air, as contrasted to values 
of V,~ far below V,* in pure hydrogen and nitrogen. In an 
article on the ‘Mechanisms of positive and negative 
coronas in air,” submitted to the Journal of Applied 
Physics, L. B. Loeb concludes that the equality is fortui- 
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tous, and can be due only to an exceptionally high negative 
point work function in the presence of Oz. Accordingly, a 
study of the effect of a wide variety of point materials and 
conditions on corona onset seemed urgent. Roughly shaped 
points of CuO, FeS, and As have shown V,~ considerably 
below V,* at atmospheric pressure. Treatment of a Pt 
point by hydrogen ion bombardment in a glow discharge 
immediately before onset determination gave no significant 
change. A comparison of carefully formed 1-mm diameter 
points of C, Al, Zn, and Cu, and the effect of gradual 
oxidation and reduction of Cu points will be reported on. 


* Work supported by the Office of Naval Research. 


C3. Factors Affecting the Determination of Particles 
Size by the Hopper-Laby Stokes’ Law Method.* WuLF 
KUNKEL, University of California, Berkeley. (Introduced by 
Leonard B. Loeb.)—Most electrified particles observed by 
Hopper-Laby method in a study of dust electrification! ap- 
peared much larger than individual particle sizes present in 
the powders. Calculations on aggregation due to electro- 
static attractive forces indicated that particle growth is 
negligible unless either the cloud density exceeds a million 
particles per cm* or the average charge of one sign exceeds 
1000 electrons per particle. Deviations from Stokes’ law by 
the particle shape might be considered responsible for such 
discrepancies. Experiments on the rate of fall of various 
models in a heavy oil showed that all shapes fall more slowly 
than the spheres of equal weight, thus appearing smaller 
than their true size in a Stokes’ law estimate. The amount 
of particle surface seems the predominant parameter. The 
error in size estimate was rarely found to exceed fifty 
percent. Thus the dust particles observed were actually at 
least as large as estimated, and they must have existed as 
such before they started settling out. 


* Work ouqoused by the Office of Naval Research. 
1 Refer to J. W. Hansen, Phys. Rev. 73, 532 (A) (1948). 


C4. Point-to-Plane Impulse Corona.* D. B. MoorE AND 
W. N. EncuisH, University of California, Berkeley.—A 
study of point-to-plane impulse corona in air at atmospheric 
pressure has been carried out, with a view to applying the 
impulse method to the determination of photo-ionization 
by positive corona streamers. Photographs of positive and 
negative corona from a 0.1-mm diameter point with two 
microsecond square pulses at potentials up to 12000 volts, 
show interesting peculiarities. With positive point burst 
pulse corona can be seen, and pre-onset streamers are 
particularly well developed, proceeding radially from the 
point, as a result of the absence of inhibiting space charge. 
Small groups of superimposed streamers are clearly seen, 
giving the corona a coarse streaked appearance. Attempts 
to photograph a single streamer have not yet succeeded. 
The negative point corona has a remarkable appearance. In 
addition to the normal brush-like structure associated with 
a steady negative potential, there is a concentrated central 
“streamer” spike and at higher impulse voltage, two side 
spikes. Tests have indicated no appreciable positive tran- 
sient on the negative high voltage pulse. It is considered 
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that the effect is due to a positive streamer discharge be- 
tween the intense positive space charge near the point, left 
by an interrupted Trichel pulse, and the negative space 
charge further out in the gap. 


* Work supported by the Office of Naval Research. 


C5. Potential and Field Distribution in the Hemispheri- 
cally Capped Cylindrical Point to Plane Corona Gap. JAMES 
M. PARKER AND LEONARD B. LoesB,* University of Cali- 
fornia, Berkeley.—Experience shows that hemispherically 
capped cylindrical point-to-plane electrode systems are the 
most satisfactory geometry for corona studies. Quantitative 
investigation of mechanisms requires that field distribu- 
tions along the axis be known. As these are not amenable to 
computation, distribution was studied by large electrolytic 
model tank. Within limits of accuracy, a unique curve was 
observed for constant ratio of point radius r to gap length L. 
The ratio of gap length to plane radius R must be less than 
unity and large ratio L/r is desirable, thus setting a prac- 
tical limit of 160. With this value the ratio of potential V 
at distance x frpm point surface to the applied potential Vo 
was measured. Curves for V/Vo as function (x/r) and 
(dV/dx)(r/Vo) as function (x/r) have been determined 
which permit dV/dx to be evaluated as function of x for 
any radius. Applied to positive burst pulse onset corona 
threshold, r =0.019 cm in 760 mm air, the field at the point 
is exceedingly high, with very steep decline, throwing the 
ionization coefficients near the point into the Morton- 
Johnson! regime and making’ calculation of the Townsend 
integral difficult. 


7 ~~ supported by the Office of Naval Research. 
W. Johnson, Phys. Rev. 73, 284 (1948). 


C6. Point-to-Plane Corona Characteristics.* H. W. 
BANDEL AND W. N. ENGLIsH, University of California, 
Berkeley.—A standard set of consistent corona data for 
point-to-plane geometry in air, covering variation in po- 
tential, point size and pressure, with current, oscilloscope, 
visual and photographic observations, has been urgently 
needed for the development of corona calculations and 
theory. These studies are being done in a brass chamber 30 
cm in diameter by 30 cm with quartz windows. The ratio 
of the gap length to the radius of the platinum points has 
been kept constant at 160, as recommended by Loeb.! 
Positive and negative current-voltage curves with 0.5-mm 
diameter point in air at atmospheric pressure have been 
obtained from below 1000 volts to just under the sparking 
potential. Saturation currents caused by collection of ex- 
ternally caused ionization are observed below electron 
multiplication by collision and range around 10-" ampere. 
A marked change in slope indicates the beginning of electron 
multiplication by collision near the point, and the curve is 
nearly linear up to intermittent onset, where the slope again 
becomes steeper and the current increases by a factor of 
1000 in a few hundred volts. Above onset the corona cur- 
rents are at first linear and then curve upward to the 
sparking potential as noted by previous observers. 


* Work supported by the Office of Naval Research. 
1See abstract C1 by Loeb and Parker. 
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D3. The Detection of Positive Mesons Produced by 


the 184-in. Cyclotron. A. S. Bishop, JOHN BURFENING,* | 


EUGENE GARDNER, AND C. M. G. Latres, University of 
California, Berkeley.—Positive mesons have been produced 
by the 184-in. cyclotron and detected with photographic 
plates. The method of production is similar to that used for 
negative mesons.' Two methods of exposure to positive 
mesons are available: (1) Plates are placed below the 
circulating beam at a smaller radius than that of the target. 
Positive mesons emitted from the target with the proper 
energy in a forward direction are 180° focused upon the 
plates. (2) Plates are placed in the position initially used for 
exposure to negative mesons, but the shielding is modified 
to admit those positive mesons which are emitted from the 
target in the backward direction. Plates exposed in this 
way thus contain positive meson tracks which start at one 
edge and negative meson tracks which start at the opposite 
edge. In about half of the cases tracks of positive secondary 
mesons are observed to originate from the above-mentioned 
positive primary mesons. It is believed that all of the pri- 
mary positive mesons decay into secondary mesons, but 
that in some cases the secondary meson is not seen because 
of unfavorable angle or bad background of neutron knock- 
ons, or both. This paper is based on work performed under 
Contract W-7405-eng-48 with the Atomic Energy Com- 
mission in connection with the Radiation Laboratory, Uni- 
versity of California, Berkeley, California. 


* Lieutenant Colonel, U. S. Army. 
1 Eugene Gardner and C. M. G. Lattes, Science 107, 270 (1948). 


D4. Meson Mass Estimation by Grain Counting in 
Photographic Emulsions. WALTER H. Barkas,* EUGENE 
GARDNER, AND C. M. G. Latres, University of California, 
Berkeley.—Negative mesons produced by the 184-inch 
Berkeley cyclotron have been studied by means of Ilford 
C.2 photographic plates of emulsion thickness 50u. The 
meson tracks lie approximately parallel to the plane of the 
emulsion, and often end in the emulsion. The track grains 
are about 0.35y in diameter. For particles carrying one unit 
of charge, the number of grains, N(R), in a residual range R 
is assumed to be given by N(R)=Mf(R/M), where M is 
the mass of the particle. By counting grains in meson tracks 
and proton tracks found in the same plate, the mass ratio 
of meson to proton can be found. A consistent convention 
for estimating the number of grains which occur in clumps 
reduces subjective errors. Comparisons of masses obtained 
by grain counting and by magnetic deflection on the same 
particle are made. Results of different observers are also 
related. Masses of star producing and non-star producing 
mesons are compared. Assuming that just two types of 
mesons are represented, the observed values are 305 and 
202 electron masses for the heavy and light mesons, re- 
spectively. This paper is based on work performed under 
contract with the Atomic Energy Commission in connec- 
tidn with the Radiation Laboratory, University of Cali- 
fornia, Berkeley, California. 


* Office of Naval Research, San Francisco, California. 
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D5. The Detection of Light and Heavy Mesotrons out- 
side the Tank of the 184-in. Cyclotron. WoLFcanc K. H. 
Panorsky, University of California, Berkeley—The meso- 
trons artificially produced by the 184-in. cyclotron* have 
been brought out of the cyclotron tank by means of a 
specially designed magnetic channel which brings mesotrons 
of Hp=148,000 gauss-+cm out of the field of 14,000 gauss 
at the target into a region of 4000 gauss in a re-entrant 
charhber in the cyclotron wall. Both light and heavy meso- 
trons have been detected in this chamber. A measurement 
of the lifetime of the heavy meson appears possible in this 
arrangement. The writer is indebted to L. W. Alvarez for 
suggesting the magnetic channel method. This work was 
sponsored by the Atomic Energy Commission. 


* E. Gardner and C. M. G. Lattes, Science 107 (March 12, 1948). 


D6. High Frequency Proton Source. R. N. HAL, Cali- 
fornia Institute of Technology—An ion source and gun 
capable of producing beams of several hundred micro- 
amperes of 120-kev protons will be described. A 50-watt, 
450-mc/sec. oscillator maintains an electrodeless discharge 
inside a barrel-shaped Pyrex discharge chamber of 4-cc 
volume. An axial magnetic field of 1000 gauss greatly 
improves the performance. The r-f voltage is applied be- 
tween the ends of the discharge chamber which contain 
holes through which the hydrogen and ions pass. The ions 
which diffuse out through the 0.040-in. diameter exit hole 
are accelerated without the use of a probe. A differential 
pumping arrangement removes most of the hydrogen which 
would otherwise enter the accelerating column. Typical 
operating conditions are: gas flow, 35 cc/hr. (N.T.P.); 
total beam current collected by 2-in. aperture, 420 ua; mass 
one (proton) current collected by §-in. aperture, 210 ya; 
mass two current, 115 ua’; mass three current, 40 ya; ratio 
of mass one protons to hydrogen molecules consumed, 
0.005; current density at the exit hole due to mass one 
protons, 0.027 amp./cm?. The source operates well at re- 
duced rates of gas flow with the ratio of mass one protons to 
hydrogen molecules increasing to 0.01. This work was 
assisted by the Office of Naval Research. 


D7. Low Energy C(p, 1) Cross Section. W. A. FowLER 
AND R. N. HALL, California Institute of Technology.—The 
low voltage accelerator and high frequency ion source 
described in the previous abstract have been used to 
measure the cross section of the reaction C"(py, 8*+)C® in 
the 100- to 120-kev energy range. Preliminary results indi- 
cate that at 100 kev the thick target yield is 7X10-” 
positrons per proton corresponding to a cross section of 
approximately 10-* cm*. A special thin-walled bell jar 
beta-ray counter obtained from the Radiation Counter 
Laboratories with a sensitive volume 1.2 cm in length and 
2.8 cm in diameter was employed to measure this low yield. 
A belt of ten conventional counters in anticoincidence was 
used to reduce the background counting rate under 43” 
of lead from 10 counts/min. to 6 counts/min. The cross 
section calculated using the dispersion formula, including 
barrier penetration factor from the characteristics of the 
453 kev resonance ('p=35 kev, I'y =0.63 ev),! is 0.4 10-*4 





cm*. The theoretical expression used by Bethe’ in the 
absence of experimental data in calculating cross sections 
at stellar temperatures gives a cross section at 100 kev of 
1.2X10-* cm?. The results at 100 kev and at resonance 
indicate that the stellar cross section may be 100 times as 
great as that employed by Bethe. This work was assisted 
by the Office of Naval Research. 


1 Fowler, Lauritsen, and Lauritsen, Rev. Mod. Phys. 20, 275 (1948). 
2H. A. Bethe, Phys. Rev. 55, 434 (1939). 


D8. Energy Production in the Sun. J. O’REILLY AND 
R. F. Caristy, California Institute of Technology.—The 
experiments described in the previous abstract show that 
the cross section for the reaction C"(p, ~)N™ for protons of 
about 100-kev energy is approximately 100 times larger 
than that used! in calculating the energy production of 
stars. Under the assumption that the carbon cycle is re- 
sponsible for the energy production of the sun, this implies 
that the central temperature of the sun must be much 
smaller than assumed heretofore. Preliminary calculations 
indicate a value of about 15X10®°C. This low temperature, 
combined with the stability and luminosity equations, 
implies a mean molecular weight in the neighborhood of 0.6 
and a heavy element concentration (Russel mixture, for 
' example) of only about 1 percent by weight. The ratio of 
hydrogen to helium, which together account for about 99 
percent of the mass, is thus fairly large but not as yet well 
determined. Detailed calculation of these questions is being 
carried through. This work was supported in part by the 
Office of Naval Research. 


1H. A. Bethe, Ap. J. 92, 118 (1940). 


E4. Radioactive Potassium. R. V. LANGMUIR, General 
Electric Company.—During a search for short lived nuclear 
isomers with the 70 Mev synchrotron a new activity was 
observed in the bombardment of several potassium salts. 
The observed half-life was 1.3 (+0.1) seconds. It is sug- 
gested that this is one of the mirror nuclei,’ and that the 
reaction is K**(y, 2n)K%". A calculation of tF (eo) shows this 
interpretation to be possible. No short lived isomers with 
half-lives between 100 microseconds and 1 second were 
observed in the 55 elements bombarded. This work has 
been supported by the Office of Naval Research. 


1E. Konopinski, Rev. Mod. Phys. 15, 209 (1943). 


ES5. The Half-Lives of Aluminum* and Aluminum”. 
HuGu BRADNER AND J. D. Gow, University of California.— 
The availability of separated isotopes of Mg makes it easy 
to determine the half-life of Al**, a member of the Wigner 
series which has long been suspected to have a half-life of 
approximately 7 seconds, but which has not been confirmed 
because of the masking 7-second activity of Al**. Mg™, 
Mg?5, and Mg** (in the form of MgO) have been bombarded 
with protons from the Berkeley linear accelerator, with the 
following results: Mg” yields an activity of approximately 
20 seconds half-life, presumably due to Na* from the re- 
action Mg™(p, a)Na*. The Mg® yields an activity of 
7.3-seconds half-life, which we assign to the reaction 
Mg*(p, n)Al*. The Mg yields an activity of 6.3-second 
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half-life, assigned to Al* according to a similar reactién. 
It seems probable, therefore, that the 7-second half-life 
normally given for Al* is a mixture of these two activities. 
This paper is based on work performed under contract with 
the Atomic Energy Commission in connection with the 
Radiation Laboratory, University of California, Berkeley, 
California. 


E6. Assignment of 48-Min. and 2-Min. Isomers of Cd. 
A. C. HELMHoLz anp C. L. McGinnis, University of 
California, Berkeley.—The assignment of the 48-minute 
isomerism to Cd™ by Goldhaber' has been verified by bom- 
bardment of enriched isotopes with fast neutrons. The 
activity has also been produced by high energy alphas 
(>20 Mev) on Ag (Ag(a, pn)), and Pd™* (a, 2). Attempts 
to separate this activity from the 2.7-d In" have failed, 
showing that the y-ray of energy 173 kev observed in ‘its 
decay? is not the same as that of energy 145 kev reported 
in the 48-min. isomerism by Hole.* Further work on these 
y-rays will be reported. The 2-minute isomerism in Cd has 
been assigned to Cd"* also by bombardment of separated 
isotopes with fast neutrons. Initial measurements have 
given 2.3 min. as the half-life. This paper is based on work 
performed under contract with the Atomic Energy Com- 
mission in connection with the Radiation Laboratory, 
University of California, Berkeley, California. 

1 Abstracts of Washington Meeting. 


2 J. L. Lawson and J. M. Cork, Phys. Rev. 57, 982 (1940). 
3 Hole, N. Ark. Mat. Ast. Fys. 345, No. 19 (1947). 


E7. Radioactive Products of High Energy Deuteron 
Bombardment of Cu. Dorotuy Bockuop, A. C. HELM- 
HOLZ, AND J. M. PETERSON, University of California, 
Berkeley.—Serber' has suggested inelastic collisions in 
which only a fraction of the available energy is lost as the 
initial step in the formation of: nuclei by high energy 
particle bombardment. The nucleus thus excited subse- 
quently boils off particles and energy. This theory differs 
from that of the compound nucleus, which holds at low 
energies, in that the incident particle is not captured. 
Serber’s theory has been applied with success to ‘several 
cases.? The characteristic feature of the excitation function 
is the large value of cross section at high energies (~5 times 
the threshold) relative to that predicted by the theory of 
the compound nucleus. The formation of atomic number 
Z+1 from target of atomic number Z cannot proceed by 
this process since it requires the capture of a proton, 
although another possibility would be an exchange collision 
between incident proton and a neutron. The excitation 
functions of a number of radioactive species from the bom- 
bardment of Cu with 190-Mev deuterons have been meas- 
ured. Chemical separation of a number of fractions, in- 
cluding Zn, Cu, Co, and Ni, were performed. The Zn® and 
Zn® activities which must be formed as mentioned above 
show maxima at less than 50 Mev, and steady decreases to 
the highest energy measured (140 Mev) where the values 
are less than } those of the maxima. This is in accord with 
considerations of the compound nucleus. However, Ni and — 
Co activities show maxima at low energies, minima and 
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subsequent increases at higher energies, such as are charac- 
teristic of Serber’s theory. This work is based on work 
performed under contract with the Atomic Energy Com- 
mission in connection with the Radiation Laboratory, Uni- 
versity of California, Berkeley, California. 


1R. Serber, Phys. Rev. ae 1114 (1947). 
2R. L. Thornton and R. W. Senseman, Phys. Rev. 72, £3 casa; 
W. W. Chupp and E. M. McMillan, Phys. Rev. 72, ee 


E8. Excitation Curves of C"(p, pn)C" and B"(p, n)C" up 
to 32 Mev. RoBerT PHILLIPS AND WoLFGanGc K. H. 
Panorsky, University of California, Berkeley.—The excita- 
tion curves of C(p, pn)C" and B"(p, 2)C™ have been ob- 
tained by the stacked foil technique using accurately 
molded boron carbide and polystyrene sheets. 32-Mev 
protons from the linear accelerator were used as the bom- 
barding particle. Because of the homogeneity of the linear 
accelerator beam, very accurate resolution near the 
threshhold has been obtained. The shape of the curve will 
be discussed. This work was sponsored by the Atomic 
Energy Commission. 


Fl. The Ratio (e/mo) for Free Electrons by Use of a 
Resonant Cavity. CHARLES H. WitTs, California Institute 
of Technology.—A deflection method for measuring (e/mo) 
for free electrons is described. A beam of electrons is 
directed along the axis of a cylindrical cavity excited in the 
TMix0 mode. A null in the subsequent deflection of the 
beam occurs when the transit time is nearly equal to an 
integral number of cycles of the cavity oscillation. Three 
quantities must be measured: a distance, a frequency, and a 
difference of potential; two very small corrections must be 
made. An accuracy of 1 part in 10,000 seems to be achievable 
Preliminary apparatus gave a value: ¢/mp = 1.759 +.007(10)? 


€.m.u. per gram. 


F2. Wave-Guide Fast Counter. R. F. Post, Stanford 
University.—The theory is given for a fast counter which 
would operate by measuring the change in phase velocity of 
propagation in a gas-filled wave guide induced by primary 
ionization from a high energy charged particle. It is shown 
that increased sensitivity can be achieved by applying a 
longitudinal magnetic field sufficient to make the Larmor 
frequency of the electrons equal to the applied ‘radiofre- 
quency. This effect is similar to the critical phenomena 
associated with the propagation of radio waves in the 
ionosphere. Such a counter should have short response and 
resolving time, but this can only be obtained at the expense 
of sensitivity and solid angle. Thus the device will probably 
be useful only for the counting of heavily ionizing particles 
for which the path direction is accurately known. Possible 
methods for increasing counter sensitivity are discussed. 


F3. Method of Measuring Cavity Impedance.* W. W. 
HANSEN AND R. F. Post, Stanford University—In the 
design of a linear electron accelerator it has become 
necessary to measure the normalized value of the line 
integral of electric field along the axis of an accelerator 
cavity. An experimental method has been developed which 
gives results accurate to 3 or 4 percent. The method con- 
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sists of measuring the shift of resonant frequency produced 
by perturbing the wall of the cavity on the axis at one end 
by means of a movable cylindrical plunger, and of taking 
the slope of the frequency vs. plunger height curve at the 
point where the plunger is flush with the cavity wall, for 
which case the perturbation theory surely applies. From 
this measurement the normalized value of E at one point on 
the axis is obtained, and a separate simple experiment 


“yields the variation of E along the axis. This enables one to 


compute the value of the desired integral. The method has 
been checked by applying it to simple cylindrical cavities 
for which the integral may be evaluated analytically. In 
these cases it gave results accurate to less than 2 percent. 


* This work was supported by Office of Naval Research. 


F4. Continuous Spectrum of X-Rays to 13A.* S. T. 
STEPHENSON AND F. D. Mason, Washington State College.— 
Previous work on the continuous spectrum of x-rays ends 
at 2.8A as an upper limit for wave-length and 7 kv as the 
lower limit for voltage. The present paper describes results 
obtained up to 13A in wave-length and down to 1.2 kv. A 
vacuum Geiger counter x-ray spectrometer! was used with a 
mica crystal. A counter of special window design to allow 
for either excess pressure from without or, after evacuation 
of the spectrograph, from within was used with windows of 
Al as thin as 0.0003 inch. Corrections are made for back- 
ground, the absorption of tube windows, counter efficiency, 
and for the reflecting power of mica (although this latter 
correction is an extrapolated correction gotten by com- 
paring mica with calcite out to 4.5A). The intensity of 
radiation appears to depend, as at the shorter wave-lengths, 
on the first power of the atomic number and the square of 
the voltage. The shape of the curve, however, quite 
definitely changes at long wave-lengths. The maximum in 
the curve of intensity against wave-length comes closer to 
the short wave cut-off than at shorter wave-lengths, and the 
general pattern approaches the one to be expected from a 
thin target. 


* Assisted by the Office of Naval Research. 
1S. T. Stephenson and F. D. Mason, Phys. Rev. 72, 744 (1947). 


F5. Properties of Cerenkov Radiation Near the Thresh- 
old. JoHN M. HarpDING AND JOsEPH E. HENDERSON, 
University of Washington.—A study has been made of 
Cerenkov radiation from mica in the vicinity of the 
threshold predicted classically when the incident electron 
travels with a velocity equal to the velocity of the light 
which it produces in the medium. The electrons were 
directly accelerated by means of a Van de Graaff generator 
and passed through a transverse magnetic field. The mag- 
netic field served not only to provide velocity selection and 
focusing, but also eliminated the direct light from the 
filament of the tube from confusing the interpretation of 
the light from the mica. It is found that: (1) A threshold 
does exist very close to the conditions predicted by simple 
theory. (2) The light at the threshold is unpolarized and 
rapidly becomes polarized as the electron energy exceeds 
the threshold and the cone of radiation expands. (3) The 
total radiation increases approximately linearly with energy 
above the threshold energy over the region investigated, 
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which is about twice the threshold. This information at the 
larger values of electron energy becomes increasingly 
uncertain due to larger angles of emission, introducing 
internal reflection problems within the mica. 


G3. Precision Spectroscopy of Nuclear Gamma-Rays 
with a Focusing Curved Quartz Crystal.* Jesse W. M. 
DuMonp, Davip LIND, AND BERNARD B. Watson, Cali- 
fornia Institute of Technology.—A newly developed preci- 
sion instrument and. technique is described which has 
permitted the extension of the methods of the focusing 
curved crystal x-ray spectrometer into the nuclear gamma- 
ray region. The range of the instrument, 500 x.u. to 8 x.u. 
or less, permits establishment of a precision link between the 
well established scale of x-ray wave-lengths and the wave- 
lengths of nuclear gamma-rays. The wave-length of the 0.41- 
Mev gamma-ray line from Au’®* has been measured with a 
precision better than two parts in 10000. The chief limita- 
tion comes from the weak crystal reflection at short wave- 
lengths (see a companion abstract in this program). The 
proposed program includes the establishment with strong 
neutron activated sources of a number of precisely defined 
gamma-ray wave-lengths to serve as easily reproducible 
fixed points in this region of the spectrum. Since these 
gamma-ray lines can in turn be used to eject photoelectrons 
in B-ray spectrometers, the precision thus made available 
can be used in the calibration of 8-ray spectra to increase 
the precision of our knowledge there also. Therefore, it is 
hoped that this technique of direct spectroscopy of gamma- 
rays ushers in a new era of precision in nuclear energy 
measurements. 


* Assisted by the Office of Naval Research. 


G4. The Reflecting Power of the (310) Planes of a 
Curved Quartz Crystal for X-Rays and Gamma-Rays from 
494 x.u. (Sn Ka X-Rays) to 30 x.u..(Au'®* Gamma-Rays). 
Experimental Results and Theoretical Interpretation.* 
Davip Linp, BERNARD B. WATSON, AND JESSE W. M. 
DuMonbp, California Institute of Technology.—Using the 
2-meter focusing curved quarts crystal spectrometer! with 
(1) concentrated sources of nuclear gamma-rays and (2) 
secondary fluorescent sources of x-rays placed at the focus 
we have measured, as a function of A, by means of a 
multicellular gamma-ray counter,! the ratio T of counts 
reflected to counts of wave-length \ incident on the (310) 
planes of the quartz crystal. I’, to some extent an instru- 
mental constant, depends on the overlapping of four 
distribution functions: (1) The pattern produced by the 
geometrical aberrations of focus. (2) The distribution of 
source intensity. (3) The diffraction pattern curve of the 
(310) planes of the quartz crystal at the wave-length used. 
(4) The “natural line profile” of the radiation, \. At 500 
x.u. I, in our instrument, is nearly 18 percent while at 
30 x.u. it has fallen to 0.3 percent. The “integrated reflec- 
tion coefficient” R (the integral of curve (3) above) has 
been calculated from our measurements of I’. R we find is 
quite closely proportional to the square of the wave-length. 
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This is explicable if one assumes that the curved quartz 

lamina behaves in this spectral range like a mosaic of 

domains small compared to the primary extinction length. 
* Supported by the Office of Naval Research. . 


1 See companion abstract in this programme; also Rev. Sci. Inst. 18, 
626 (1947). 


G5. A Method of Studying the Gamma-Ray Spectrum 
of the Annihilation Radiation from a Source of Positrons 
Using the Focusing Curved Crystal Spectrometer.* BERN- 
ARD B. Watson, Davip A. LIND, AND JESSE W. M. 
DuMonp, California Institute of Technology.—Behind a 
deep jawed lead slit placed at the focus of the gamma-ray 
spectrometer! there is placed a strong source of positrons of 
considerably greater dimensions than the slit. The spectrum 
of the annihilation radiation coming from the recombina- 
tion of the positrons with negative electrons in that region 
of the source material which is directly behind the slit is 
then studied with the spectrometer both for spectral 
distribution and precision wave-length determinations. 

* Assisted by the Office of Naval Research. 


1This instrument is described in a companion abstract on this 
programme. See also Rev. Sci. Inst. 18, 626 (1947). 


H1. Counting Efficiency of Scintillation Counter. A. V. 
TOLLEsTRUP, California Institute of Technology.—Efficiency 
curves for a scintillation type counter for low energy 
protons, deuterons, and alpha-particles will be presented. 
The counter consists of a 931A multiplier tube, and a zinc 
sulfide phosphor obtained from the Radio Corporation of 
America.' A conventional amplifier which has a gain of 500 
is used. The counter can be sealed directly onto the vacuum 
system of the accelerators used in the study of nuclear 
reactions. Thus the problems associated with thin windows 
are eliminated. Protons of energy as low as 17 kev have 
been counted. The background due to dark current in this 
case was 300 counts per minute. Protons whose energy is 80 
kev give pulses large enough to allow complete discrimina- 
tion against the dark current pulses. This work was assisted 
by the Office of Naval Research. 


1J. W. Coltman and Fitz-Hugh Marshall, Nucleonics 1, No. 3 
(November 1947). 


H2. Design and Performance of a 15-cm Electrostatic 
Analyzer. SAMUEL K. ALLISON AND HAROLD V. ARGO, 
University of Chicago.—An electrostatic deflector for high 
energy ions, intended for use with an electron multiplier 
tube, has been designed, constructed, and is in operation. 
The ions are deflected through 90° between two cylindrical 
plates 5 millimeters apart with average radius of 15 cm. 
Both plates are mounted on a heavy quartz post at the axis 
of the instrument and each plate can be charged to high 
voltage independently. Tolerance on the diameter of the 
quartz post has been held to +0.0001 inch and on the radii 
of the plates to +0.001 cm. Slits of adjustable width are 
incorporated in the design and can be moved from outside 
the vacuum wall transversely to the ion beam and parallel 
to it, thus allowing the experimental location of conjugate 
foci. It is computed that the fraction of the particles 
focused from a monoenergetic source emitting in all direc- 
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tions is 1.7 10~*. At the present time singly charged ions 
up to 600-kv energy have been deflected and detected with 
negligible background in the multiplier tube by charging 
one of the plates to 40 kv, and indications are that the 


_ upper energy limit of the instrument is still higher than 


this. The resolution is a function of the slit width which can 
be readily adjusted without breaking the vacuum, and the 
instrument has been operated at a resolving power of 0.3 
percent in energy. 


H3. An Improved Lock-In Amplifier. WaLTEeR C. 
MICHELS AND EsTHER D. REDDING, Bryn Mawr College.— 
The design of the lock-in amplifier previously used in this 
laboratory! has been modified to produce a semiportable 
instrument of increased sensitivity and selectivity. One 
stage of pentode amplification has been added, the stability 
has been improved, and the phase shifter has been trans- 
ferred from the input to the lock-in circuit. With these 
changes and with a 19.5-ohm type H.S. galvanometer as 
the final detector, sensitivities up to 2.5 X 105 mm/volt have 
been obtained at 800 cycles. The amplifier operates suc- 
cessfully with an inductive input of 2X 10° ohms impedance 
at this frequency so that the maximum current sensitivity 
is of the order of 10'* mm/ampere. The selectivity has also 
been improved, largely because the increased stability has 
allowed the use of a longer period (7 sec.), more sensitive 
galvanometer. The measured response is fifty percent of the 
maximum at 0.1-cycle/sec. deviation from the lock-in fre- 
quency and drops to one percent if the frequency departs 
by 0.6 cycle/sec. 


ase” C. Michels and Norma L. Curtis, Rev. Sci. Inst. 12, 444 


H4. Reaction Time of Parallel-Plate Counters. J. W. 
KEUFFEL, California Institute of Technology—The un- 
certainty in the reaction time of the parallel-plate counters 
described previously! is being studied. The uncertainty is 
measured by placing one counter directly above another 
and observing by means of a 10-detector chronotron® the 
distribution of time lags of one counter relative to the other. 
Preliminary results show that half the relative lags fall 
within +12X10~® sec. at an overvoltage of 500; at an 
overvoltage of 1000 the uncertainty is +4X10~° sec. By 
varying the voltage on one counter some idea as to the 
absolute value of the lags may be obtained. Such tests indi- 
cate that better parallelism may improve the precision 
attainable, as the present lags could be due to variations in 
field strength from point to point. The lifetime of the 
counters at 1000 volts overvoltage seems to be about a 
month of background rate counting. 

1J. W. Keuffel, Phys. Rev. 73, 531 (1948). 


2 Neddermeyer, Althaus, Allison, and Schatz, Rev. Sci. Inst. 18, 
488 (1947). 


HS. On Diffraction under Small Angles by Three- 
Dimensional Lattices. Otro HALPERN AND EDWARD 
GeERjuoy, University of Southern’ California.—We have 
continued the investigation! of small angle diffraction by 
crystals, taking into account lattice errors and interference 


between perfect crystal blocks. Results of a rather general 
nature have been obtained under diverse assumptions about 
the structure of the crystal or polycrystal. We find, e.g., for 
a representative case that the integral cross section o, of 
scattering into angles lying between the zero’th and first 
Laue spot (Debye ring) is given by ¢.= CaoN(A/xa)*. Here 
oo is the atomic differential cross section for forward 
scattering multiplied by 47, a the lattice distance, \ wave- 
length, N number of atoms in scatterer, C a numerical 
constant of order 3. Various applications to the scattering 
of light (Aa) as well as to that of: neutrons (A~a) and 
hard radiations (AKa) will be discussed. 


1Otto Halpern, Phys. Rev. 73, 653 (1948). 


H6. The Average Negative Gradient of Potential Energy. 
F. W. WARBURTON, University of Redlands.—Methods of 
developing the Lagrangian equations are applied to the 
variation in potential energy V of two bodies to verify the 
general equation, 


+++ —(@/d#)(9V/dg)+ (d/dt)(9 V/dg) — (9 V/q) = Fy. 


Use is made of the integral /(F,5q)dt divided by the time 
interval t2—t,, as expressing the average work done by the 
variable force F, exerted by one body on the other. As the 
forces concerned are functions of relative velocity which are 
not bound by the classical Lorentz force, the contention 
that ‘magnetic forces do no work” does not affect the 
validity of this extended concept of potential energy. An 
advantage of replacing the Lagrangian function L=T—V 
by V and the kinetic energy T separately, is that F, may be 
determined from V alone or may be expressed in terms of T 
alone, when one considers the mechanical energy gained by 
the electron as the result of ali the external forces. 


H7. Modes of Vibration in Contoured Quartz Plates.* 
RENATE S. BEvER, Vircit E. Botrom, AND Louis R. 
WEBER, Colorado A. & M. College.—The admittance spec- 
trum of flat quartz plates vibrating in thickness shear 
shows numerous inharmonic overtones having frequencies 
within a few percent of the fundamental frequency. These 
overtones seem to be spaced at random; many are coupled 
together. Making the major surfaces of the plate convex 
causes dispersion of the overtone modes and decreases the 
coupling between them. Chladni patterns of such con- 
toured plates show the vibrations to be restricted to a 
small area and independent of the remaining peripheral 
portion; the frequencies are determined by the thickness 
of the outermost loop of the individual patterns. More- 
over, these inharmonic overtones may be grouped into 
series associated with standing waves along X, Z’, or one 
of the “diagonal” directions, since the difference between 
the frequencies of the modes of each series is very nearly 
constant and depends upon the curvature of the surfaces 
and the elastic modulus in the direction of the standing 
wave train. Thus the overtone spectrum of a contoured 
quartz plate vibrating in%thickness shear may be resolved 
into a set of series having a definite regularity. 


* This work supported by Signal Corps Contract. 
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H8. High Frequency Loading. NicHoLAs BEGOVICH, 
California Institute of Technology.—An interesting high 
frequency loading phenomena occurring in very closed 
spaced vacuum tubes has been reported. The experi- 
mental set-up is the measurement of the shunt conductance 
at 3.0X 10° c.p.s. of a diode as a function of the retarding 
voltage on the anode. With large values of retarding 
voltage the impedance is the same whether the cathode is 
operating or turned off. With the cathode operating and 
decreasing the retarding voltage, the conductance sharply 
increases and reaches a maximum value before any elec- 
trons are collected at the anode. A calculation of the to 
and fro electron transit time, taking into account the 
Maxwellian velocity distribution, indicates that 


G23.44 X 10-47. T Va?h 
X {(44+2) exp(—1/h):F (1/2; 3/2; 1/h) —h} mhos/cm?, 


where J, is the emission current density, T the absolute 
temperature of the cathode, 1F:(1/2; 3/2; 1/h) the con- 
fluent hypergeometric function, V, the anode retarding 
voltage, d the diode spacing in cm, w the angular frequency, 
and h=1.021 X10!°V,27—!(wd)~*. 


1 Hamilton et al., Klystrons and Microwave Triodes (McGraw-Hill 
Book Company, Inc., New York), p. 156. 


H9. On the Theory of a New Magneto-Electric Effect. 
E.tuiot T. BENEDIKT, North American Aviation, Inc., Los 
Angeles.—It is the purpose of the present paper to show 
the possibility of producing electrostatic effects by means 


of unhomogeneous magnetic fields. Consider a system of 
particles having a magnetic moment and subjected to an 
unhomogeneous magnetic field. The particles will be sub- 
jected to a force which will alter their space distribution. If 
the particles have, furthermore, an electric charge, this 
space distribution will, in general, produce an electric 
field. Such an gffect can be expected with ferromagnetic 
colloidal particles, ions, electrons in a metal, and particles 
(nuclei, electrons) belonging to atoms or molecules. In the 
latter case, an electric polarization of the atoms or mole- 
cules should be obtained for magnetic fields strong enough 
to remove the coupling between the magnetic moments of 
the various constituents of the particle. It is interesting to 
notice the different results which can be expected according 
to whether ‘the laws of classical or quantum electro- 
dynamics are assumed to be valid. In the former case, the 
particles will be in stable rotational equilibrium if their 
magnetic moment is parallel to the field; consequently, all 
the particles will be forced to move toward ‘the region of 
greatest field intensity. In the latter case, a number of 
stable orientations or.the moment of the particles is 
possible,.and therefore some of them will be forced to 
move toward the region of greatest field intensity, and some 
in the opposite direction. The electron density will there- 
fore have a minimum inside the metal. The detailed theory 
of the effect for an ionized medium and an electron gas 
will be given from the classical and quantum-mechanical 
point of view, respectively. 
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H10. The Quantization of Unitary Field Theories. R. J. 
FINKELSTEIN, Institute for Advanced Study.—In a unitary 
field theory particles appear not as singularities but as 


” small volumes of the field in which charge and energy are 


concentrated. In a theory of this nature, which is neces- 
sarily non-linear, all particle properties, such as their 
equations of motion, follow from the field equations. We 
have studied the quantization of such a theory without 
specializing the Lagrangian. Momentum (G,) and angular 
momentum (Mag) of particles appear naturally and a 
relativistic definition of the position (Xq) of a particle may 
be given in terms of Mag and Gg. The commutators of these 
particle observables (Xa, Ga, Mag) agree with current 
theory if the fields are quantized according to the usual 
(Einstein-Bose or Fermi-Dirac) rules. (The Born-Infeld 
theory did not meet this requirement because it was not 
strictly unitary.) The connection between velocity and 
momentum and the equation of motion of particles which 
follow from the field equations are the usual ones. Operators 
for mass, charge, and spin may be defined; these mutually 
commute and permit the usual classification of the ele- 
mentary particles according to charge, mass, and spin. 
Mass and position are not simultaneously observable, even 
if knowledge of momentum is given up. External fields 
cannot be measured with arbitrary accuracy at the position 
of a particle. Magnetic moment and charge, on the other 
hand, commute with external fields. The non-linearity 
present in the usual field theories is sufficient to permit 
the existence of particle-like solutions under certain con- 
ditions. Hence we may derive from the current field theories 
a class of non-trivial unitary theories by postulating that 
only those solutions of the current theory which are free 
from singularities are physically admissible. 


H11. Behavior of Spherically Tipped Bodies in the 
Early Stage of Water Entry. HAROLD WAYLAND AND SAUL 
BAKER, Naval Ordnance Test Station, Pasadena.—The 
behavior of large spherically tipped bodies projected 
obliquely into water is examined both theoretically and 
experimentally, particularly during the stage in which the 
body is balanced on its nose in the cavity. The theory is 
based on the assumption that the only hydrodynamic force 
acting on the body in the cavity can be represented by a 
force acting through the center of the spherical tip in the 
direction of motion of the c.g. of the body, and that the 
force is proportional to the square of the velocity of 
the body. The agreement between theory and experiment 
confirms the validity of these assumptions within practical 
limits. Equipment for precise measurement and recording 
of angular positions is described which is capable of with- 
standing the shocks occurring at water entry and recording 
throughout the entry phase. 


H12. A Family of Rotational Corner Flows. R. C. Prim, 
Naval Ordnance Laboratory, White Oak, Maryland.—A for- 
mally simple family of truly rotational solutions for the 
equations governing steady plane flow of an ideal gas in 
the absence of body forces is discovered. This family of 
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solutions is rotational with respect to both the reduced 
velocity field and the actual velocity field. These rotational 


flows are related to the irrotational Prandtl-Meyer corner 


flow, which is included in the family as a special case. 
The equations of the streamlines and isobars and equations 
for the distribution of velocity components, pressure, 
density, and Mach number are given. General properties 
of the flows are discussed and examples of flow patterns 
exhibited. 


I1. A Non-Homogeneous Cosmological Model with a 
Finite Cosmological Constant. Guy C. Omer, Jr., Cali- 
fornia Institute of Technology.—The cosmological models 
described earlier! have been generalized to include a finite 
cosmological constant. In the neighborhood of the assumed 
observer in the model we take the average density as 
10-** g/cc at the present time, the cosmological constant 
as 8.78X10- (it. yr.)~?, and the radius of curvature as 
10° It. yr. Then we find the total time elapsed in this 
neighborhood since the beginning of the expansion to be 
3.64 10° yr. This is in agreement with the probable range 
of astronomical time given by Bok? and with the estimated 
age of the earth stated by Holmes.* The calculated red 
shifts, except for the two Ursa Major clusters, agree with 
the observed red shifts given by Hubble‘ to within 0.1 
magnitude. The calculated values of logN, the nebular 
counts, depart from the observed values presented by 
Hubble‘ by 0.002 or less. 


1G. C. Omer, Jr., Phys. Rev. ¥2, La (1947). 
2B. J. Bok, M.N.R.A.S. 106, 61 (1946). 

3 A. Holmes, Nature 159, 127 (1946). 

4E. Hubble, Astrophys. J. 84, 517 (1936). 


12. Existence of Tensor Interactions between Nucleons. 
Roy Tuomas,* St. Louis University—Various meson 
theories predict exchange and tensor nuclear interactions. 
The angular dependences of the neutron-deuteron and the 
proton-deuteron cross sections for elastic collisions are 
calculated. The interaction between nucleons is assumed 


to be: 
V(ris) =GeL1 +aSiy J (155). 


Siz is the tensor operator and G,; represents the exchange 
nature of the interaction. a and J(r,;;) are adjusted to 
give the binding energy and a four percent D state to 
the deuteron, and G;; is normalized to unity for the 
deuteron. Calculations show that for relative energies to 
10 Mev only S and P waves contribute to the scattering. 
the tensor terms contributing little. For much higher 
relative energies the D wave contributes and in this case 
the tensor terms dominate the scattering. The angular 
dependence of the scattering produced by the tensor terms 
shows a significant difference from the non-tensor terms. 


* Now at Oregon State College. 


I3. A Double-Focusing Magnetic Spectrograph. C. W. 
Snyper, C. C. LauRITSEN, W. A. FOWLER, AND S. RUBIN 
California Institute of Technology—A magnetic spectro- 
graph for analyzing charged particles emitted in nuclear 
reactions has been built, adapted from the design of 
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Svartholm and Siegbahn! for electrons. Particles are de- 
flected through 180° between steel pole pieces shaped to 
give a field decreasing radially approximately as r~4 so 
that two-directional focusing is obtained. The central path 
has a radius of 28 cm, and the maximum field is 7600 gauss 
with a 4.5-cm gap. Protons of 2 Mev can be analyzed. 
With the present field shape, there is some astigmatism 
when source and image are placed symmetrically, but it 
can be minimized so that a nearly point focus is obtained 
by moving the source farther away from the end of the 
pole pieces. The field is measured by a torsion-type mag- 
netometer calibrated by elastic scattering at known bom- 
barding voltages. The effective angle, relative to the 
bombarding beam, of the particles entering the spec- 
trograph is also determined by elastic scattering, and the 
consistency of results with various bombarding energies 
and targets indicates a precision of approximately 0.1 
percent in measuring momenta. This work was supported 
in part by the Office of Naval Research. 


cas aaa and Siegbahn, Arkiv f. Astro., Mat., Fys. 33A, No. 21 
946). 


I4. Inelastic Scattering of Protons from Li’. S. Rusin, 
C. W. Snyper, C. C. LAURITSEN, AND W. A. FowLer, 
California Institute of Technology—The energy of the 
lowest excited state of Li’? has been measured with the 
double-focusing magnetic spectrograph by measuring the 
energy of the group of inelastically scattered protons from 
a thin lithium target bombarded by 1222-kev protons. 
The spectrograph was calibrated by elastic scattering of 
1222-kev protons from gold, beryllium, carbon, and oxygen. 
The bombarding proton energy is fixed to better than 
1 kev by an electrostatic analyzer,! calibrated at 440 kev 
with the y-ray resonanceefrom Li’(p, 7).2 The chief sources 
of error are in the shape of the peak obtained with the 
inelastically scattered protons, and in the calibration of 
the electrostatic analyzer. Both amount to 0.3 percent in 
terms of energy. The result of this determination is 480 
+2 kev, in good agreement with the measurement of 
Hornyak and Lauritsen on the y-ray accompanying the 
decay to the ground state, discussed in an accompanying 
abstract. These two results can be combined to locate the 
resonance in Li?(p, y) conventionally taken at 440 kev on 
the nuclear energy scale* at 439+3 kev with respect to 
annihilation radiation at 510.8 kev. This work was assisted 
by the Office of Naval Research. 


W.A. our C. C. Lauritsen, and T. Lauritsen, Rev. Sci. Inst. 18 


818 (1947) 
2W.A. Fowler, C. C. Lauritsen, and T. Lauritsen, Rev. Mod. Phys. 


20, 236 (1948). 
3L.R. _iststad, N. P. Heydenburg, and M. A. Tuve, Phys. Rev. 50, 


504 (1936 


I5. Short-Range Repulsion as a Mechanism for Nuclear 
Saturation. G. PARZEN AND L, I. Scuirr, Stanford Uni- 
versity.—Nuclear saturation can be explained by a short 
range repulsion and a longer range attraction between 
each pair of nucleons.! An attempt has been made to fit 
the density of heavy nuclei, deuteron binding energy, 
ortho-para and crystal scattering data, proton-proton 
scattering, and neutron-proton scattering at 90 Mev, by 
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means of a square potential of this type. For parameters 
that give the correct deuteron energy, the magnitude of 
the sca@tered triplet amplitude at zero energy is greater 
than for a square well of the same over-all range; thus the 
range is so small that the density of heavy nuclei is ex- 
cessive. Introduction of the repulsion worsens the agree- 
ment of the square well potential with the proton-proton 
scattering below 1 Mev. At 90 Mev, the new potential 
tends to make the phase shift 6; larger than 59 and 3é:, 
but the effect is not pronounced enough to give the 
observed backward maximum in the neutron-proton 
scattering. It is concluded that a short-range repulsion is 
not an adequate substitute for an exchange interaction. 
1H. A. Bethe and R. F. Bacher, Rev. Mod. Phys. 8, 161 (1936); H. A. 
Bethe, Elementary Nuclear Theory (John Wiley & Sons, Inc., New York, 


1947), p. 81; see also P. M. Morse, J. B. Fisk, and L. I. Schiff, Phys. Rev. 
50, 748 (1936). 


16. On Neutron-Proton Scattering Models. L. Gotp- 
STEIN AND D. W. SWEENEY, Los Alamos Scientific Labora- 
tory.—Using semi-empirical square well interaction forms 
of the “central force” type, differential and total n—p 
scattering cross sections have been obtained for neutrons of 
absolute kinetic energy extending to 90 Mev, with a variety 
of well radii. The total ~—p cross-section data of the 
Minnesota group, up to 6-Mev neutron energy, when com- 
pared with the computed cross sections, seem to favor well 
radii smaller than the classical electron radius. In the inter- 
mediate energy range, 10-25 Mev, data on differential 
cross sections might help in choosing the most appropriate 
well radius and the type of interaction representing best 
the data. Available total cross-section data in this range are 
insufficient for this purpose, on account of the relative 
insensitivity of total cross sections to well ranges, at smaller 
radii and to types of force (ordinary, exchange, or sym- 
metrical). The Berkeley results at 90-Mev neutron kinetic 
energy, while excluding “ordinary” interaction, are in- 
compatible with either “‘exchange’’ or “‘symmetric’”’ type 
of interactions for wells with radii from 1.5X10-" cm 
upward. Empirical “mixtures’’ of different types of inter- 
actions might lead though to a satisfactory representation 
of these data. 


I7. On the Failure of Beta-Decay Theory at Low 
Energies. EUGENE P. Cooper, University of Oregon.— 
The Fermi theory of beta-decay predicts the energy dis- 
tribution of electrons (or positrons) in any particular 
nuclear disintegration over the whole range of energies. 
At high kinetic energy (say above 200 kev), where the 
predominant energy dependence is in the statistical factor, 
agreement with unambiguous experiments in excellent. 
Serious disagreement is encountered, however, at low 
energies where the Coulomb factor is important. Such 
disagreement has frequently been attributed to instru- 
mental scattering. However, the recent measurements of 
Cook and Langer on the electrons and positrons from 
Cu are largely free from scattering errors but show 
definitely too few electrons and too many positrons at 
low energies. The so-called proof of the Fermi theory given 
by Scherrer et al. with respect to their data on the positrons 


as their positron spectrum, at low energies, deviates from 
the theory in the same manner as that of Cu. In an 
attempt to explain these low energy discrepancies it is 
assumed that electromagnetic radiation (x-rays) plays an 
essential role in the beta-process. The resulting modification 
of the Coulomb factor is discussed. 


I8. Neutron Spectra from Proton Recoils in Photo- 
graphic Emulsions. F. Reines, Los Alamos Scientific 
Laboratory.—With the coming of nuclear reactors, it be- 
comes interesting to determine neutron spectra for isotropic 
neutron fluxes. The proton recoil technique rising pho- 
tographic emulsions may be adapted to this case. Criteria, 
based on geometrical probability, are provided for the 
treatment of all tracks which do not touch an emulsion 
boundary. Emulsion shrinkage is considered. The range 
energy relation for protons in photographic emulsion is 
applied to the tracks to yield the neutron spectrum which 
is related to the proton recoil spectrum by the equation: 


n(E) = Cr(E)Ei[dm(E)/dE], 


where C is a constant, \(Z) is the mean free path for 
neutron proton collisions in the emulsion at neutron 
energy E, m(E) represents the recoil proton spectrum, 
and n(£) is the desired neutron spectrum. This equation is 
valid when (Z) is large compared with the dimensions of 
the photographic plate employed. Work is progressing on 
a method which considers all tracks independently of 
whether they penetrate the emulsion. 


19. Radiations from Gold (199).* C. E. MANDEVILLE 
AND M. V. ScHERB, Bartol Research Foundation of the 
Franklin Institute——Au'™ was grown from its 30-minute 
platinum parent when platinum was irradiated by neutrons 
in the pile at Oak Ridge. Aluminum absorption and 
Feather analysis gave a maximum beta-ray energy of 
0.38 Mev, and lead absorption indicated the presence of a 
single gamma-ray of energy 0.18 Mev. The beta-gamma 
coincidence rate was constant, independent of the beta-ray 
energy, and beta-beta coincidences were also present. No 
gamma-gamma coincidences were found. These data sug- 
gest that the 0.38-Mev beta-rays are followed by a single 
0.18-Mev gamma-ray which is partially converted. The 
1.01-Mev beta-rays, ‘the 0.45-Mev gamma-rays, and the 
2.6-day half-period assigned to Au! by Krishnan and 
Nahum! are now attributed to Au’ formed in the reaction 
Pt!*8(D, 2n)Au!®, 


* Assisted by the Office of Naval Research. 
1 Krishnan and Nahum, Proc. Camb. Phil. Soc. 37, 422 (1941). 


110. The First Excited State of Li’. W. F. HoRNYAK AND 
T. LauritsEN, California Institute of Technology.—A deter- 
mination of the energy of the y-ray accompanying the 
decay of the lowest excited state of the nucleus Li’ to the 
ground state has been made using a magnetic lens type 
spectrometer. The excited level was reached by non-capture 
excitation, using 1.2-Mev protons on a LiOH target 


and K-captures from Cd!®10 js shown to be incomplete 
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mounted in the spectrometer. Photoelectrons were ejected 
from a 0.001” thick thorium converter. Using the same 
spectrometer geometry, and source assemblies matching as 
nearly as possible, the Li’ y-ray was compared directly 
with the 411.1-kev y-ray! from Au!®* and the 510.8-kev? 
annihilation radiation from N*. With the aid of a calibra- 
tion based on an internal conversion line in Th B, a study 
of the energy shift due to the thickness of the converter 
was made. A shift of 7.00.8 kev for the Li’ y-ray was 
found and the energy determined as 47922 kev. The 
present value is in good agreement with recent determina- 
tions of the y-radiation from Be’ by S. Rubin? and by 
A. C. G. Mitchell,‘ but disagrees markedly with the value 
of 453+5 kev reported by K. Siegbahn.§ This work was 
assisted by the Office of Naval Research. 


1J. W. M. DuMond and D. es in publication. 


2J. W. M. DuMond and E. Cohen, Rev. Mod. 20, 82 


(1948). We are indebted to & 8 DuMond and Dr. Lind & the Au 
source and for advance information on the y-ray. 

3S. Rubin, Phys. Rev. 69, 134 (1946). 

4 Private communication. 

§ K. Siegbahn, Arkiv. f. Astro., Math., Fys. 34B, No. 6 (1946). 


I11. Gamma-Radiation from Be*(d, n)B". T. LAuRITSEN, 
C. B. DouGHEerTy, AND V. K. Rasmussen, California 
Institute of Technology.—Previously reported work! on the 
Be+d gamma-rays has been extended to the upper limit 
of the spectrum. Using a magnetic lens spectrometer with a 
resolution of three percent, secondary electrons ejected 
from Th and Be converters have been studied from <100 
kev to 4 Mev. Calibrations were made at 147.6 kev 
(‘‘F” line from Th B), 411.1 kev (Au!%), 510.8 kev (anni- 
hilation radiation) and 2.620 Mev (Th C”). At a deuteron 
bombarding energy of 1.2 Mev the following gamma-ray 
lines are observed (energies in kev): 


411+ 5 
475+ 6 


1435+20 
217025 

718+ 3 2924425 
1024+10 3425425 


The values obtained agree reasonably well with those de- 
rived from neutron groups.** The most reasonable level 
scheme would suggest states in B’ at 411-, 718-, 1435-, 
2170-, and 3425-kev excitation, although the existence of 
levels at 1024 and 2924 kev cannot be excluded. This work 
was assisted by the Office of Naval Research. 


1 Lauritsen, Fowler, Lauritsen, and Rasmussen, Phys. Rev. 73, 636 


(1948). 
2 Bonner and Brubaker, Phys. Rev. 50, 308° (1936). 
3 Staub and Stephens, Phys. Rev. 55, 131 (1939). 


112. Analysis of the Be*+p Resonances at 0.988 and 
1.077 Mev. E. RIcHARD COHEN AND R. F. Curisty, 
California Institute of Technology.—An attempt has been 
made to determine the level assignments of the energy 
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levels in B!° indicated by the 0.988- and 1.077-Mev 
resonances of protons on beryllium previously reported by 
this laboratory.! The observed total scattering cf®ss sec- 
tions and angular distributions for protons cannot be 
explained purely on the basis of Coulomb scattering and 
the two observed resonances, but require the inclusion of 
a non-resonant nuclear scattering cross section whose 
magnitude is comparable to that of the Coulomb term. 
Using a non-resonant cross-section term which, for sim- 
plicity, is assumed to be independent of energy or angle, 
best agreement at the 0.988-Mev resonance is obtained by 
the assignment J=1. The 1.077-Mev resonance seems to 
be due to incident d-wave protons and the possible assign- 
ments to this level will also be considered. This work was 
supported in part by the Office of Naval Research. 

1R. G. Thomas, W. A. Fowler, and C. C. Lauritsen, Phys. Rev. 73, 


536 (1948); C. C. Lauritsen, T. Lauritsen, and W. A. Fowler, Phys. Rev. 
72, 739 (1947). 





SUPPLEMENTARY PROGRAMME 


SP1. The Protected Multicellular Geiger Counter for 
Short-Wave-Length X-Rays and Gamma-Rays for Use in 
the Curved Crystal Spectrometer.* Davin A. Linpb, Cali- 
fornia Institute of Technology..—A Geiger counter is de- 
scribed for use in the gamma-ray spectrometer? consisting 
of a series of electrically negative metallic gauze septa 
placed transversely in a tube together with an alternating 
series of electrically positive four-pronged ‘“‘spiders’’ of 
10-mil tungsten wire supported on an axial rod passing 
through central holes in the septa. The radiation whose 
photons are to be counted passes axially through this 
system and ejects electrans from each septum by photo- 
electric absorption, Compton scattering, and pair forma- 
tion. The background counting rate from cosmic radiation 
is markedly reduced by placing above the multicellular 
counter a battery of six conventional Geiger counters con- 
nected in an anticoincidence circuit which suppresses 
counting by the main counter when any one of the pro- 
tective counters is excited. This entire system is protected 
from local radiation other than the beaim to be measured 
by a lead shield 3 to 4 inches in thickness. A mixture of 
argon with three percent of petroleum ether at 20 cm Hg 
gives a counting threshold at 1100 volts with a plateau of 
200 volts and excellent stability. At 1 Mev a counting 
efficiency of eight percent of ali incident photons is indi- 
cated with & counter of five septa and four spiders. 


* To be given at the end of Session G if the chairman considers that 


time permits. 
1 Assisted by the Office of Naval Research. 
2 See companion abstract on this program and also Rev. Sci. Inst. 18, 


626 (1947). 
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